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Abstract

We revisit the problem of quark production in high energy heavy ion
collisions, at leading order in ay in the color glass condensate framework.
In this first paper, we setup the formalism and express the quark spectrum
in terms of a basis of solutions of the Dirac equation (the mode functions).
We determine analytically their initial value in the Fock-Schwinger gauge
on a proper time surface Qs7 < 1, in a basis that makes manifest the
boost invariance properties of this problem. We also describe a statistical
algorithm to perform the sampling of the mode functions.

1 Introduction

In heavy ion collisions at ultrarelativistic energies, such as those performed at
the RHIC or the LHC, the bulk of particle production originates from soft gluons
that carry a small fraction of the projectile longitudinal momentum [1, 2, 3, 4,
5, 6]. Because of the infrared singularity present in the emission probability
of soft massless gluons, the occupation number of these gluons increases as an
inverse power of the longitudinal momentum fraction z, according to the BFKL
evolution equation [7, 8]. When it reaches values of order 1/ag, non-linear
processes such as recombinations become important and tame the growth of the
occupation number — a phenomenon known as gluon saturation [1].

By virtue of this large occupation number, the dynamics of these soft gluons
is essentially classical, but non-perturbative because highly non-linear [9, 10].
The Color Glass Condensate (CGC) effective theory [11, 12, 13] provides an
organization principle for this regime of strong interactions, and a calculational



framework for computing observables relevant to hadronic or nuclear collisions
involving such densely occupied projectiles.

In the study of heavy ion collisions, the CGC has been applied to calcu-
late the gluon yield at early times [14, 15]. At leading order (tree level), this
amounts to solving the classical Yang-Mills equations with light-cone currents
representing the fast color charges of the two projectiles. At next-to-leading
order (one loop) [16], one can extract the terms that contain logarithms of the
collision energy and show that they can be absorbed into the renormalization
group evolution —according to the JIMWLK equation [17, 18] — of the probabil-
ity distribution of the above currents.

The CGC framework can also be used in order to study the production of
quarks in heavy ion collisions. In this framework, the light-cone color currents
couple only to gluons (because gluons are the dominant constituents of high
energy hadrons or nuclei), and quarks are produced indirectly from the gluons
by the process gluons — gg. Thus, the quark spectrum is one order higher in o
than the gluon spectrum. Equivalently, one may say that the quark spectrum
is a 1-loop quantity while the gluon spectrum is a tree level quantity. It is
well known that the single inclusive quark spectrum can be expressed in terms
of a basis of solutions of the Dirac equation, with a color background field
that corresponds to the LO gluons (i.e. the classical solution of the Yang-Mills
equations). The choice of this basis of solutions is not unique. When they
are chosen in such a way that they coincide with the free spinors v,(k)e’*®
or us(k)e” ™ in the remote past, they are often called mode functions in the
literature, and we will also adopt this terminology in the rest of this paper.

This approach can be used to study the production of fermions or scalar
particles in any situation where the production is due to a classical background
field [19, 20, 21, 22, 23]. In the context of heavy ion collisions, this formulation?
has been used first in studies of electron production in nuclear collisions [29, 30]
(although this is a pure QED process, its treatment in the “equivalent photon”
approximation is very similar to the CGC), and later in a computation of quark
production in heavy ion collisions [31, 32]. This earlier work was limited in a
number of ways: (i) the basis of mode functions that was used was expressed
in terms of proper time and the Cartesian coordinates x, ¥, z, making the boost
invariance of the problem highly non-obvious, (ii) the sum over the modes was
restricted to a subset of all the possible modes, and (iii) the resulting quark
spectrum may be contaminated by spurious lattice doublers at high momentum.

The goal of this work is to revisit this study in order to overcome all these
limitations. In this first paper, we first obtain a new basis for the Dirac mode
functions, that naturally depend on the proper time 7, on the rapidity n and on
the transverse position & . These mode functions are indexed by the transverse
momentum k; and a wave number v which is the Fourier conjugate to n, making
them very convenient for a lattice implementation where the grid covers a fixed
range in n. In order to improve the sampling of the mode functions, we use

n the case of proton-nucleus collisions, or in any situation where it is legitimate to expand
in powers of the color sources of one of the projectiles, a more direct approach is possible,
that leads to analytical results at leading order [24, 25, 26, 27, 28].



spinors that are random linear superpositions of all the possible mode functions.
A proper choice of the distribution of the random weights ensures that the
exact result is recovered in the limit of infinite statistics. With finite statistics,
this procedure provides a straightforward way to estimate the statistical errors.
Numerical results based on a lattice implementation of this framework will be
presented in a forthcoming paper.

The contents of the paper is the following : In the section 2, we briefly
remind the reader of the Color Glass Condensate and of the expression of the
quark spectrum in this framework. We also show in this section how to choose
a basis of mode function that makes boost invariance manifest. In the section
3, we present a statistical method to sample the modes, and derive the formula
for the corresponding statistical errors. The initial value of the mode functions
on the forward light-cone (i.e. just after the collision of the two nuclei) is
derived in the section 4. The section 5 is devoted to concluding remarks. A few
appendices collect more technical material. The derivation of the expression of
the quark inclusive spectrum in terms of Dirac mode functions is recalled in
the appendix A, and an alternate derivation following more closely standard
Feynman perturbation theory is presented in the appendix B. The appendix
C discusses a technicality in the derivation of the initial value of the mode
functions, and the appendix D is devoted to the study of a conserved inner
product between the mode functions. We make an extensive use of this inner
product in order to properly normalize the mode functions, and as a consistency
check at various stages of the calculation. In the section E, we use the QED
version of the mode functions derived in the section 4 in order to recover the
electron production amplitude in the collision of two electrical charges.

2 Quark yield in the CGC framework

2.1 Color Glass Condensate

The Color Glass Condensate framework is an effective theory that can be used
to study the early stages of heavy ion collisions, summarized by the following
Lagrangian density,

. _
L= =P B+ Au(Jf + J) + 5D = m)y (1)

written here for one family? of quarks of mass m. The color charge content
of the incoming nuclei is described by the two currents Ji',, whose supports
are restricted to the light-cones, Ji* oc §(z~) and J4 o d(zt), in a collision
at very high energy. These currents fluctuate event-by-event, with a Gaussian

probability distribution in the McLerran-Venugopalan (MV) model® [9, 10] that

2As long as we do not include the effect of virtual quark loops, we can consider one quark
family at a time.

3At very high energies, this distribution evolves according to the JIMWLK equation and
will become non-Gaussian. The MV model may be viewed as a model of initial condition for
the JIMWLK evolution.



we use in this paper. If one is interested in the production of quarks in a given
collision, one could draw randomly one configuration of J{f 5, and not perform
an average over these currents?.

In the gluon saturation regime, the currents J; o are inversely proportional

to the gauge coupling,
1

Jiy~ = (2)

127~
For this reason, gluonic observables at leading order are expressible in terms of
a classical color field that obeys the Yang-Mills equation with the source Jj + Js,

[Dy, F] = Jt 4 JE (3)

One should in principle also impose the covariant conservation of the current
[D,,, Ji'+J5] = 0. This constraint becomes trivial in the Fock-Schwinger gauge,
xTA™ + 27 AT = 0, since it ensures that the gauge potential vanishes on the
support of the current. We adopt this gauge in the following. Furthermore,
for inclusive observables, one can prove that this equation of motion must be
supplemented by a retarded boundary condition [33], such that the gauge field
vanishes in the remote past, thereby making this classical solution unique. In
the saturation regime, this classical gauge field is strong, of order A* ~ 1/g.

2.2 Inclusive quark spectrum

In the CGC framework, the fermions do not couple directly to the currents J{f 2
but only indirectly through the gauge field that appears in the covariant deriva-
tive in the Dirac operator i) —m. Therefore, the natural order of magnitude of
the spinors is 1 ~ 1, in accordance with the fact that the occupation number of
fermions is bounded by unity. Thus, observables that contain quark fields are of
higher order in the gauge coupling. For instance, the ¢g? power counting for the
quark spectrum at LO is the same as that of the gluon spectrum at NLO: both
are 1-loop quantities, the only difference being the nature of the field running
in the loop (quark versus gluon). In a fixed background color field, the quark
spectrum at LO is given by the following formula®, whose derivation is recalled
in the appendix A :

dN, 1 A3k 2
Qg —d = e | ‘ 0+ | 4
a,b

4Note however that the theoretical basis for doing this is not very robust, and becomes
inconsistent beyond leading order. Indeed, for fixed J{L’ 9, loop corrections to observables
contain unphysical logarithms of the longitudinal momentum cutoff that separate the gluon
modes that are described by the sources J# and those that are described as gauge fields.
These logarithms can be absorbed into a redefinition of the probability distribution W[J] of
these sources (that must now evolve according to the JIMWLK equation). But this procedure
only works if one performs an average over the sources.

5This formula is true to all orders in the currents J{‘ and J;. If one expands it to lowest
order in these currents (i.e. dNq/d>p o< O((J1J2)?)), one recovers the standard result for the
process gg — qq with off-shell incoming gluons, derived in the framework of kp-factorization
in refs. [34, 35] (see ref. [24] for this comparison).



