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RADIATIVE CORRECTIONS TO LEPTON-HADRON INTERACTIONS

A. B. Arbuzov

Bogoliubov Laboratory of Theoretical Physics,
Joint Institute for Nuclear Research,
Joliot-Curie 6, Dubna, 141980, Russia

A brief review of the present status of radiative correcditmprocesses of particle interaction is presented. Exanapéegiven
for QED corrections to processes of lepton—hadron andefpton interactions at intermediate and low energiesniéthod
of electron structure function in the leading logarithmipagximation is described. The origin of Coulomb singulariyttie
final state interactions of charged particles is demonstratecelativized version of the Sommerfeld-Gamow-Sakharotoiac
is proposed. The vacuum polarizatiofieet is discussed. General recommendations on applicaticadgttive corrections in
data analysis are given.

Keywords .

1. Introduction

The aim of these lectures to review thffeets due to QE[Radiative Correction§RC) being relevant for
lepton-hadron interactions at (relatively) low energi&fe.will discuss typical contributions like vacuum polar-
ization, Coulomb singularity in the final state interactipthe leading logarithmic approximatietc. Concrete
examples on RC calculation well be given. The main attentidhbe paid to the features of the corrections
themselves and on the application of them to the analysigpd#rénental data. So, we will not go into details
of step-by-step calculations of the corrections. Insteadwll concentrate on the discussion of particular fea
tures of RC which are relevant for construction of high-sien theoretical predictions and experimental dat
analysis.

By radiative correctionswe mean quantumfiects which contribute to observable quantities in highe
orders in a coupling constant. In other words, RC are ffects which appear beyond the lowest order whic
will be called here th@&orn approximationSo the first step in treatment of any type of radiative cdives is
the definition of the zeroth level. Typically the latter amsponds to a very limited number of tree-level Feynma
diagrams describing the given process. But in certain casasse the so-calleidhproved Born approximation
in which some simple more or less factorizablieets of higher orders are already included. In this case
avoid double counting one should exclude them from the RQ@ritmnions.

Sometimes radiative corrections can be confused with vackgl processes which contribute to the sam
observable. Typically RC are just some modifications of thsibprocess, while background corresponds
other processes which only look similar to the basic one énditector. But in a general situation one shoul
solve a complex problem, where both RC and backgrounds ke tato account. Then the definition of eact
effect within the given problem should be done explicitly.



2 A.B. Arbuzov

By corrections we usually mean small modifications. It idlyeso concerning RC in the bulk of realistic
problems. But that is naalwaysso. There are many examples of radiative corrections whiemat small
in comparison with the Born contribution. Sometimes we elvave corrections of the order of several hun-
dred percent. And below we will discuss a particular casehiciwthe correction is infinitely large while the
observable remains finite.

It is worth to mention also that radiative corrections is bjsats where interests of theoreticians and exper-
imentalists are strongly connected. In order to improveréselting precision in analysis of concrete experi-
mental data, they should work in a tight collaboration. Imsneases the numerical contribution of RC depends
very much on the experimental conditions of particle regtiin.

The studies of radiative corrections are of ultimate imaioce for the modern elementary particles physics.
In fact physics is aatural scienceso it unifies experimental and theoretical investigati@rs the other hand,
physics belongs texact scienceand now we deal with very accurate experiments and theatgtiedictions.
Let us assume that a pure experimental uncertainty

§EXP = §Svst g gstat (1)

is the proper sum of systematical and statistical errorenTthe final result of the studie. some physical
guantity, would contain also a contribution due to theasdtuncertainties which always enter the game at a
certain stage of the data analysis. In order not to spoil tearacy of the experiment which has been obtained
by considerable human and material investments, one sipooNitle the theoretical error as small as possible.
In practice it is highly desirable that the latter shoulds$gtthe condition

5theor <~ 6exp/3. (2)

If the theoretical error would be of the same size as the éxgertal one then the resulting uncertainty will
be stheo®exp ~ 1 4 . §2*P which will mean that that a huge part of the investments has) lspent just for
nothing. We see also that the precision of modern expergigsgbntinuously growing up due to new hardware,
improvement of analysis techniques, increasing of exjpositme and so on.

All these facts show that the theoretical accuracy shoulddegjuate to the experimental one. So we need
more and more precise theoretical predictions which shimgldde radiative corrections.

One could say that precise studies are required only far téshe Standard Model (SM), while in searches

for New Physicsadiative corrections are not important at all. That is ne¢t of course. Really, we are always
looking for new physical #ects as a dierence of an observable and the corresponding theoretidiction.
We are doing that at the edges of the explored field of phyptt@ahomena. In this case theoretical predictions
should be also as accurate as possible. This requiremealidsas for the new physics searches at very high
energies of the Large Hadron Collider (LHC) as welleag.for studies of neutrinoless double beta decays at
low energies.

