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Lagrangians

L =T-V Lagrangian

S = J Ldt Action. When S is minimized the Euler-Lagrange equations result
and give rise to Newton’s laws.

Example: Electrodynamics

= B Fields _ _ A
I%’ B E=-VV G
AV Potentials ot
J, p Currents B=VxA
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A“ =(V;A)=(A%A) Four-potential

J”:( ;J) Four-current

F# =0#AY -0V A#  Electromagnetic field tensor

FO =3°A"-'A% = —E' FI=0'Al-0lA" =

Note that F#v is explicitly invariant under a transformation:

A" - A" +0" y
FAY > F#*Y +040" y—0"0" y

gljkBk

kinetic
term

£:§(E2—BZ)—,0V +J A

i

Interaction
Lagrangian

Given this lagrangian the Euler-Lagrange equations become

Maxwell’s equations.
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Lagrangians in Particle Physics

« Particle physics is formulated by giving the Lagrangian.
 The Lagrangian defines the theory.

It is written in terms of the elementary particles of the theory.

Any composite objects should appear as bound states that arise as
solutions of the theory.

For electrodynamics the photon is the quantum of the electromagnetic
field; it is represented by the vector potential field A*. The electron is
represented by the fermion field .

The interaction term is given by J A~

 More precisely: it is the potential energy parts of the Lagrangian that
specify the theory.

 The Lagrangian is a single function that determines the dynamics
and it must be a scalar in every relevant space, invariant under
transformations, since the action is invariant.
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The Real Scalar Field

#(x) Real scalar field. ass term

£=i(ay¢§”¢—m%2)

kinetic term

This Lagrangian implies that ¢ satisfies a wave equation:

0,0"¢+m°¢=0 | Klein-Gordon equation

E2=p’+m?> E=ig, p=-iV
2 2 2 | T2
E°-p"=—0y+V :—8ﬂa“
L as defined so far is the Lagrangian density. The Lagrangian is given by:
L= [ L(x,t)d*x
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As an example let us construct a field normalized to a single quantum
of definite energy » and momentum k.

¢p=C COS(IZ T — a)t) solution of the wave equation if w® =k? +m?

The Hamiltonian associated with a Lagrangianis: H = géz—g—ﬁ
Total energy: E = j Hd 3x

oL . 1(, ~\2

o -9 —> H =§(¢2 +(Vg) +m2¢2)

—> E =j%(¢52 +(Vg) +m2¢2)d3x
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E =EC2J'[(0)2 +k2)sin2(K -7 — ot )+ m2 cos?(K - F — oot JJ1°x

=£C2F(a)2 +k2)+£m2}
2 |2 2

_1e2,2

D. Bettoni Fenomenologia Interazioni Forti



Creation and Destruction of Particles

If\ nk> is a state with n particles, all with energy @ and momentum k at time t

‘nk> o eina)t

Then a state with one less particle will be described by: |n, —1) o gi(n-L)at

Kr-at) | A1 —i(lZ-r—a)t)]

¢ = —ae< +ae

N

a' Creation operator

a  Destruction operator

Every quantum field can create or destroy a particle. For a full derivation we
need to go through the quatization of the scalar field, just as we go through
the quantization of the electromagnetic field that leads to the interpretation
of the photon as the quantum of the electromagnetic field.
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Sources and Currents In

non-Relativistic Quantum Theory

oY -
Schrdodinger equation: 2mIE+V2‘I’ =0

Multiply this by %™ and the complex conjugate by —i¥V
Define: p= \\P\

J=— (¢ 9w - wiw)
2m
we obtain: a_p+vj=0
ot
For a free particle: ¥ = Ce/(PT-t)

p=C? Probability density

J = pE Current density
m

D. Bettoni Fenomenologia Interazioni Forti

10



Complex Scalar Field

Consider a system of two real scalar fields #,®, having the same mass m.

£=2(0,h0" -m?92 )+ (0,4,0, -5 )

We can combine the two fields into a single complex scalar field ¢:

_ P tigy, « P —lg,
=22 =t

The Lagrangian becomes:

L=0,40"p-m¢¢
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We “rotate” the two fields by and angle «:

!
¢ =@ cosa+¢,Sina
!