(wg = VK% + m?) where wgib is a free positive energy spinor of momentum p,
spin o and color b (since quarks live in the fundamental representation of the
gauge group SU(N,), this color index runs from 1 to N.). In the absence of
background field, these spinors are given by®,

Vs (@) = ua(P) e (p° = wp) . (5)

However, it may also happen that the gauge fields at z° — 400 evolve into
a nonzero pure gauge configuration. In this case, the above spinor should be
replaced by a color rotated one:
Ot () = ug (p) Quar ()0 €777 (6)
where SU(N,) is the SU(N,) matrix defining the pure gauge background.
In contrast, v, is a spinor that has evolved over the background color field,

starting at 2% = —oo from a negative energy free spinor of momentum k and
spin s :
(D —m) (@) =0 . lim iy, (@) = v, (k)e" (7)
xr¥——00

Note that the subscripts a,b refer to the initial color of the quarks. The
color they carry at the point x is not written explicitly, and is encoded in
the N, (color) x 4 (Dirac) components of the spinors.

The inner product ( . ’ - )zo that appears under the integral in eq. (4) is
defined by

(]x),0 = / Pz P (20, 2) x(2°, ) (8)

(In the product %', all the unwritten color and Dirac indices are contracted.)
The properties of this inner product are studied in detail in the appendix D.
In this appendix, we also use its conservation as a consistency check of the
results that will be derived in the section 4. Note that the formula for the quark
spectrum requires that one takes the limit of infinite time. As we shall discuss
later in this section, this is also a requirement for the quark spectrum to be
gauge invariant.

Eq. (4) is the expression for the fully inclusive spectrum that we are going
to use in the rest of this paper. The virtue of this formula is that it reduces
the calculation of a one-loop graph in a background field to solving a (linear)
partial differential equation with retarded boundary conditions. Even if this
can be done analytically only for very simple backgrounds, this problem can in
principle be tackled numerically for completely general backgrounds.

SIn this equation and in the rest of this paper, we write explicitly only the indices that
characterize the initial value of the spinor. A more complete notation would read :

b —ip-
YOV (@) = uS () Gy €T

where « is the Dirac index and b’ is the color of the quark at the point z.



Note that in eq. (4), the spectrum is summed over all the possible final
states and over the spin of the tagged quark. In order to obtain the polarized
spectrum, one simply needs to remove the sum over the spin index o. This
formula also contains sums over the colors of the initial and final fermion. These
sums should not be undone, as the spectrum of quarks with a given color has
no gauge invariant meaning. k and s can be viewed as the momentum and
spin of the antiquark that must be produced along with the quark to satisfy the
conservation of the flavor quantum number, as reflected by the initial condition
for the spinor 9, in the remote past.

2.3 Boost invariance
2.3.1 Change of coordinates

Since collisions in the high energy limit are invariant under boosts along the
longitudinal axis”, it is convenient to trade the longitudinal components of the
momenta p, k. in favor of the corresponding rapidities y, and y;,. Likewise, the
proper time 7 and spatial rapidity i are more suitable than 2° and z to map

the space-time:
1 t+z
=\/t2 — 22 =-1 . 9
T 22, 2n<t_z> (9)

Besides the obvious change in the measure dp,/wp = dy, one must alter the
definition of the inner product so that the integration is on a surface of constant
7 (instead of a constant ),

(Wx), =7 / Padyt(ra ) e ™" x(r2L,m) . (10)

(See the appendix D.) When doing this, eq. (4) becomes

dNg 2

1 A’k
— vy l ‘ 0+ —
s~ 5 2, o |0l

a,b

(11)

The boost invariance of the problem implies that the inner product depends
only on the difference of the rapidities y, — yr. After integration over yy, the
resulting quark spectrum is independent of the rapidity y,,.

2.3.2 Boost invariant spinors

0+

PLypob

and v, themselves. Even when the background field is invariant under
Lyksa

boosts in the z direction, these spinors depend separately on the momentum

The boost invariance can be made manifest at the level of the spinors

"Here, we are disregarding the small-z evolution of the color sources in the incoming nuclei.
This effect would break the boost invariance of the problem due to gluon loop corrections,
and make the quark spectrum depend on rapidity on scales Ay ~ asl.



rapidity y and on the spacetime rapidity n. This can be trivially seen on the
vacuum spinors, whose rapidity dependence can be made explicit as follows

0+ @) = 6%7073 ue (P y =0 e~ iMpT cosh(yp—n) ipL-T L , 19
PLYypob

where M, = /p5 +m? is the transverse mass. To turn the prefactor into a
function of y, — 7, it is convenient to define transformed spinors as follows,

o~ 0.3
%[}ku_ysa = \/;eigly v wku_ysa . (13)

The factor /7 has been introduced for later convenience. After this transforma-
tion, the new spinors @k L ysa are boost invariant, in the sense that they depend
on the spatial rapidity n and on the momentum rapidity y only through the
difference y — n (provided that the background field does not depend on 7).

The boosted spinors introduced in eq. (13) also offer the advantage of obeying
a simpler form of the Dirac equation where rapidity does not appear explicitly
in the coefficients. In order to see this, first note that

. : 1 .
700 + 305 =40 e’ 9, + -’ e’ g, . (14)
Then, multiply this operator on the left by exp(fgyofy:i). A simple calculation
gives
3 0
e 377" [400) +4305] = [’yo 0.+ L0, + ” e~ #1"" (15)
T T

From this observation, we conclude that the modified spinors 1Z obey the fol-
lowing Dirac equation :

3 . ~
[i (70D7+77D,]+7’Di> m} D=0, (16)

One can see that the coefficients of this equation are independent of the
rapidity n when the background field is boost invariant (so that there is no 7
dependence hidden in the covariant derivatives). In terms of the boost invariant
spinors defined in eq. (13), the inner product on a constant proper time surface
takes a particularly simple form,

W), = [ oran B e Xre) a7

2.3.3 Mode functions in the v basis

Another useful transformation is to go from a basis where the spinors have
a definite momentum rapidity y to a basis where they have a fixed Fourier
conjugate v to the space-time rapidity 7,

¢k:Lysa — ¢kLusa = /dy eiuy wkuysa . (18)



When the background field is boost invariant (i.e. independent of 7), 12)\k Lysa

depends only on y — n and the spinor 9k, s, in the new basis has a trivial n
dependence in exp(ivn):

'(z)\klusa (7-7 ., 77) = eiun ';b'klusa (7’, a:J_) . (19)

v is a conserved quantum number and the 7 dependence of these spinors is not
altered by their propagation over the background field. Moreover, the Dirac
equation obeyed by these spinors is effectively 2 + 1 dimensional,

3 . ~
[i (70 DT+iZ_(ygA,,)+'yzDi> m} Vi, vsa =0, (20)
since the 1 dependence can be factored out.

When calculating the inner product of two such spinors (see eq. (141)), the
integration over 7 trivially yields a delta function,

(d}pLua'b|¢k:Lu’sa)T = 27—‘—5(1/ - V,) /d2SL’J_ {ELLyab(T7wL)JkLV’Sa(T7mL) s (2]—)

= l:wpl Vob"l/)k!LVISCL}

.

where we denote by [ | -]T the “reduced” inner product that remains after one
has factored out the delta function. In this basis, the quark spectrum is given
by

(22)

qu 1 dsz_ dv . 0 _ 2
= ——  lim +
dyyd®p. — 8r(2m)° c,;i/(zw)z o 0 | Tuon |V val

a,b

In this formula, it is tempting to ignore the limit 7 — 400 and to interpret
the resulting expression as the quark spectrum at the finite proper time 7.
One should however consider such a generalization with caution, since it is not
possible to rigorously define asymptotic states at a finite time.

2.4 Gauge invariance

Under a local gauge transformation, a spinor 1 (x) is transformed as follows

Plx) = Qx)P(z), (23)

where (z) is an SU(N,) matrix. Since the inner product that enters in the
quark spectrum given by egs. (4) or (22) is local, it is gauge invariant provided
of course that the spinors 1~ and 1°*1 are gauge rotated consistently.

In eq. (6), we have already indicated that the spinors 1)1 should be obtained
from the free solutions in a null background (5) by an appropriate color rotation,
if the background field at the time of quark measurement is a nonzero pure



gauge. The square of the inner product that appears in eq. (4) can be written
as

2 T

— /d3wd3y P (y—=) {%;sa(xovy)} uq(p)

<[22 @) ul (), % 2) . (24)

[T

For the time being, let assume that the background field is a pure gauge at the
time 20 where the quarks are being measured®. The factor Q(y)Qf(z) depends
on this pure gauge, and can be obtained by a Wilson line between the points «
and y,

Q)N (x) = U, (y,x) =P exp (zg/ dz“Au(z)) , (25)

2l

where v is a path from « to ¥ in the hyperplane of fixed time z°. Thus, in
practice one would calculate

2

) T
= [ ady e r ) [ug, )] )

X Uy(y, @) ul (P)p,, (2, ) . (20)

‘ (d’gib |1/};sa) z0

When the background field is a pure gauge, this does not depend on the
path v chosen between x and y. If one extends the use of eq. (26) to a situation
where the background field at the time z° is not a pure gauge, one still obtains
a gauge invariant result, but there is now an ambiguity due to the choice of the
path. Indeed, Wilson lines U, and U, evaluated on two different paths differ
by a Wilson loop,

UvUi/ =P exp (zg% dz" Au(z)) (27)

YUyt

defined over the closed loop vy U~/ ~! made of the path v followed by the reverse
of the path 4/. This Wilson loop measures the chromo-magnetic flux across the
closed loop, and is therefore equal to the identity only if the background field is
a pure gauge. One expects this irreducible ambiguity to decrease with the quark
momentum. On the one hand, in the spectrum of quarks of momentum p, the
typical spatial separation |z —y| is of order 1/|p| (since  —y and p are Fourier
conjugates in eq. (24)), and the closed loops that one would have to consider
in the above argument have a typical area of order 1/[p|?. On the other hand,
numerical studies of the gauge fields produced in the McLerran-Venugopalan
model indicate that the expectation value of Wilson loops decreases exponen-
tially with the area of the loop when it becomes larger than Q2 [36, 37]. This
suggests that this ambiguity should not affect much the quark spectrum for

Ip| 2 Qs.