There are two extreme possible scenarios of physical adithe LHC: i) the most exiting case would be
the discovery of many particles and new interactions; ithimg new is discovered besides the SM-like Higgs
boson. Let us imagine the first situation. Very soon afterekgerimental discovery of new particles we will
see in the literature a whole bunch of theoretical modelsepréng to describe the new phenomena. In this
case only having very precise theoretical predictionsivedewithin the SM and in its extensiohsould help
to choose the most adequate model of the new physics. Inwtels, the knowledge of radiative corrections
will be required to discriminate ffierent models of new physics. In the second case (which iablyi very
unpleasant for the whole fundamental science) the physiogram of experimental studies at the LHC will be

aMany accurate predictions with one-loop RC have been ajrdadeloped within minimal supersymmetric extensions of the SM.
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shifted to the continuation of precision tests of the Stamdiéodel and looking for possible (small) deviations
from its predictions. In this case calculation of RC will lgaén of ultimate importance.

2. Types of Radiative Corrections

Let us discuss the typical types of radiative correctiomst©f all, we subdivide RC into perturbative (com-
puted order-by-order by means of expansion in a couplingtem) and non-perturbative which are founc
either phenomenologically from experimental data or franexact solution of some equations in the quantut
field theory,e.g.the Bethe-Salpeter ones. Sometimes we can also perfornummegtion of a certain class of
perturbative corrections, for example, that is usuallyedaith the vacuum polarizatiorffect in the propagator
of a virtual photon, see Sect. 5. The main method in cal@riatf radiative corrections is expansion in a sma
parameter which can be: a coupling constant, transverse=mioim, mass ratietc.

RC are also usually separated according to the relevanbfyipgeractions. So we can have QED, QCD an
electroweak corrections. Note that separation of eleaadRC into pure QED and pure weak in the frame
of the Standard Model is not always possible in a gauge iamarvay. What is important that in practice we
alwayshave a mixture of RC of all types due to quantuffeets. One of the primary problems in treatmen
of radiative corrections is to disentangle the mixture.ydnlsome extreme cases like the one of the electrc
anomalous magnetic moment we have almost a pure QED irntaract

There is a common statement that all relevant one-looptraelieorrections to any process being of interes
for phenomenology have been computed long ago. That is atly 0. Of course there is a lot of results in
the literature. But for application for any new experimerd wsually have to reconsider the evaluation ©
corrections in order to take into account concrete spedinclitions.

As an example of radiative correction, let us look at the fithef Higgs boson mass from LEP data, se
Fig. 1 taken from Ret.

m“"”‘n: 144 GeV
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Fig. 1. Fit of the Higgs boson mass from LEP data.

One can see that even so the the Higgs boson has not beenazbaeEP (shadowed (yellow) region
meansm, > 1144 GeV), the data are sensitive to the Higgs mass value viatreelicorrections (quantum loop
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effects). And if the Higgs boson is SM-like (no valuable conidtibns of new physicsféected the data) than
its mass is limited from aboven, < 144 GeV, with a very large confidence level. With this respew can
remind the situation with the discovery of the top quark:veefore the direct observation of this particle, its
mass was fitted from the LEP data with high precisio(LEP) ~ 172 Ge\P. We hope that the LHC will soon
find the Higgs boson and check whether its mass lies in themegiowed by the LEP data fit.

3. QED radiative corrections

Let us discuss the general features of QED RC. Firs of alletfaoe the most typical corrections which are
relevant for almost all observables in particle physicis Well known that the main method of their calculation
is the perturbative expansion in the fine structure conatantliw. Looking at the details of this procedure one
can conclude that the actual small parameter of the expaisactuallya/(2r). Numerical values of the first
terms in this expansion

17 a \2
2 L 012% (—) ~13-10% 3
o 0) S (3

admit a fast convergence of the perturbative series. Butaetige the situation is not so simple: in actual
calculations there could be other important small and lgrgemeters. For instance, at large energies we
usually expand also in the series over the small ratipg, wherem is the charged particle mass aRds its
energy. An example of a large parameter in QED is the large logarlti(&>/m?), it will be discussed in detail
in Sect. 6.

As an example of QED RC we can look at the small-angle Bhakdttesing process

e (k) + €'(ka) — e (p) + € (p2), 4)

which was used for luminosity measurement at LEP. Table Wshalues of various RC contributiodsin
percent for diferent values of experimental cx (see details of the set-up in R&f.The contribution of vac-
uum polarization (see Sect. &) depends on the momentum transferred in the proq@%: V=(p1 — ki) =

1 GeV. One-photon contributioft (together with a part of,,) correspond t@ (al) term of the QED pertur-
bative expansion. One can see that its numerical value i&%rmace than the one expected from Eq. (3). The
same observation can be done from the order of magnitudee@d (hz) contributions&f&v wo ands®® due

to photonic and pair corrections, respectively. The thidko leading logarithmic photonic contributio® is
small compared to the experimental precision4a@.03, but it is required to establish the theoretical uncer-
tainty unambiguously. In spite offferts of several groups of theoreticians, the latter was edticed to the
level adequate to the very accurate experimental measotevhemall-angle Bhabha at LEPOnly recently
complete two-loop results (neglecting small termsnZ/Q?) for RC to Bhabha scattering were obtairfed.
Those hopefully will be used at the futuege™ International Linear Collider (ILC).