¢, =—¢ Sina+ ¢, COSx

" _ ¢1’ + i¢2,
2
¢ =e ¢
g =ey

The Lagrangians does not change as a result of this transformation,
since it only depends on ¢ ¢. So the physics is invariant under this
transformation.
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Assume the rotation angle « is infinitesimal:

’

¢ ~(1-ia)p=¢—iag=¢+o4
5¢ = —iag 5p =iag

5L = aﬂ{aqsa%y (¢ —>¢"

_

dependent on the details
of the transformation

)} General result, not

oL =0 = conserved current

oL = ad”S , S, =i(¢5ﬂ¢*_¢*au¢)

SL=0 = 8"S,=0
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S,—>-S5, If ¢ — ¢ . In a relativistic theory if ¢ corresponds to a
particle of electric charge e, ¢~ corresponds to the antiparticle of
electric charge — e and S, can be interpreted as a charge current
density. We thus have a continuity equation expressing electric
charge conservation.

* This description applies to any type of charge, not only electric.

 The above phase transformation is called a “global gauge
transformation”. If the parameter a could vary with the position
and/or time a = a(X,t) it would be a local gauge transformation.

 What we have seen is a specific example of a general property of
guantum field theories: whenever a physical system is invariant
under some transformation it leads to conserved quantities.

—[so(x)d3x  9Q_
Q(t)= [ So(x)d =0
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* A physical realization of such a system is given by neutral kaons. K,
and K, are like ¢, and ¢,; K and KO are like ¢ and ¢". The charge is
the strangeness. For the kaons "charge” conservation is broken by
weak interactions which can convert K «» K and consequently
Introduces a small level splitting, 1.e. the mass difference between
the K; and K.

e |n quantum theory higher order radiative corrections can give a
result different from zero for the divergence of S,. Such terms are
called anomalies.
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Interactions

Let us add to the Lagrangian an interaction term, such as:

Lin = ~¢p(X,1)
The Klein-Gordon equation acquires a source term:

7 2 4
0,07¢+Mm¢=p
To study how the system behaves we examine the simple case:

p=95(%)
The problem can be ‘solved’ by a Fourier transform procedure.

(V2 +m?)p = g5(x)

% J'd3ke|IZX5(|Z) 5(E): (27:)% deXe_IEX¢(X)

1

(27)

#(x)=
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—

ik -X

)= S %,

€
(27[)3 K%+m

—mr

_9E€
¢_477 r

Yukawa identified ¢ as a meson field, with the nucleon as source.
In analogy to the electromagnetic field, transmitted by photons, this
meson field should be transmitted by particles (mesons). When the
particles have a mass m the field has a range r

r~1/m

D. Bettoni Fenomenologia Interazioni Forti

17



Interaction Hamiltonian between two nucleons,the second described by ,02()_(’)

H =—[d°x¢(x)p, (%)

®)= L (42 m(x)E (%)= 95(x)

X —_ X’ X! ’: !

¢ 472__“ L1 ‘X—X" £1 g
e—m\x x|

H12 _—Jd Xd Xpl( )/02( ‘X X‘

Hence the potential can be written:

1emr
Vi(r)=-
() 47r r

In a quantum field theory all interactions are due to the exchange of
guanta. In momentum space the quantity representing the
exchanged particle of mass m is the propagator:

1
k2_m2
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Summary of the Lagrangians

Real spin-zero field of mass m (scalar or pseudoscalar)

£=2(0,40"p-m7g?) 80" p+m7g =0

Complex (pseudo)scalar field of mass m
(or two real scalars of the same mass) &, 9o

L= (0uh0 " di-m*g2 )+ 2 (0,4,0" 4 ~mP})

G+, x P —1g,
=" 7 ? =0

L£=(0,0)0"p-m¢"

D. Bettoni Fenomenologia Interazioni Forti

19



spin-Y2 fermion field of mass m
L= V(iy/“ﬁﬂ —m)//

(i;ff‘aﬂ — m}// =0  Dirac equation

Abelian vector field of mass m

the following mass term is added to the Lagrangian:

1 -
Em B“Bﬂ
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Non-Abelian vector field

Examples of non-abelian vector fields are gluons and the W boson. The
vector potential is generalized to a non-abelian field by adding an
internal index a: W./*

For SU(2) a=1,2,3 whereas for SU(3)a =1,2, ..., 8.
We then define (using W as an example):
WA =04W, — 0" WS + gf 5y W,/ W,

The f,,. are structure constants. This form of the field tensor is invariant
under gauge transformations. The Lagrangian is:

1 a 1 2 a
L — _ZWaﬂ‘/WﬂV +§m Wa'quu
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