8This should be the case at least when 29 — 400 in a sensible model of the gauge fields
produced in heavy ion collisions, thanks to the expansion and dilution of the system.




3 Statistical sampling method

3.1 Sketch of a direct algorithm

Eq. (22) contains the essence of our procedure for calculating the quark spec-
trum:

i. Draw randomly a pair of sources J{f 4, and solve the classical Yang-Mills
equation (3) with null retarded initial conditions.

ii. For a given transverse momentum k| , wavenumber v, spin s and color a,
initialize the spinor ¥, ,sq as a free negative energy spinor.

iii. Solve the reduced 241 dimensional Dirac equation (20) for the time evo-
lution of this spinor over the color field found in the step i.

iv. At some sufficiently large time, project the spinor ¥, 1,5, On a free positive
energy spinor of transverse momentum p,, same wavenumber v, spin o

and color b. This gives the reduced inner product [wgtwb‘waym]f

v. Repeat the steps ii to iv in order to sum over all k, ,v, s, a’s.

vi. (optional) Repeat steps i to v in order to average over the configurations
of the color sources Ji'y.

If we discretize the transverse plane into a N, x N, grid and the rapidity
axis into a grid with V,, points, the computational cost for solving the Dirac
equation for one mode function scales as N, N, N, where N, is the number of
timesteps. Note that this cost does not depend on N,, since the n dependence
can be factored out for a boost invariant background. This must be repeated
for the N, N, N, mode functions. Therefore, the total computational cost scales
as (NyNy)?N,N;.

3.2 Statistical method

The algorithm described in the previous subsection is deterministic, but it suf-
fers from an unfavorable scaling with the size of the transverse grid, since the
computational cost scales as (N, N,)?. Instead of doing in full the sum over all
the modes, it is possible to do it by a Monte-Carlo sampling in which one uses
random linear superpositions of the mode functions

koJ_ dv
. = 5 T No A vsa . cq ? 2
v =) @m)?er Ckvsa Vi, vsa (28)

a

where the coeflicients cg | ,sq are random numbers with the following variance

(ChivsaChy prsar) = (2m) 6(ky — K1) 0(v = 1) Gssr Saar - (29)

10



The justification of this approach is to note that the projector on the subspace
of negative energy spinors can be rewritten as follows

> /d271:u2 Z; |¢ELVSG)(¢EM¢1!:/[DC]P v (7] (30)

?TL

where P|c] is a normalized probability distribution (in practice a Gaussian dis-
tribution) with zero mean value and a variance given in eq. (29). In eq. (22),
the integrals over k| , v and the sums over s, a are then replaced by a statistical
average over these random numbers,

dN, 1 dv
276 a E —I[D lim
wdypdzpl 87 (27) Um/Q?T[ ] Ple TJ)+OO ( puzobw )
b

Ly

(31)
(L, is the total length of the 7 interval represented in the lattice implementa-
tion.) Since the random sum in eq. (28) mixes? the various v’s, the evolution
of ¢ is governed by the 3+1 dimensional Dirac equation (16), and the com-
putational cost of this approach scales as Ny Ny Ny N, Neons where Neoys is the
number of samples used in the statistical average. Compared to the direct de-
terministic method, a power of N,N, has been replaced by Nconf, which is
advantageous for large grids if Neons << NzpIV,,.

3.3 Statistical errors

The statistical method summarized by the egs. (30) and (31) is exact only in
the case of a perfect sampling of the Gaussian distribution P[c]. In practice,
this sampling is performed by generating a large but finite number Ncons of
configurations. In doing this, the left hand side of eq. (30) is replaced by

(32)

where we have used discrete notations that correspond to the lattice implemen-
tation, and we use the following shorthands :

V = L.L,L, (total lattice volume)

J = (jgj’jy7jn78,a)- (33)

(The integers jy ., label the momentum modes ki, v in the lattice implemen-
tation, and s,a are the spin and color quantum numbers.) The coefficients

90ne may replace eq. (28) by a random sum in which the modes v are not mixed. These
restricted linear superpositions obey the reduced 241 dimensional Dirac equation (20), but
one must repeat the resolution of the equation for each mode v, so that this modification has no
merit in terms of computational cost. In fact, using eq. (28) and solving the 341 dimensional
Dirac equation has the advantage that it is immediately generalizable to a non-boost invariant
background color field if necessary.

11



that appear in the sum in eq. (32) result from Ngons samplings of the Gaussian
distribution :

Necont

Cn.. (J.J) = Z el (34)

conf

In this equation, c(Jf) is the n-th random sample for the mode J.

With Neone samples, the observables we are interested in (e.g. the inclusive
quark spectrum given by eq. (31)) are generically approximated by

ON(‘onf _NZ V2 Z CNcont j ( 0+”‘/} )(

J,.J

JvE) . (35)

where F denotes the quantum numbers of the final state, > Fa partial sum
over these quantum numbers (in the case of eq. (31), this partial sum is over the
wave number v, the spin and color of the produced quark), and N a normaliza-
tion factor. C., (J,J") is itself a random number, whose distribution can be
determined in the large Non limit by a method similar to the derivation of the
central limit theorem. The mean value and variance of this approximation can
be obtained from those of Cy...(J,J’). Let us first recall that

(@) =0, (PG =0, (GG = Vo y . (36)
This leads easily to
(CNpe (T, TNy = Vigg,
<CNconf("f7 'f‘/)(jf\’umt'(‘l??Izv )> = <CNconf j ><CN<‘onf Iz’ I%)>
V2
—I—m 5.]713, (5.;,713 . (37)

The formula for the variance is exact if the distribution of ¢ 7 is Gaussian. Like
in the central limit theorem, the variance of C'y decreases as 1/Ncont.

conf

From the first of egs. (37), we obtain the mean value of Oy;

conf

NZ Z VR ) W) (38)

which is indeed the exact value of the observable. Using the second of egs. (37),
we get

<012Vconf> = <0anf>2

1 N2 B -
Ty 2 2 W IR Welvy) (W

£,

V) (W) -

(39)

We see that the standard deviation of Opn_ , decreases as 1/v/Neons, with a
coefficient that has a non-trivial covariance. It can itself be estimated by the
statistical method as follows :

=i

12



i. Define two random linear superpositions of the negative energy mode func-
tions :

_ 1 1,2)
b2 =y 2t vy (40)
J

(€]

with uncorrelated random weights ¢ 7 and ¢?

f 9
ii. Evolve these two spinors in time by solving the Dirac equation,
iii. Compute the following quantity :
N2 (o on) (s [0 (v
£.f
2
= VY ) o) (41)
f

by ) (Wi W) =

iv. Repeat the steps i-iii in order to average over the random numbers 2,

Since this is just an error estimate, a small number of samples is sufficient.
In practice, one may divide the N.,,r samples already calculated in two
subsets, and use these subsets to evaluate the error.

The standard deviation of Oy, is the square root of the result of this com-
putation, divided by v/Neont. Note that the summand in eq. (41) is a complex
number, which can lead to phase cancellations when summing over the final
quantum numbers f These cancellations are more effective for more inclusive

observables, thanks to a more extended sum on f

3.4 Relation to “low-cost fermions”

In real-time lattice simulations of fermions, the so-called low-cost fermion me-
thod [38] has been used in several works, e.g. [39, 40, 41, 42, 43, 44]. Let us
briefly compare this method with our approach. In our statistical method, we
compute the following quantity using the stochastic field (28):

(W H@)Ovs W)e = D_v 71 (2)0P 1 (y) (42)
J

where J comprises all quantum numbers including momentum, and O is a
matrix that depends on the observable we wish to compute. In the case of the
spectrum (31), O = wgff (x)z/)‘ofj' T(y). In the low-cost fermion method, instead of
using one stochastic field (28), one employs two kinds of stochastic fields called
“male” and “female” fields:

1 _
Uy zﬁg[cﬂ}}wfwj . Y
J

% S less-dwy] . @)

J
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where cj and d 7 are independent random numbers that have the same variance
as eq. (36). Combining these two fields, one can compute

WL @0 ) = 3 S0 @0 — 5 w0, (44)
: _

J

instead of eq. (42). By using the completeness relation

> ekt et y) +est e (hy)] =1 (45)

J

(1 is the unit matrix in the spin, color and position of the spinors at the time t),
we can relate the quantities evaluated in our method (42) and in the low-cost
fermion method (44) by

(e H@)0Y; (y)) = — (], (2) 0% (y)) +28(x —y) . (46)

(for 2 spin states and 2 colors.) Therefore, the two methods provide the same
result'® up to a trivial additive term, that can be interpreted as a constant vac-
uum contribution. However, our method has two advantages over the low-cost
fermion method. Firstly, it is numerically less costly than the low-cost fermion
method, simply because it uses only one kind of stochastic field. Secondly, the
statistical errors are smaller for the evaluation of the spectrum. In our method
(42), the spectrum is directly obtained from the statistical ensemble, without
any subtraction. On the other hand, in the low-cost fermion method (44), one
gets directly access to % — f (f being the fermion occupation number), and the
vacuum 1/2 must be subtracted later. Because this vacuum 1/2 also contains
statistical errors due to the Monte-Carlo sampling, the low-cost fermion method
suffers from comparatively larger statistical errors, especially when the value of
the occupation number is small compared to 1/2.