3.1. First order QED corrections

The first order QED radiative corrections is nowadays a ratendard ingredient in phenomenological appli-
cations of particle physics. Usually we decompose themtimtee parts: i) virtual (loop) corrections; ii) the
ones due to a soft photon emission, and iii) the ones due twéedhard photon radiation:

0_1—Ioop corrected_ O_Born + O_Virt (/l) + O'SOﬁ(/Lc;) + O_Hard(@. (5)

bDue to specific features of the SM, radiative correctionswaeh more sensitive to the top quark mass than to the Higgs beson o
®In many (but not all) cases this ratio is squared.
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Xc | O & oon | eR, | o | & | & i

0.1| 4.120| -8.918 | 0.657| 0.162 | -0.016| -0.017| -0.019| -4.0310.006
0.3 4.120| -9.626 | 0.615| 0.148 | —0.033| —-0.008 | —-0.013| -4.79%+0.006
05| 4.120| -10.850| 0.539| 0.129 | —-0.044 | -0.003| -0.006| -6.115t0.006
0.7 | 4.120| -13.770| 0.379| 0.130 | —0.057| —-0.001| 0.005 —-9.194+0.006
0.9 4.120| -25.269| 1.952 | -0.085| —-0.085| 0.005 0.017 | —19.3790.006

First of all this is done because analytically and numelyazdch part is calculated separately.

Decomposition (5) involves introduction of two auxiliarggametersa which regularizes the infrared sin-
gularity andw which separates the phase spaces of the hard and soft phbeniatter should be defined in a
concrete reference frame, then the energy of a hard photardshe greater tham: ™

Whard> W,  Wsot <w, W <E. (6)

Choosing the value of the soft-hard separator being smatpened with the typical energy scalte(of the
given process) we gain considerable simplifications in tdeutations of the soft photon contribution to RC.
For the infrared regulatot we can take a fictitious photon mass with the conditidrs mandi <« w.

Results for one loop QED corrections are known for very marpc@sses. But sometimes in order tc
perform a concrete experimental study we have to re-compaeteorrections taking into account specific ex
perimental conditions. As an example we can take the clagsiocess of bremsstrahlung aharged leptons,
e.g.muons in collisions with heavy atoms:

u+A->u+y+ A @)

Some representatives of the relevant Feynman diagramsvae ig Figs. 2 and 3. It appeared that existing
calculations for RC to this process (known for about 50 years not suited for the COMPASS experimen
conditions and we had to re-consider thém.

Fig. 2. Representatives of Feynman diagrams for virtual p-RE to muon bremsstrahlung.

1 2 2 1 1
+ + 2+ ...

Fig. 3. Representatives of Feynman diagrams for real photossemiRC to muon bremsstrahlung.

The results of the calculations separated according toF@ré given in Table 2 and in Fig. 4.
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w/Ep Born Virtual Softy Hard, 01, % Soft, Hard 02, %
0.3 | 15677(1) | 76.8(4) | - 260.1(1) | 226.9(3)| +0.28 || -307.0(1) | 273.7(3) | +0.28
0.5 | 10836(1) | 77.9(2) | - 319.0(1)| 280.0(3)| +0.36 || -377.4(1) | 338.1(3)| +0.36
0.7 | 7337.7(1)| 76.9(2) | - 363.3(1) | 297.1(2) | +0.15 || -430.9(1) | 364.8(2)| +0.15
0.9 | 1267.4(1)| 20.5(1) | -111.1(2)| 65.9(1) | -1.95|| -132.4(2)| 87.2(1) | -1.95

Fig. 4. Relative contribution of one-loop corrections fealistic set-upvs.the photon energy fraction.
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In Fig. 4 one can see a peculiar feature: the size of the d@res rapidly increasing at large values of the
observed photon energy fractiay E;. Emission of extra hard photons in this region is suppressechave
an dfective cut-df from above on the extra photon energy. In other words here &t the typical situation:
“the more we cut, the more we get” (when we ctit-a considerable part of hard radiation and get a large
correction).

Another example of incompleteness of the RC studies is tlglledion of the complete one-loop QED cor-
rection to the muon decay spectrum which was apparenthhédisnly recently:® The one-loop contribution
to the spectrum reads ($dfer notation):

dr@
dxdc

- T xz/zza—ﬂ (f2(X) + c£ga(X)) s

B=\1-

e

®)
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201 _ p2y
b9 = oon(Sas 00 T
/J
4—X2(1—,32) 2 X(1-p) 1+ 23
" : ) (L+2Inx+2|n ) ){@( ~ )

e 212 - o2 25 (-3 48|
42 [ 20— 128 - 19(1— /32)]+-+652} (Inx+ln%ﬁ)[zx2(1—/32)

12X - 3)+ 3] N fBo”‘(x)[—l—Bx(l o 275 - -]

LBy 22, o 22
A5 -5
_ o 1+ 2-x(1-5) 9 1+
A_L(In—ﬂz—lnx+ln 2 +In )+[In—ﬂz—2lnx+2InT

2-x1-p) +p C((@A-B)2-x1+p)
wain =252 e in 25F) « 2“2((1+ﬁ)(2—x(1—ﬁ»)
. (2=x(1+P) e
—2L|2(m), - (9)

X

fBOMN(x) = 3-2x + 2(3x —4)(1-p?), Lio (X) = - f %y In(1-y).

0

Herex = 2E¢/m, is the electron energy fraction awds the cosine between the electron 3-momentum ar
the muon spin. Expression fgx(x) is similar, it can be found in Réf.In the above formula, one can find
a large logarithm. Here the energy scale of the process isntlen mass, so the large log takes the forr
L = In(mfl/rng) ~ 11. Numerically the terms enhanced by the large log give tlik df the total one-loop
correction.

Modern techniques of one-loop RC calculations involve mattized computer systems,g: the Mathe-
matica package for generation and visualization of FeyndiagramsFeynArts;*° the Mathematica package
for algebraic calculations in elementary particle physiegnCalc;!! the package for evaluation of scalar anc
tensor one-loop integralsoopTools;'? the generic automated package for the calculation of Fegriie
grams at one-loo@RACE-1oop;*® and other.

Among the computer systems used for one-loop correctiautzions, there is the SANC projeétThe
project is devoted to Support of Analytic and Numeric Cadtioins for experiments at colliders. It is accessibl
via the Internet [httg/sanc.jinr.ru] and allows automatic computation of psewd realistic observables with
the one-loop precision for various processes of elememartjcle interactions in the frames of the Standar
Model. The theoretical basis of SANC is given by bd8kyhere one can find the detailed presentation of
consistent procedure of one-loop SM radiative correctialcudations. The computer system computes S
predictions for a large number of processes of particledetéons and decays taking into account one-loo
QED, QCD and electroweak RC.
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3.2. Soft photon emission

Let us look at the process
p+p—e€e +e +v, (20)

where the energy of the photon in the center-of-mass systemallw < w < E = +/s/2, wherekE is the total
c.m.s. energy. Then the cross section of this process thkedadtorized form: the Born level cross section of
the non-radiative process+ p — €' + € is multiplied by the so-called accompanying radiationdact

do-Soft Ana f d3k( P+ p- O ol )2 _ dO'eS\?étn dO'ggg

doBorn = _(27()3 Z - doBon © dgBorn’

P P I 11
bk pk' ok gk (1)

dordien _ z{_z[m(z_o?)_ 1, ]_ zm(@)
T -5

derBom 1) 28 AE
1ot ;ﬁﬁz [ln(%‘;) L - %Lg + (D(ﬂ)] + Z[In (27“7) Lo %Lﬁ - %2]}
(D(ﬁ):I—Z+Lﬁln%8+Inﬁzﬁln(1—ﬁ)+%ln2(l+ﬁ)—%Inzz
_Liz(ﬁ)+Li2(—ﬂ)—Li2(1;ﬁ), Lezln%,

The P-odd contributionazig‘;(‘;t and detailed notation can be found in R&fn the formula above one can find
the soft-hard separates and the fictitious photon maskused to regularize the infrared singularity. Both
parameters appear under the logarithm. We meet here agalartie logarithmi_e which is about 16 at the
threshold and grows logarithmically with the c.m.s. energy

Factorization of the factor corresponding to the soft phamission happens due to théfdience of the
energy scale of the two sub-processes: the hard non-ral@ie and the one of the photon emission (from all
charged particles in the initial and final states). An anedytcalculation of a soft radiation factor is relatively
simple. Moreover, going to higher order one can use the géresult of the Yennie—Frautchi-Suura theorgm.
The latter claims that the factorization of multiple sofiopdn emission sub-processes happens not only with
respect to the hard sub-process but also betwefareint photon contributions. That allows to exponentiate th
factor and thus find thefiect re-summed in all orders of the perturbation theory.

Meanwhile, cancellation of the dependence on the auxifianameterd andw should be provided. Can-
cellation of the terms containing Ihhappens in all orders in the sum of virtual (loop) and reat pbbton
emission contributions. That was proven in the well knowodBFNordsieck theorem. The dependence on the
soft-hard separator should disappear after adding thegtarthn contribution. The latter can be either calcu-
lated analytically or computed numerically. The humeraggbroach is nowadays the most appropriate becaust
in this case it is possible to take into account all speciffpeginmental conditions.