4 Fermionic mode functions on the light-cone

4.1 Background gauge field

In order to use the classical-statistical method in the calculation of the quark
spectrum, we should solve the Dirac equation with a background color field,
starting with a free spinor at 2° = —oo. However, it is not straightforward to
do this numerically, due to the singular nature of the gauge field on the light-
cones £+ = 0. The field strength on these lines is proportional to a 6(95*),
which cannot be handled easily in a numerical program. Similarly to the case
of gluon production, one should first solve the Dirac equation analytically up
to a surface 7 = 79 < Q7 ', and perform the numerical resolution only in the

s

forward light-cone for 7 > 7.

10T his is not the case if the initial state is not charge neutral.
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In this section, we generalize to the case of spinors the derivation that was
performed in ref. [45]. Since the Dirac equation is linear, its solution can be
written as the sum of a left-moving and a right-moving partial waves, as illus-
trated in the left diagram in the figure 1. These two partial waves are totally
independent. We take advantage of this fact to choose the gauge for the back-
ground field differently for each of them, in order to simplify the resolution of
the Dirac equation. Of course, before adding up the two partial waves in order
to construct the full solution, we must perform a gauge rotation that brings
them to a common gauge.

X xt X xt

Figure 1: Left : decomposition of the solution of the Dirac equation into left-
moving and right-moving partial waves. Right : structure of the gauge field
produced by the two nuclei in the A~ = 0 gauge, that we use for solving
the Dirac equation for the right-moving partial wave. 2% denote light-cone
coordinates, 2t = (t + 2)/v/2.

For the right-moving partial wave, it is convenient to work in the light-cone
gauge A~ = 0, in the same spirit as what was done in ref. [45] for the gluons.
After having determined the right-moving spinor at the proper time 7y inside
the forward light-cone, we will rotate it to the Fock-Schwinger gauge. The
calculation for the left-moving spinor (to be performed in the light-cone gauge
AT = 0) will not be performed here, since the result can be guessed from the
other partial wave by symmetry. The structure of the background field in the
A~ =0 is shown in the right diagram of the figure 1. It is made of the following
two elements :

1. the nucleus moving in the +z direction produces a field Af, proportional
to a 6(z) and independent of zT.

2. in the region 2t > 0,2~ < 0, the nucleus moving in the —z direction
produces a field A%, which has the form of a transverse pure gauge,

Al = ; UjoiUs . (47)
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3. in the strip corresponding to the shock-wave of the nucleus moving in the
+2z direction, this field A% receives a color precession induced by the first
nucleus. This color rotated field reads

ot = gUlab(x—, z,) (UIOT), | (48)
where -
U(z7,x,)=T expig/x dz= AT (27, x) . (49)
0
Note that eq. (48) is equivalent to
ab = alt® = Uy ALUT (50)
Therefore, by starting the evolution at % = —oo, the right-moving partial wave

encounters first the field A% and then the field A} In order to express the quark
spectrum, we need the negative energy spinors, 9. (k is the 3-momentum of
the incoming quark, s its spin and a its color). Before they encounter the
background color field, they read simply

Vpsa(T) = Vs (K) etk (51)

Since the background color field has only a finite jump on the half-line 2 =
0,2~ < 0, the spinors are continuous across this line, and the above formulas
remain valid up to z = 0 (just above this line).

4.2 Evolution in the region 2= < 0,27 > 0

The next step is to solve the Dirac equation in the region 27 > 0,2~ < 0. Since
the background field is a pure gauge in this region, the covariant derivative can

be written as
Dt =Ul 0" U, . (52)

Therefore, the new spinor defined by QZ,;SG = Uz 9y, obeys the free Dirac equa-
tion :

(i) — M)y, = 0. (53)

The solution of this equation can be expressed in terms of the initial value of
Vpsq ON the surface T = 07 by the following Green’s formula,

Vhoa(¥) = i / Ay Sy (e y) 7" Viosa ) + (54)
y+:

where Sg (z,y) is the bare retarded propagator for a quark,

d*p e~ (z—y)
SO(z,y) = / .
w0 = [ )t =t iy
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Note that, even if we have not restricted the integration range for the variable
y~ in eq. (54), the fact that the support of the retarded propagator Sg is limited
to 20 > 9%, (x —y)? > 0 imposes that y~ < 2. Therefore, for a point x located
in the region ™ > 0,2~ < 0 (shaded in green in the figure 1), only points with
y~ < 0 on the initial surface can contribute. This is the reason we can solve
independently the equation for the left- and right-moving partial waves.

By introducing the Fourier representation (55) of the retarded propagator in
the Green’s formula (54), one can perform most of the integrations analytically
except the final integration over transverse momentum. This leads to

= d? ip L - i(kTx™ ﬁﬁ— ~
wksa(x) = UZT(;CL)/ (271:;2 ePL ¥l e (k +2k+ ) UQ(pL + kL)
L AP MY
X (1 (v )73 vs(k) , (56)

where M, = /p? + m? is the transverse mass and where we have introduced
the projector Pt =y~ % /2. We have also introduced the Fourier transform of
the Wilson line Uy

U (k) = / Py, e F Uy(y ) | (57)

One can check that eq. (56) falls back to the free spinor v, (k) exp(ik - ) if the
background field is turned off (Us = 1).

4.3 Evolution across the line 2= =0 (27 > 0)

The next step is to propagate the spinor (56) across the field A} of the nucleus
moving in the +z direction. The region of space-time supporting this field is
infinitesimal (since A] ~ d(x7)), but the infinite strength of the gauge field in
this region nevertheless produces a finite change of the spinors. In this region,
there is also an O(1) transverse component of the gauge field, given in eq. (48).
The Dirac equation,

[((0F —igAT )y~ +i0 7" —iDiy' —m] ¥~ =0, (58)

can be separated into a part that depends on the background field Al+ and
a constraint independent of A} by multiplying!! it by the projectors P+ or
P =ty /2:
o _ m—iy'Db
i0 ,P+wksa = 2 v P wksa
+(ini D
: : - Y ('D' +m)
(0" —ig AP U, = T, (59)
The first equation, independent of the background field, is a constraint that
relates the two projections of the spinors at every 2~ (note that this equation

110ne may use the following identities : PtyT =P~y~ =0, P~yT =~4+Pt and Pt~ =
Yy~ P~.
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does not contain the &% derivative). The second equation determines the dy-
namical evolution (in the variable z7) of the P~ projection under the influence
of the background field A} . Inserting the first equation into the second gives a
second order equation that drives the evolution of the P~ projection,

(207 (0% — igA}) — D + m®) P, = 0. (60)

In this equation, the 9% derivative and the field A] are large (inversely pro-
portional to the thickness of the shock-wave that supports the A} field), while
all the other terms do not have this large factor. Physically, keeping only the
term in 9+ —igA] leads to the eikonal approximation, where the fermion would
propagate on a straight line along the 2~ axis, while the terms —D? +m? lead
to some transverse diffusion with respect to this axis. In the limit where the
thickness of the shock-wave goes to zero, we can neglect it :

(0" —igAT )P Yy, = 0. (61)

(Note that this approximation is only valid to cross the shock-wave, and should
not be used to evolve at a finite distance from the shock-wave.) The solution of
this equation is very simple,

'Pi’l/)’:‘sa(fﬂ) = Ul(zivml)’])il/}];sa(o7x+7ml) ) (62)
where the x~-dependent Wilson line U; was defined in eq. (49). The spinor
at 7 = 0 that appears in the right hand side is given by eq. (56). Then, the
constraint equation can be solved to give

+ Z-,YiDi

PH () = —i/r dot Ty Un (o™ w0) P, (0,27, 1) . (63)

2

Note that the constraint defines the P* projection of the spinor only up to an
arbitrary function of = and « . This “integration constant” can be determined
by requesting that we recover the Pt projection of a free spinor when all the
Wilson lines are set to the identity.

4.4 Transformation to Fock-Schwinger gauge

In order to gauge transform these spinors to the Fock-Schwinger gauge, it is
sufficient'? to multiply them by U;r ,

Vrosape (@) = Ul (1) Y () - (64)

When this transformation is applied to eqs. (62) and (63), the Wilson line Uy
appears in two types of combinations :

Uity =1 and  U{D'U; . (65)

121n the case of the background gluon field, an additional transformation was necessary, see
the eq. (18) of ref. [45]. But since the color rotation Q that characterizes this transformation
is equal to the identity for proper times 7 < Q3! (see the eq. (19) in ref. [45]), it has no effect
on the spinors.
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The second of these structures can be simplified if we recall that D’ is the
covariant derivative built with the field of eq. (50). Therefore,

Uip'u, = U@ —igu AU,
= 0" —ig(A] + 4}), (66)
—_———
Drg
where Af is defined in the same way as A% (see the eq. (47)),

Al = ; uloiu, . (67)

Note that the field A% + A% that appears in this equation is nothing but the
transverse component of the gauge potential in the Fock-Schwinger gauge at
7 = 07, hence the notation Dis for the resulting covariant derivative. Therefore,
the two projections of the right-moving negative energy spinors in the Fock-

Schwinger gauge read (at x= = 0T, just above the shock-wave)
d’p ; Mp 4
— —_ _ 'i‘ 1 1 i (3 x
P @) = Ules) | OB cpns o

- ini
x Uz(pr + ki) Z)’YQTVJF vs(k)

(7Dl —m) Uf @) [ R cimees iz

' Dy —m)Uy(xy (271_)246' e

_pz,yz_m
202

P Vka s ()

x Us(py +k1)y 7 os(k)  (68)
The egs. (68) for the right-moving spinors must be completed by a set of similar
equations for the left-moving spinors. These can be obtained from the above
formulas by the following substitutions

U2 — U1

z2t = oz, kT = kT

Pt - P~ ., P = Pt

o AN S S A S A (69)

At this point, we have the components of the negative energy mode functions on
the light-cone 7 = 0% (i.e. just after the collision), which provides all the nec-
essary initial data for studying their evolution after the collision. As explained
in the appendix C, these formulas can also be used as initial conditions at some
initial time 7y > 0, provided that 79 < a, where a, is the transverse lattice
spacing used in the numerical resolution.