3.3. Hard photon emission

As an example of hard photon emission we can take the process

e"(ps) + € (p-) = 1™ () + 1 () + ¥(K). (12)
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Its differential cross section has the fdfm

a® d*kd®q_dq,
daszdF, dF=W6(p++p-—Q——Q+—k),
R=2x(470)® ) IMP = Re+ R, + Ry,
spins

where we separated the contributions due to the initiag stdiation (ISR, the final state radiation (FSR)
R,, and their interferencBe,. Let us first look at the ISR part:
_ S {[ n‘é rré S ] (1

1
Ettl + EUU]_ + Sﬂf)

)(3 X% X+X~
1 ’ ’ 1 ’ ’
+ —(2My. — Uy, —tel) + — (- -y — tyl)
X- X+
+ P[Q—(U —t2) + G (t — Up) + 2Mi(p, — p) — %(Zmz,,)m — Uy, —tix’)

Ps P P
B w o). el
X+( - — Wl —tyl) o
s=2p.p., S=(0+0)°, t=-2p.g., u=-2p.q,
U = —2p+q—, ty = —2p+Q+, X+ = pik7 Xi/ = Q¢k-

The FSR and initial-final state radiation interference pagt

R, =A,+B, Reu = Agu + Bey,
tt1+uu1+25nf;( me o 2g.q.

u

+ —
2s 0?2 WP Xl
| ti+uu+ 2sny, ( t . t; u U )
25, XYoo xaXe xxh o oxaxl)

g 1 { ANTXX-  tiyo +Ups  Upe + tyy
sl vt X X
# QIR )+ Pt~ 1) + - (t- + ) = (- + bl
- +
2 1 p- O
B =——{—t—t — Zui(= - ) (QyL + Py
% =Ty 1+U+Up 2U1(X X;)(QX++ X-)

. LYQU. - Pr) - B, +x-)QP)

27x- x
m  m 1
+| = - —,”] (- —x+) = —t(q—f -2yl - Py
Xy X 2°Xy X+
1 g ,
- suk - Pryr sy,
X- X+
p_P-_P- 9 9%
X+  X- ’ P A

Note that the so-callecollinear singularitiesappear in the denominatoys andy’,. They are regularized
by the fermion masses. In fagt, = p_k = p°w[1 — B- cos(@_K)], wheres_ = /T — m2/(p°)? < 1 and so on.
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4. The Coulomb Singularity

It is well known that the electromagnetic interaction begweharged particles in the final state can consider-
ably dafect the observable reaction rate. For example, the croisisef electron-positron annihilation into a
proton—anti-proton pair becomediérent from zero at the threshold due to the final state intiers'® An-
other observableftect is the diference in energy behavior at the threshold of the annibiathannels with
production of charged and neutral mesons, see e.¢?°Ref.

If the relative velocity of the charged particles is small<k 1), then the ffect of of multiple photon
exchange between them becomes significant. This fact hasdiseussed in the literature for a long time.
It was shown already in the textbook by A. Sommerféldhat the correction due to re-scattering of charged
particles in the final state is proportional to the boundestaave function at the origin squargt¥(0)?, see
also book2? So that the scattering (or annihilation) channel acquioesesfeatures of the corresponding bound
state. G. Gamow has showrthat the same factor is relevant for the description of thel@ab barrier in
nuclear interactions. Using the non-relativistic Schng@ir equation, A. Sakharov derived this factor for the
case of charged pair productfdrin the form

=22 (13)

wherev is the non-relativistic relative velocity of the particlesthe created pair, and ~ 1/137 is the fine
structure constant. This function will be called below as #ommerfeld-Gamow-Sakharov (SGS) factor.

For practical applications of the factor for modern expenis, it is highly desirable to have a relativized
version of the SGS factor. This problem and some other wagsioéralization of the factoe.g.for non-equal
masses an@-waves, is under discussion in the literature for a long tisee papefd28303land references
therein.

Let us look at the explicit formufafor the FSR correction to the processésr e — n* + 77

2
0 _ TaT 5 2 2( a )
= —p|Fx 1-11 1+ -A(9)],
Oy = B BaIF(IPIL-TIOR (1 + SA(9

1_671 . 1_ﬂﬂ
1+ﬂn) + 2LI2(_1+ﬁﬂ

= 2\2
2@+ - 2} In

2
A(9) = 1;’8”{4Li2(

—3|n(1_;4132) - 4|n,3ﬂ +ﬁi3

2 1+p8;
1+ﬁn)+2|n/3ﬂ] In 1—Bn}
1+8, 31+p2
:I-_187r+E ﬁzzr ’

)— [3In(

whereg; is the pion velocity in the c.m.s. frame. Some Feynman dragrirO () corrections to this process
are shown in Fig. 5. One can see that the radiative corregifgnis proportional to the inverse power 8f. It
is important that this Coulomb singularity appears onlyhia torrection, but the total corrected cross section
is not singular fop, — 0.