4.5 Mode functions in the v basis

So far, we have derived the mode functions ¥gs, in terms of the Cartesian 3-
momentum k. However, as explained in the section 2.3,the boost invariance of
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a high energy collision is more manifest if one uses the modified spinors defined
in eq. (13) and if one further goes to a basis where the spinors are labeled by the
quantum number v (Fourier conjugate to 1) instead of y. It is easy to obtain
these new mode functions by the following transformation :

T/kasa = \/F 67%7 v / dy ey wkj_ysa . (70)

— 00

For the right-moving partial waves, the integral that enters in the transformation
of P4~ is of the form

I = / dy eV ez e'*¢ " | (71)
— 0o
while for the left moving partial waves, one needs
oo ; Y etV
It E/ dy eV ez ¢ . (72)
— 00

These integrals can be expressed in terms of the I' function,

IS = (i) "3 (—iv—5) , IS =(—ia) ™ 5T(iv+5). (73)

Let us now recapitulate our results for the fermionic mode functions on the
light-cone after this transformation, after summing the right-moving and left-
moving partial waves, and including both the P+ and P~ projections

eiun/ d2pl ePLTL
Gre 3,

x
e'r

50+t /My

X {6? (]2\4]\1/}:) P(*Z‘I/+%)U5($l)ﬁ2(pl+kL)’y+

Q/JEL rvsars (.13)

M2r —w . s _ i i
@@)FW%WMMM@+MW%M%WMMMON
(74)
In this formula, we have kept only the terms that are non-vanishing in the limit
7 — 0T. Therefore, its use should be restricted to very early times.
5 Summary and outlook

In this paper, we have reconsidered the problem of quark production in heavy
ion collisions in the color glass condensate framework. Our approach is closely
following that of refs. [31, 32], which expresses the leading order inclusive quark
spectrum in terms of a set of mode functions of the Dirac equation, but over-
comes a number of limitations of this earlier work.
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Firstly, we have defined a basis of fermionic mode functions that are more
appropriate for the boost invariant expanding geometry of a high energy col-
lision. In particular, since these mode functions are indexed by the Fourier
conjugate v to rapidity, they are especially suitable for a lattice implementation
in which one discretizes the rapidity axis. We have calculated analytically the
value of these mode functions just after the collision, at a proper time Q7 < 1
and in the Fock-Schwinger gauge, in terms of the Wilson lines that represent
the classical color background field of the two colliding nuclei. Thanks to these
analytical initial values, one will not have to deal with crossing the light-cones
in the numerical resolution of the Dirac equation.

Secondly, we have exposed a statistical method for sampling the set of modes
over which one must sum in the calculation of the quark spectrum. This method
ensures that no mode is left out, while considerably reducing the computing time
compared to a complete sum over all the modes. This approach also provides a
more robust way of estimating the error one makes in the sum over the modes
functions.

In a forthcoming paper, we will apply the formalism that we have setup in the
present paper to a study of quark production in two situations. Firstly, we will
present a test of the method in the case of a background field for which one can
solve analytically the Dirac equation for the mode functions (a constant SU(2)
chromo-electrical field). Then, we will present results on quark production in
heavy ion collisions, in the case where the background color field is given by
the MV model. In order to mitigate the problems caused by the lattice fermion
doubler modes, we will also explain how our framework must be modified in
order to include a Wilson term in the fermionic action.
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A Quark spectrum in the Schwinger-Keldysh for-
malism

In this appendix, we recall the derivation of the formulas (4) for the inclusive
quark spectrum, starting from the standard LSZ reduction formulas. For sim-
plicity, we consider only one flavor of quarks. Since in the CGC framework, the
external sources are only coupled to gluons and quarks can only produced in
quark-antiquark pairs (the net flavor number is always zero).
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A.1 Single quark pair amplitude

Firstly, let us consider the amplitude for producing a single quark-antiquark
pair,

Mi(p,q) (Q(P); Q(@)out |Oin)

<Oout‘bout(p)dout(q)|0in> . (75)

In order to keep the notations concise, we are not writing explicitly the color and
spin indices of the quark and antiquark. The operator bl (p) (resp. d! . (q))
creates a quark of momentum p (resp. an antiquark of momentum q).

Using the decomposition of the free field operator 1oy () as a superposition
of free modes, we have

bout(P) = / &z u(p)Y° Yous (t, ) eP*
dowi(a) = / B Ty (t,2)7° v(q) €97 (76)

(In these formulas, p® = \/p? +m? and ¢° = \/q% + m?2.) Note that the time

t at which these formulas are evaluated do not change the result. Using these
formulas, standard manipulations lead to the LSZ reduction formulas for the
single quark pair production amplitude,

Mi(p.q) = / d*zd'y e u(p)(i ¢79L —m)

><<Oout‘Tw(x)@(y)‘0in> (i gy +m) v(q) 'Y . (77)

Note that the 2-point correlation function that appears in this formula is a
Feynman (i.e. time-ordered) propagator. Its evaluation to all orders in the
background gluon field cannot be performed in practice. Indeed, even though it
obeys the Dirac equation, its determination is made extremely complicated by
the fact that it must satisfy mixed boundary conditions, both at 2 = —oco and
at 2% = +o0.

A.2 Inclusive quark spectrum

There is no practical way to calculate the single quark amplitude considered in
the previous subsection, in the presence of a strong background gluon field, as
is the case in the high energy heavy ion collisions. This is not a big limitation
however, because this quantity is also not very phenomenologically useful in
such a context. Indeed, for light quarks (quark flavors for which m < @), quark
production is not a rare process and more than one quark pair are produced in
a collision. Therefore, the probability P; of producing exactly one quark pair
(given by the square of M) is not very interesting.

Much more useful would be the complete probability distribution, Py, Ps, Ps,
etc. Unfortunately, calculating them is as complicated as calculating P;. But it
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turns out that the moments of the probability distribution are much easier to
compute. Besides the trivial one (3,7 P,, = 1), the simplest of these moments
is the first moment, > nP,, that gives the mean number of produced pairs.
A little more information can be gathered by considering the same quantity in
differential form, which is precisely the quark spectrum. In terms of transition
amplitudes, this quantity reads

dN, 1 I 1 n
1 = 17/51@ d®,, dd,
d*p (27)32wp, ,,;O(M )(n+ 1) qg pitPaq;
2
x ‘<Oout ‘bOUt (p)dOUt(q)bout (pl)dout (Q1) -~ bout (pn)dout (qn> ‘01n>‘ X
(78)
where we have used the shorthand
d3q
db, = —————— 79
97 (2m)32wq (79)

for the invariant phase-space of final state quarks and antiquarks. In this for-
mula, the differential probability for producing n + 1 quark-antiquark pairs is
weighted by the number of quarks (n + 1), and then integrated over the phase-
space of all the antiquarks and of n of the quarks. This quantity is normalized in
such a way that it gives the mean number of produced quarks after integration
over d°p,

AN, <X
/ t'p 5 = Z_;)nP = (N . (80)

Most of eq. (78) is in fact the projector on the subspace of states with net flavor
number —1,

+oo n
1
1 = _ (0] P, dd,.
,;)n!mﬂ)!/d o ALt it

x[[p1- Pl @@ Gnlg out)([P1- - Pulolaqr - Gnlg out| » (81)

that has a trivial action on the state bout(p)|0in) (since this state has also flavor
number —1), and eq. (78) can then be reduced to the much more compact form

dN, 1

&Pp (27)32wp <Oin‘blut(P)bout(p)‘oin> : (82)

The interpretation of this formula is quite transparent, since it amounts to
evaluating the expectation value of the final quark number operator, for a system
prepared in the pure state ’Oin>.

Using eqs. (76), this can be rewritten in terms of the quark field operator as
follows,

dN, 1 N
Bp = (27)32w, /d4x d*y e™* u(p) (i P, —m)
% (Oin| 1 (2)0(y)|Om ) (i Ey —m) e”PYu(p) . (83)
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The main differences between this expression and the similar expression for the
amplitude M; are the following :

1. The vacuum state is the in-vacuum state on both sides.
2. The two spinors are not time ordered.

These differences in fact lead to considerable simplifications in the evaluation of
this quantity in the presence of a strong background gluon field.

The first step is to note that the 2-point correlator that appears in the
integrand of eq. (83) is the component S_ (x, y) of the fermion 2-point function
in the Schwinger-Keldysh formalism. In the presence of a background field A*,
its tree level expression (to all orders in the background field) can be obtained
by noticing that it obeys the following equations

(D, —m)Soy(ey) =0, Silay)(i P, —m)=0
lm S (r,y) = S, y) (4)

29,90 ——o00
Next, one should recall the expression of the vacuum propagator SY2f""™ (z,y),

vacuum ik‘(g;_y) _
sremn(y y) = 5 / - %k 0 (k) (k) - (85)

STL

It is then easy to construct a semi-explicit expression for the dressed propagator
S_4(z,y) in terms of a basis of solutions of the Dirac equation:

£E y Z / 27‘( 32 wksa( )wksa( )

STL

(ZD m) Yrsa(T) = ) hm Yrsa(r) = vs(K) et (86)

0——00

When this expression is inserted into eq. (83), one must evaluate the following
expression

/ d*z e u,(p) (i 51 —m) Yrsa(T) . (87)

It is useful to note that

eP Uy (p) (i 53: +m) =0. (88)

Adding this identity to the integrand of eq. (87), we obtain

X —
/d4w€“"“ﬂa(p) (i @0 =) Yrsa(r) = i/d4w8u [P T ()Y Yhsa(@)]
(89)
which can be rewritten as a 3-dimensional integral since it is the integral of a
total derivative. The boundary at spatial infinity can be dropped if there are
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no background fields there. The boundary at 2° — —oo does not contribute

because it leads to the vanishing overlap uf(p)v(p). The only remaining contri-
bution comes from 2% — oo,

/d4x T U, (p) (i @ —m) Ysa(x) =1 Jim 3z e ul (p) Yrsa() .
Y ——+o0
(90)
This formula leads immediately to eq. (4).

B Quark spectrum from Feynman amplitudes

In the previous appendix, we presented a derivation of the quark spectrum based
on fairly standard many-body manipulations: we first related this spectrum to
the expectation value of the quark number operator, and then we evaluated
the latter using the Schwinger-Keldysh formalism. However, a more elementary
derivation is possible, where the many-body aspects of the problem are treated
“by hand”. In the present appendix, we present such an alternate derivation,
starting from the Feynman amplitudes for producing 1,2,3,... quark-antiquark
pairs, and combining them in the appropriate way to obtain the single quark
spectrum. This method is a bit more involved since it requires to account for all
the final state particle permutations, but it has the advantage of making more
tangible the combinatorics that happens under the hood in the derivation of the
appendix A.

B.1 Pair production amplitudes

The starting point is the amplitude M; (p, q) for producing one quark-antiquark
pair, already introduced in eq. (75). This amplitude is made of a time ordered
2-point function connecting the quark of momentum p and the antiquark of
momentum ¢, times a disconnected sum of vacuum-vacuum graphs. The latter
is crucial in the presence of a background field, since the sum of the vacuum-
vacuum graphs is not a pure phase (unlike when the background is the vacuum).
In practice, we do not need to calculate this factor, since it is the same in all
amplitudes and can therefore be determined at the very end by the request that
the sum of all probabilities to produce 0,1,2,3,... quarks is equal to one. For
now, we will simply write

Mi(p,g) = (Oout|Oin) X MSi(p,q), (91)

sum of vacuum graphs

where M¢ is the connected part of the pair production amplitude (only this
factor carries a dependence on the momenta of the produced quark and anti-
quark).

In the rest of this appendix, we limit the discussion to the lowest order
for the factor M. At this order, it is simply made of a Feynman propagator
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connecting the produced quark and antiquark, dressed by the background field:

Mi(p.g) = (92)

T 7T

A more explicit expression of the connected part of the single pair production
amplitude is

Mi(p,q) =u(p)T.(p,—q)v(q) , (94)

where T, is the dressed Feynman propagator, amputated of its final free prop-
agators. In terms of the dressed (G,) and free (G(;) Feynman propagators, it
is given by

G, =G +G° T, G . (95)

The convention for the momenta in eq. (94) is that the 4-momentum —g enters
on one side of the propagator and the 4-momentum p exits on the other side.

At the same level of approximation, the amplitude for producing n pairs is
obtained as follows:

Mu(Pr Pr @1 @n) = (Oout|0im) Y €(0) M§(P1.qo,) - MS(Pn 4o,,)
cES,

(96)
where &,, is the symmetry group of the set [1,n]. The sum over all the per-
mutations ¢ € &, is necessary in order to account of all the possible ways to
connect the quarks with antiquarks. e(o) is the signature of the permutation o,
resulting from the signs collected when permuting fermion fields.

B.2 Final state combinatorics

It is possible to encapsulate all the information about the distribution of the
produced quarks in the following generating functional,

+
Fl(p)] = Z / L@Z@") | Mo(P1 Py @i - ..qn)|2 , (97)

n:
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where we have used the following shorthand for 1-particle phase-space integrals:

P 3 4

The + superscript on the integration symbol indicates that we keep only the
positive on-shell energy. Likewise, a — superscript will indicate that the negative
on-shell energy is retained:

/ / < 2m0(—p°)o(p* —m?) . (99)

From its definition, it is easy to see that the single quark spectrum is obtained
as

dNy  6F[7]

d’p — 6z(p)
Note also that unitary (the sum that all probabilities should be one) implies
that F[z = 1] = 1. Inserting eq. (96) into eq. (97), we obtain

(100)

z=1

+

|<Oout}01n Z nl2 Z / Z(pl) e Z(pn)
o,0'€6, P11 Pn
q1--4n

XM (P1,40,) ME(P1,901) - - - MT(Pr; 9o, ) M1 (P 4o,) (101)

When all the spin and Dirac indices are summed over, the product in the second
line forms closed quark loops, from which the spinors can be eliminated by using
u(p)u(p) =y +m and v(q)v(q) = ¢ — m. It is convenient to change ¢ — —q for
all the antiquarks, so that we have:

|{0out 0

/ HL @y, > (102)

g, =1

where we have defined!?

E/z 2 (@, 0) +m)T.(p,d)(d +m) =

P

(103)

In the diagrammatic representation used for this quantity, the dotted line rep-
resents the final state. Right of this line is an amplitude and left of this line is

13We denote T (q,p) = ~0 T}; (p,q)~°.
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a complex conjugated amplitude. In order to go from eq. (101) to eq. (102), we
have used the symmetry of the n-quark and n-antiquark phase-spaces and the
permutation p is defined as p = o~ 1o’.

Every permutation p € &, has a unique decomposition in a product of
cycles™. In eq. (102), each of these cycles will produce a closed quark loop,
that depend on z through the quantity L[z] (linear in z) defined in eq. (103).
The degree in z of such a quark loop is the order of the cycle (the number of
iterations before the cycle returns to the starting point). For a cycle of order r,
we will denote the value of the corresponding quark loop tr ((L[z])"), where the
trace symbol compactly encapsulates the integrals over all the momenta along
the loop, as well as the contractions over Dirac and color indices. The important
point is that in eq. (102) the product of L’s depends only on the orders of the
cycles into which the permutation p can be decomposed: if p = ¢y - - - ¢; where
the c;’s are cycles of orders 7,7y - - -7, then we have

/ 1126, = J] tr ((212D7) - (104)

In order to perform the sum over the permutations p, it is sufficient to know the
number of p’s that admit a decomposition into a; cycles of order 1, as cycles of
order 2, ..., a, cycles of order n (with the constraint ay + 2as + - - - + na, = n),

n! 1

al!...an! 1a1...non ’

(105)

and its signature

p) = (1" [T -1 (106)

14We recall the reader that a cycle is a circular permutation 1 — o1 — (60)1 — -+ — 1.
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Combining these results, we can rewrite!®

SEEYS @ [ 5, -

n>0 T pEG,

SIS ﬁl,( (2n)”

n>0a1+2a2+--=nj

o e ]

p>0ai+az+---=p j=1

-y

p>0

= exp (tr In(1 — L[z])) . (107)

The second and third lines are equivalent because the constraint 3 -, ja; =n
prevents a;’s with j > n from being nonzero. Going from the third to ‘the fourth
line merely corresponds to a different way of slicing the sum over all a;’s

The only missing ingredient is the prefactor ’<00ut’0' 2, that can be triv-
ially determined in order to satisfy unitarity. The final expression for the gen-
erating functional is therefore

Flz] =

exp (tr In(1 — L[z]))
exp (tr In(1 — L[1]))

(108)

Taking a functional derivative leads to the following expression for the quark
spectrum:
z—1>

ANy (g -t R
dp " ((1 L) 5z(p)

Jw

P

— 4 P+ < + }+ (109)
At this stage, we have a representation of the quark spectrum in terms of the
object L[z], which is itself quadratic in the Feynman propagator of a quark

(NN

15The final expression is reminiscent of the determinant of a Dirac operator, and could
probably be derived more straightforwardly by path integral methods.
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in a background field. However, this expression contains terms of arbitrary
order in this propagator, because of the prefactor (1 — L[1])~!. Note that in a
weak background field, the quantity L[1] is small and the first term, quadratic
in the Feynman propagator, dominates the sum. This is the limit where the
pair production probability is small and where at most one pair is produced in
a collision. Therefore, the quark spectrum is almost equal to the differential
probability of producing a single quark, given by the first diagram in the above
series. The second, third, etc... diagrams encode Fermi-Dirac correlations that
are only important when more than one quark are likely to be produced (which
is the case in heavy ion collisions for quarks whose mass is comparable to the
gluon saturation momentum or smaller).