Let us consider the case of the final state interaction ofgethparticles produced close to the threshold,
e.g.in electron-positron annihilation

e (k) + €(ka) — a(p1) + a’(p2). (14)
s= (ki + k2)? = (p1 + p2)? = (Mg + mp)2, (15)

wherea* can be scalar, spinor, or vector particles. The Born-lexass sectionr2°™ of this process depends
on the type of interaction and the spin. But in any case in ¢mar-of-mass system, it is proportional to the first
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T o

R

e el e

Fig. 5. Representatives of Feynman diagrams contributionéelaop QED FSR corrections efe nntn~.

power of factors; » which comes from the phase space volume and vanish at trehthds — (m; + mp)?,

B 2P |Pal = P2l A T
= pE = =
12 = pd + pd’ ! 2 24/s
pS+p5 =245 A(XY,2) = X2 +y? + 22 — 2xy — 2xz— 2yz (16)

For the case of equal masses this factor takes the usual faim celativistic velocitys = /1 — n?/(pP)? of
the final state particles.
The relativistic relative velocity of our particles is

YA ) ls— (mg + s (i - 91
S—me-ng S—m-ng

which is a relativistic invariant, & ve) < 1 (we work in the natural units = ¢ = 1).
In the one-loop approximation the QED radiative correctimthe annihilation cross section gets contribu
tions from virtual and real photon emission:

Vrel =

(17)

ol-loop _ O_Born(1+5\ﬁrt " 6Real). (18)

The last term in the parentheses is proportiong%ait is strongly suppressed at the threshold. Explicit ex
pressions for dierent contributions with the exact dependence on the fiat gtarticle mass (for the equal
mass case) can be fouedy.in Ref3? for fermions and in Ref? for scalars. The final state one-loop virtual
correction (in the on-mass-shell renormalization schameégscribed by the triangle diagram shown in Fig. €
There are three types of integrals over the loop momentuerschlar, the vector and the tensor ones:

o1 - [ . k. k)
VT in2 ((p1 + k)2 — M +ie)((p2 — k)2 — M +ig) (k2 + ig) |
The tensor one contains an ultraviolet divergence, whichtb@e removed by the standard renormalizatio
procedure. The vector integrgy is finite. The scalar integrag contains an infrared divergence, which cancel
out in the sum with the contribution of the real final stateatidn.
Direct calculations show that the contributions of the geetnd tensor integrals are proportional at lea:
to the second power of final state particle velocities. Whikegcalar integral reveals at the threshold the we

known Coulomb singularity, it is proportional tg Js/A(s, mf mg). The codficients before the integrals depenc
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Fig. 6. Feynman diagram for one-loop virtual correction ie tinal state.

in general on the type of the particles, but the one standitigeascalar one isniversal it is the same for scalar,
spinor and vector final state particles. The contributidrth® one-loop scalar integral to the cross section can
be presented in the form

60_;—Ioop _ O_Born%(s_ m% _ I’T‘é)Co(m%, mg, s, mi, mi, m%), (19)

where the triangular scalar one-loop integEglis written in the LoopTools packaéfenotation. So, by com-
parison of the first order of the perturbation theory in tinaitis — (my + mp)? with the corresponding term in
the expansion of the SGS factor, we can adjust the paramfetiee tatter. It appears that the proper choice is
just the substitution of the non-relativistic relative agity by the relativistic one, see also RéfThis choice is
also supported by studies performed within relativistiagjpotential model&>35

There is one important point here. In the description of thalfstate interactions we meet the situation
when we have both perturbative and non-perturbative dmritdans. In such a case it is easy to get the so-called
double countingReally, the expansion im of the SGS factor gives a part of the terms which are also éeciu
in the perturbative results. To avoid the double countingmmduce a scheme ahatchingbetween the two
results. Here it can be done in the following way:

T ﬂ'za’z

oo = g Po(T()-2E - T )+ AP AR (20)

whereAc""°°P js then-th order perturbative contribution to the observed cdaa@cross section®°™.

5. Vacuum polarization

A photon in QED can create a pair of charged particle and fzaticle. This pair can be either virtual (it
annihilates soon after the creation) or real if the photasflisnass-shell and energy-momentum conservation
law permits the "photon decay”. Thefect arising due to virtual pair creation is called in QEDvasuum
polarization(VP), see Fig. 7.

Perturbative QED describes thiffext for the case of lepton pairs. Results up to the fourthrdrde are
known. Let us look at the first order contributions. In thecsplike region (when the photon 4-momentum
squared is negativef < 0)

Vi+4dn+1
—m_l)+0(a/2),

wheren = mt%/(—qz) andmy, is the lepton mass. In the time-like region below the thré&sbbreal pair produc-
tion (4n? > ¢* > 0) we have

T,(q?) = —%(5 127+ 3(-1+27) I+ 47 In

—;’—”(5 — 127+ 3(-1+2n)y-1—-4y arctan—v_l_‘ln) +0(a?).

2y _
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Above the thresholdef > 4n¥) we get a nonzero imaginary part:

1+m)
1- T+4n

M(o?) = —&(5 —127+3(-1+27)VI+ 47 In

i %(1— 2n) I+ 47+ 0(a?).

So the leptonic contribution to VP is under control, the utaiaty in its calculation is negligible.
For high energiestf > n?) we get

a f q2 5
(@) ~ —— 3 @N (ln——-), 21
(o) 3”ZQ” 73 (21)
where we sum over all fermiond Y with electric chargeQ; and number of color$\lcf. The above formula
describes both lepton and quark contributions. For therlate require alsg? > Agcp.

Resummation of the geometric progression

1

1+ H(qz) + H2(q2) +...= m (22)
gives us the conventional expression for the running QEplxog constant
2 _ a

Herea(0) = o = 137.035999084(51) is the value of the fine structure constamaetad from experimental
data atg? — 0. The conditionfI(0) = 0 is just the choice of the renormalization point within tleecslled
on-mass-shell schemk is not unique, remind that at high energies we often ubemmes where the point is
shifted, for example in the(M%) scheme we fix the value of the coupling constant atalmson mass. The
latter scheme was convenient for applications at LEP ewxpmaris. Another popular choice is temi (or
G,;) scheme in which the coupling constant is (re)normalizethfvery accurate measurements of the muc
lifetime 36

Fig. 7. Vacuum polarization in photon propagator.

Hadronic contribution to vacuum polarizatidl.q is hard to compute starting the QCD Lagrangian (lattic
simulations are far from the required precision). Howeités, possible to use the optical theorem to obtain th
real part oflThaq(g?) from the imaginary part. In fact in the time like region

IMIThao(q?) ~ o(€"e” — hadron$ (24)
The dispersion integral is then given by

2 00 0 d
G2 Q Thad S dS
Aa’had((q) - _47.1.20, Pj;ﬁ Sa_ q2
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Five quark flavors are taken into account (we incletie” annihilation channels into the corresponding mesons
and baryon$) The lower limit of the integral corresponds to the lowestrgy channel of hadron production:
e* + & — n%. This process has a rather small cross section, but we shakedt into account to reach the
required high precision in the description of vacuum paktion. In general, VP contributes to practically all
observables in particle physics. Knowing it is very impattéor construction of theoretical predictions for the
anomalous magnetic moment of muon, to extract the Higgsrboess, see Fig. &fc.

For practical applications we use a combination of anaytiesults for leptonic contributions with phe-
nomenological parameterizations of the hadroffieas. Several dierent computer codes are available (for a
discussion and comparison see R@f REPT3®
[http://hbu.web.cern.ch/hbu/aged/aged.html]

(only for the space-like region); functiGiADR5N by F. Egerlehnée?
[http://www-com.physik.hu-berlin.de/~fjeger/];

parametrization by the CMD collaboration (Novosibirsk)

[http://cmd.inp.nsk.su/~ignatov/vpl/];

and theHNMT routine?® Fig. 8 shows the dependence of the quanfity TI(s)]? as a function ofys = +/|q?,
where positive/s correspond to the time-like regiog?(> 0) and negativey/s formally define the space like
case @ < 0). In the time like region one can clearly see resonancespefikector mesongs, w, ¢, J/¥ and

so on. The solid line shows the sum of leptonic and hadronitribmutions. The dotted one represents the pure
leptonic dtect.

IHHIHHIHH'\

-15 -10 -5 (6] 5 10 15
\[s, GeV

Fig. 8. |1+ IIj2 from CMD-2 compilation for space- and time-like momenta (latbly/'s); solid (black) lines: leptonic plus hadronic
contributions, dotted (red) lines: only leptonic conttibas.

9The top quark antiv* boson contributions are computed separately.
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6. The Leading Logarithmic Approximation

Calculations of radiative corrections in QED for processéhk characteristic energies being large compare
with the electron mas§ > me, reveal the following peculiar property. It appears thatithes the expansion in
a it becomes very useful to expand also in the small parame{eE? and in the large parameter= In(E2/mg).
Usually the terms suppressed by the small parameter camgtected in RC (it is sfficient to keep them only
in the Born level cross section). And the terms enhanced &wthcalledarge logarithm Lgive the bulk of
the correction value. Calculation of these terms can beopmdd by specific methods which are much simple
than the general ones (see Sect. 3) developed for completdateons of perturbative corrections. Moreover
higher order leading logarithmidefading log corrections can be re-summed.

Let us discuss the expansiond{a"L"), n=0,1,2,..., where

L = In(A?/mp) (25)

andA is the so-calledactorization scaleA? > mg. Typical values ofA will be the center-of-mass energy
for annihilation processes and the momentum transfer fattesing one. But in general this quantity is ar
parameter which can be varied.