B.3 Expression in terms of retarded amplitudes

It turns out that a much simpler expression, quadratic in the propagator, can be
obtained if we rewrite eq. (109) in terms of the retarded propagator of the quark.
One can define a retarded analogue T, of T, built with free retarded propa-
gators instead of free Feynman propagators. The free Feynman and retarded
propagators are related by

G.(p) = G, (p) + 2r(f +m)0(—p°)o(p” — m?) . (110)

p—(p)

If we denote by V one insertion of the background field, the following two

equations define T, and T, recursively
T, = V+VG'T,=V+T,G°V
T, = V+VGT,=V+T,GV, (111)
from which one first obtains:
-1
T, = (1-VGY) Vv
= (1-va) ' 1-vE)T, = (1-VG —Vp ) (1-VG)T,
_ -1 —1
= 1-(1-VG) Wp_) T,=(1-Tup-) Ty . (112)
In terms of these compact notations, L[1] can be written as
LA = TpiTep- (113)

where p (p) = 2w +m)0(+p°)5(p* — m?), and manipulations similar to above
lead to an expression that depends only on the retarded 7',:

* _1 *
L= (1=Typ-)  (Thp+Tpp-) (1 = Tpp-)
Note that since L[z] is a linear functional of z(p), the derivative §L[z]/dz(p) is
similar to L[1], but with the intermediate momentum p fixed instead of being
integrated over. We will denote this as follows:
0L[z]
9z(p)

- (114)

= (1= T3p-) (T G+ m) Top-) (1= Top-)

(115)
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In the same fashion, one also obtains the following identities:

(1 - T;p—) (1 - TRp_) = 1+ (T;p+TRp—) y

1-L[1] = (1=Tp ) '(1-Tep )",  (116)
Therefore,
%771« B 715[4[2] — e (T m
Fp =~ ((1 L[1]) 52(}))) tr (77 ¢ +m) Tp—) - (117)

The outcome of these algebraic manipulations can be pictorially summarized as

p

» }
p (
4 b + < + } + oo =
gj
where the blue lines in the right hand side are retarded propagators. The con-

nection with the previous appendix and the formula (4) resides in the following
identities:

—tr (T (f +m) T p—)

Il
+
=
q
3
23
3
\
=
S
S
T

U (P)T(p, —q)vs(q) = lim [ @z yQi (2%, @)y, (2% z) . (119)

20— +oo

C Evolution from 7 =0" to 75 > 0

The egs. (68) (and their counterparts for the left-moving partial waves) give
the value of the fermionic mode functions immediately after the collision, one
the semi-axis = = 07,2% > 0 for the right-moving partial waves and on the
semi-axis 7 = 07,2~ > 0 for the left-moving partial waves. Therefore these
formulas provide for each mode function the complete initial data on the light-
cone 7 = 0%,

However, the transformation to the quantum number v (Fourier conjugate
of the spatial rapidity n) introduces a non-analyticity in the time dependence, in
the form of factors 7% For this reason, the numerical resolution of the Dirac
equation should be started at a strictly positive proper time 79 > 0. Therefore,
one should evolve the mode functions from the time 7 = 0" to the time 7 (see
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Figure 2: Evolution between the forward light-cone (7 = 07) and the time 79
at which the numerical solution of the Dirac equation starts.

the figure 2), by using the Green’s formula for solutions of the Dirac equation,

wm,n,wl)—z’l / dy* + / dy]/d2ylSR<m,n,my>M(y).

y— =0t yt =0t
yt>o0 y—>0

(120)
This Green’s formula in principle contains the Dirac propagator dressed by
the background color field, which is not known analytically inside the forward
light-cone. However, if one is interested only in very small propagation times
Qs70 < 1 one can use the bare Dirac propagator instead, the effects of the
background field on the evolution of the spinors start becoming important only
at Qs70 = 1. But even with a bare propagator, the evaluation of eq. (120) is
cumbersome. It turns out that this is not necessary, if the time 7 is chosen
small enough.
For elementary plane waves, the basic formula to justify this is the following :

vy ikta™ ikt ~ vy i(kz+w7+k7w+)
/dye (e +e ) e /dy eVe , (121)
where k* = (Mg /v/2) e*¥ and 2 = (19/+/2) ™. This formula can be checked
by an explicit calculation of the integrals on both sides, which can be expressed
in terms of Hankel functions for the right hand side and in terms of Gamma
functions in the left hand side, and by doing the Taylor expansion to first order
of the Hankel functions. The interpretation of this formula is the following:

e the left hand side is the sum of the left- and right-moving partial waves,
evaluated as if the time was 7 = 0% (i.e. neglecting the evolution from 7
to To),

e the right hand side contains the plane wave evolved to the time 7y (i.e.
the result of using the Green’s formula from 7 to 79).
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In other words, eq. (121) shows that it is legitimate to neglect the time evolution
of the spinors in the forward light-cone, provided that the time obeys My < 1.
This exercise shows that if the time 79 obeys this condition, it is sufficient to
add up the two partial waves on the light-cone, and to apply the transformation
y — v to their sum. Let us end this appendix by an important remark regarding
the condition M7 < 1: it must be satisfied for all the transverse masses
My, = \/k:ﬁ_ + m? that can exist in the problem. In the lattice discretization of
the Dirac equation, this implies that one must have 79 < a; where a, is the
transverse lattice spacing.

D Conserved inner product

D.1 Definition and main properties

Let us consider a locally space-like surface'® 3. For every point y € X, we can
define an orthogonal vector such that

n,dy" =0 for any displacement dy* around y € ¥
n® >0
nynt =1. (122)

Given two spinors ¢ and Yy, one can define the following inner product on 3,

01, = [ 8, T, (123)

where d3Sy is the 3-dimensional measure!” on the surface ¥. One sees imme-

diately that this inner product is Hermitean,
(@h); = (xle),, - (124)

The main property of the inner product defined in eq. (123) is that it is
independent of the surface X if both ¥ and x are solutions of the same Dirac
equation'®,

(i) —m)y = 0. (125)

(This is true for any real valued background potential A,.) From now on, we
can thus drop the subscript X in our notation for this inner product. Note also
that this inner product is gauge invariant, since it involves the product of a

16This means that if n* is the local orthogonal vector to this surface, then n#n, > 0.

17The measure on ¥ is defined in such a way that d3Syd(n - y) is the usual 4-dimensional
measure dy. Therefore, there is some freedom in how we normalize the vector n*, provided
we change accordingly d3S,, in such a way that d®Syd(n - y) is left unchanged.

18Note that the quark spectrum involves the inner product between a spinor that has evolved
over the background field and a free spinor. This inner product is therefore not conserved,
reflecting the fact that the quark yield is time dependent and settles to a fixed value only in
the limit 7 — +o0.
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spinor and the Hermitean conjugate of another spinor at the same space-time
point.

Let us give more explicit expressions of the inner product (123) for two
important types of surface ¥. On a constant x° surface, it takes the following
form,

(VX)) cone 00 = /d3y T (y) x(y) - (126)

On a surface of constant proper time, the integration measure is d®S, =7dnd*y |
and the normal unit vector n* has the following components

—7677 —en i—O (124)
n = n = n =4u.
\/5 ’ ’

Therefore, the inner product reads
0.3
(¥]x), = T/dndZyL GHrmyL) e x(Tn,yL) (128)

D.2 Inner product at 2% = —oc0

This conserved inner product can be used as a consistency check for the various
analytic formulas that we have obtained for the mode functions in the section 4.
The first step is to evaluate the inner product on the surface y° = —oo, where
the mode functions w,fsa are not yet modified by the background field. We get

(wl—:sa|¢l—:s’a’) = (271’)326014,5(]6 - kl)ésslaaa/ 5
(wlzsa|¢lz’s’a’) = (27)32wk6(k - kl)éss’aaa/ )
(Vs Vrrerar) = 0. (129)

D.3 Inner product at 7 = 0" in LC gauge and y basis

Now, let us use the egs. (68) and their counterparts for the left-moving partial
wave in order to check that the spinors (in light-cone gauge, and in the y basis)
evolved to the forward light-cone are consistent with eqs. (129). First of all,
from the definition of eq. (123), we immediately see that

e = V2 [ Py il )P )
y—=0*,yt>0

v / dy~ Py, i) PTX() . (130)

yT=01,y=>0

In words, on the right branch of the light-cone we need only the P~ projection
of the spinors, and their P+ projection on the left branch of the light-cone.
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The other projections do not contribute to the inner product evaluated on the
light-cone!?.
Adding the contributions of the two branches of the light-cone, we find the

following expression for the inner product,

T + /
— — _ . 2 Us(kl7 y)P US’(kJ_7 Y )
(wksa‘wkz’s’a’)q—:(yr - Z\/§(27T) 6(kJ- - k/J_)(Saa' |: kT — k'T + de

’UI (kl_v y)P_vs’(kLv y/)
T e — W tie } » (131)

where y,y’ are the momentum rapidities corresponding to the 3-momenta k, k’.
Using Gordon’s identities, one sees that the imaginary part of the right hand
side vanishes. Thanks to

V2 N
S =W = 0 —y) A=K =

dy—vy), (132)

where we denote My, = \/k2 + m?, we arrive at

_ _ 1
(¢k$a‘wkl5/a/)720+ = (27T)35(y - yl)é(kl - kﬁ_)éaa’ ﬁ

X vl (kL y)(e VPt + P Yoy (ki,y) (133)
The second line can be simplified by noticing that
VP =Pt—p- | [P, P]=0. (134)
From these identities, we obtain easily
eV’ = VP yPT — pyp- +e VPt (135)

Using the fact that exp(—yy%y3/2) acts on spinors as a boost of rapidity —y in
the z direction, we have

itk y) [P +e VP ug(ki,y) = itk y)e e " 0y (k1Y)
= 'UZ(kU_7 O)US/(]CJ_,O)
= 2Mpd.e . (136)
Therefore, we obtain?’
(Vrsal Yirsrar)reor = 202m)%6(y — )3 (k1 — K )6ssr6aar

2wk (2)36(k — k)05 0aar (137)

which is consistent with the conservation of the inner product. A similar verifi-
cation can be performed for the positive energy mode functions w,:s o

191 ikewise, these projections do not contribute to the subsequent evolution of the spinors,
because the relevant Green’s formula also contains a 7.
20The second equality follows from §(y — y') = wg (k% — k'?).
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D.4 Inner product at 7 = 0" in FS gauge and v basis

We can perform the same check for the mode functions in the Fock-Schwinger
gauge and v basis given by eq. (74). Firstly, let us apply the transformation

kausa = /dy e“/y '(/)kLysa (138)

to eqs. (129) in order to know what to expect for the inner product in the v
basis. This trivial calculation tells us that we should obtain

(Cr s vsal i, vrwrar) = 202m) 60 = V)3 (ks — K )SssOaar - (139)

Let us now calculate this inner product directly from eq. (74). The inner
product on a surface of constant 7 is given by eq. (128). It is convenient to
absorb the factor 7exp(—n7°+®) by defining new spinors that are the original
ones boosted to the comoving frame at the rapidity 7, times a factor /7,

7/1(77 7, yJ_) = \/’7—6_%7073 w(Ta 7, yl.) . (140)

In terms of these boosted spinors, the inner product reads simply :

@), = [ antys 3y )R (141)

When we insert two instances of the formula (74) in this equation, we see im-
mediately that the crossed terms vanish because they contain (y7)? = (y7)% =
0. Using the following identities,

d’p ~ - )
/ﬁ [U;(P¢+kl)Uz(pl+kzl)] = (27T)25(’<3L K )buw

I+ it —iv) = —° 142
(3 +w)l(5 —iv) cosh(mv) ’ (142)
we first arrive at
_ - _ 3 oy NS,
(kaDSa’wkll//S/(l/) - (27T) 6(kj_ k:J_)(S(V 14 )60,0, Mk COSh(7TI/)
x vl (kL,y=0) [e””v‘f + e‘””v*v‘] vy (kL y=0).
(143)
The second line can then be simplified as follows :
vi(kL,y=0) [e””v_’ﬁ + e‘””v*v_}vs'(km y=0)=
=2 Ui(kl; y=0) [emler + 677”/7)7} vy (ki,y=0)
= 2vl(ku_, y=0) e’ vy (ky,y=0)
= QUl(kLay:WV) vy (k1,y=mv)
= 4 My, cosh(nv) dssr . (144)

Inserting this into eq. (143) gives the expected result (139).
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E Abelian case: electron spectrum in QED

The initial value of the mode functions just above the forward light-cone, given
in eq. (74), can also be used in the Abelian case. The analogous problem in
QED would be that of the production of electrons in a high-energy collision of
two large electrical charges Z; and Zs. When they collide, the electromagnetic
field of the two charges can produce electron-positron pairs. The spectrum of
the produced electrons can be calculated by a formalism which is very similar
to the Color Glass Condensate considered in this paper. In this description, the
two colliding charges are replaced by the electrical currents they carry along
their trajectories. These currents are the source of electromagnetic fields, that
can be obtained by solving the Maxwell’s equations with sources :

O F" = JV + JY . (145)

It is then this electromagnetic field that produces the charged fermions (in QED,
this approach is known as the equivalent photon approximation.)

Since QED is an Abelian gauge theory, it is much simpler than QCD in
certain respects. Firstly, the Wilson lines U; and U, are simply complex valued
phases, that can be commuted at will. Secondly, each of the colliding charge
produces transverse E and B which are localized in a shockwave transverse to its
trajectory. In the Fock-Schwinger gauge, the corresponding gauge potential is a
pure gauge in the half-space located after the shockwave. But since Maxwell’s
equations are linear, the solution for the 2-charge problem is the sum of the
solutions for individual nuclei, i.e. a sum of two pure gauge fields, which is itself
a pure gauge. In QED, the fields are thus trivial inside the forward light-cone,
unlike the QCD case.

The formula (74), that gives the mode functions just above the forward
light-cone, is therefore sufficient to obtain in closed form the amplitude. One
can evaluate it by computing the inner product of eq. (10) at an infinitesimal
time 7 — 0%, since the evolution at 7 > 0 is trivial. The only subtlety when
doing so is that, since there is a non-zero pure gauge field in the forward light-

cone, one should use a gauge rotated free positive energy spinor instead of ng',
WU (@) = Ul (@)U (@) wo(p) e (146)

This free spinor must be first transformed as in eq. (70),

o~

byl (@) = ﬁUf(ml)UJ(wL)/dy e eI ug(p) e (147)

In order to perform the integral over the momentum rapidity y, we need first
to extract the y dependence hidden in the spinor u,(p),

ue(p1,y) = €277 uy(p1,0) = [6%7’“ +e 5P| up(py,0) . (148)
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Therefore, we have

D (@) = V7 Uf (1)U (1) €77 ePe

X /dy ey " iMpTcosh(y) 1o pt 4 67%7)7} us(p1,0), (149)
where M, = \/p? + m? denotes the transverse mass (in this equation, we have

redefined the integration variable y —n — ). The result of the integration over
y can be expressed in terms of Hankel functions, thanks to

+o0
/ dy e~y e—izcosh(y) - —im e—i% HC(YQ)(Z) ,
0o

(150)

where H? (2) = Ja(2)—iY,(2). In the limit 7 — 0", we need only the beginning
of the Taylor expansion of the Hankel function,

) —a 1 Z\ eiﬂ'a
H?() = — <5> S S (7) S 151
o () z—0+ sin(ma) [ \2 Il -« 2/ T(1+a) (151)
Note that when « has a non-zero real part, only one of the two terms domi-
nates when z — 0, depending on the sign of this real part. Therefore, in the

combination /zH (_23”_5 (2), only one of the two terms survives when z — 07,
2

o 2¢T e’ Z\ W
—ig(-iv=3) g@ = v2 ( )
Vze *“’*%(2) z=0+ cosh(m)I'(§ —iv) \2
—ig(—ivtd) g _ Ve ® (f)‘y . (152
Vze —iw+ 3V Do cosh(mv)I'(3 +iv) \2 152
Therefore,
R . 9 eiun eiprL
(U1 U2)+ — e i Ul(zUI O
pove  (T) Lo+ € 1(x 1)Uz (1) M, cosh(nv)
7\'71—/

e (F) 7| w0,

(153)
Similarly, the negative energy spinors evolved from the remote past up to 7 = 0™
read,

o
Ly

2
~ _ e iun/ d q. 1
Vs == T30 M | G2 3,
M?r " x ~
><{ (2;4,6) e (3 —in) U (e )Us(qu +k1)y™

M?2?r o T ~
+<2]\q4k> e_TF(%+iu)U1T(:L'L)U1(QL+kl) 7_}

XeiqL'zL (qifyl + m) Us(kL7 Y= O) :

(154)
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Using PTy+ = P~y~ = 0, the inner product between 1/);{111,%2” and ¥y,

reads

U,Uz)+ 'z / quL 1
( pivo |wk MS) _27T6(V_ COSh M Mk 271' 2 M vao)

><{ (N%I?p)iu [72(pJ__QJ_)U1(qJ-+kJ-) v

+ (M&Igfp) ﬁl(pL_QL)ﬁQ(QL‘FkL)'YJF} (¢'y" +m)vs(ky,0) .
(155)

In order to compare with existing results in the literature (e.g. eq. (52) in
ref. [29]), one should perform the inverse transformation v — y,,t — yx to
return to momentum rapidity variables :

dvd i — Yk 1U2 =
(v (UrUz) ) = /ﬁ e Yp o~ IHYE (wg,ﬂ; )+’¢kws) ) (156)

Thanks to the following formula,

d wz 1
[ o - , (157)

27 cosh(mv) 2w cosh(3)

it is easy to perform these integrals and one obtains

d2
(w%wz)ﬂd};) = z\/ﬁ/ ﬁ uj,(pby =0)

o Us(py —q.)Ui(q. + ’ﬂ)eyp;yk v
Mz + 2k~ p*t

ﬁ1(1u —QL)INJQ(QL-HCL)eyk;yPWJF i i
i q 0 < k Y= .
* M2+ 2ktp~ (m+q'y")vs(kL,y =0)
(158)
The final step to compare with ref. [29] is to use the identities
oYk i - i
e 7 uy(pL,y =00 (m+q7")vs(kr,y =0)
= ub(p1.yp)y™ (m+ gy )os (kL yp)
L A ini
e = ul(pr,y =00y (m+ gy )s(ki,y=0)
= ub(pr.yp)y T (m+q'v")os (kL ye) (159)
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thanks to which we finally obtain

_ . d*q,
(00 = i [ G i)
y Us(pi —q)Ui(q + ki )y~

M2 + 2k p*

Ui(p. —q1)Us(q1 + ki)t »
+ MZ + 2k+p- (m+ 4"y )vs(kr, yr)

(160)

This formula is identical to the eq. (52) in ref. [29]. Note that in order to
recover this known result, it was crucial to gauge rotate the free spinor used in
the projection, because the gauge field inside the forward light-cone is a non-zero
pure gauge in the Fock-Schwinger gauge.
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