The construction of the leading log approximation is basethe fundamental feature of quantum mechar
ics: interference of amplitudes which happen dfedent energy scales (or distances) is suppressed. In ot
words, we know that amplitudes of small-distance and laligeance sub-processes factorize with respect
each other. And neglecting their interference we get thé fesault for an observable quantity as a product c
corresponding probabilities.

Let us look at the process+ b — ¢+ d + y with emission of a hard photon at a small angle with respe
to the momentum of the initial particke Direct calculations show that its cross section can begpttesl, see
Ref 2 for details, in the form

do{a(py) +b(p2) — c(a) + d(d2) + y(k ~ (1 - 2)p1)] (26)
~ défa(zp) + b(pz) — () + d(a)]®RS(2)

RSR(z) = %[%(In %2 -1+ Io) +1- Z+O(g) +0(ﬂ§)],

9, = pk<td, ME<d<1, lo=Inw®/4),

where we integrated over the emission angles limited froovalby the small parametdp. Here® denotes
the so-callectonvolutionoperation, which is actually the integration over the phaoergy fractiorz = k%/ ).
The large logarithm appears in thellinear radiation factor FR as the logarithm of the initial particle energy
E = p‘f over its massn. Factorization in the above formula appeared as the refulirect calculations of
Feynman diagrams where small terms proportiona@Ptandm?/E? were neglected.

The amplitudes describing soft photon emission obviousinat interfere with the ones for hard radiatior
because their phase space do not overlap. So the one-lomgrtion to a diferential cross section can be
presented as

do = do_Soft+\ﬁrt (A) + dO_Hard(coII)(A’ 190) + do_Hard(normolI)(A’ 190)» (27)

where [Soft] and hard collinear [Hard(coll)] photon cohtriions are factorized at the Born cross sectiol
The contribution gad(orcol) takes into account radiation of photons at large angtes %) and does not
contain any large log. The dependence on the auxiliary patensn < 1 anddg cancels out in the sum of
contributions.
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In this way, direct calculations in many cases explicitlynbmstrate factorization properties of terms pro-
portional to the large logs. What is important for us is thatsobservations can be generalized for a wide class
of processes and for all orders of the perturbation thedrgfactorization theoremwere proved in QCH¥42
they can be easily adapted for QED.

The energy scale in the large log is dfeetive separator of the scales in the hard (short-distaammt soft
(long-distance) sub-processes. In the example of collipeaton emission considered above changing of the
large log scale corresponds to variation of the auxiliamapeeterdo, while the sum (27) remains unchanged.
In the general case the total result should not depend ofattterization scale This property is due to the
conformal symmetry of the given theory. Of course particlesees (andqcp) break the symmetry, but for
large energies the conformal properties are restored.Hréason we can apply very powerful methods of
the renormalization group approach, see reffeamd references therein.

So one can write renormalization group equations for appbo in QCD and QED at large energies.
In particular the Dokshitzer—Gribov—Lipatov—AltareRarisi (DGLAP}4-*8 evolution equation for the non—
singlet electron structure function has the form

1

QZ
%) do? (d
D) =aa-2+ [T L [T ponsC. )
m?

2

z

wherem is the electron mas$© is the first order non—singleplitting function «(g?) is the QED running
coupling constant. Here we are going to consider only thetrele contribution to vacuum polarization:

a(qf) = (28)
1

Structure functionDNS(z, Q?) is the probability density to find an electron with energgctionz in the
given electron if the energy scale is limited b@ from above.
The splitting function

1

1+2 1+2 1+ x2

0)(5) = — — _ _

PO(2) = Peg(?) = 1_Z]+_ el z)fdx — (29)
0

is used to describe the transition from an eleceamto another electroe with energy fractiore with respect
to the initial one. The singularity in this function at— 1 is regularized by means of the so-callglds
prescriptionwhich is defined by

1 1
f dx [ £ (01.004) = f dx FOII)OX — Yomin) — I(L)] (30)
0

Xmin
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The complete set of evolution equations in the leading ittgaic approximation (LLA) of QED reads

Ded9 =01 -2+ f SO f Y Dudy VPl ) + f Y,.0P0 )]

Dedx 9 = f dtz‘fftt) S Dady. OPl) + f Y D,u.0Ps ()]
me

X

dtoz t
Dye(X, ) = - 3 277('[) Die(X, S)

dtat) 0P+ [ Yoy P,
+n[ [JDyty +Xf2)yty

2nt

Thanks to the smallness @fep, solutions of the evolution equations in QED can be obtaimeiterations.
The initial conditions for LLA QED are simple, for instaname can take just the delta function as the zerof
approximation foiDee(X, S). Note that in QCD the structure functions can not be contpatmlytically starting
from the first principles and having only the parameters ef$M as input. Instead, we extract QCD structur
function from experimental data. But the evolution of thaedtions with respect to the factorization scale i
described by means of the DGLAP equations as in QED as well @ED.

Iteration and further application of the structure funotanvolves theconvolutionoperation. Let us take
two functionsf(x) andg(y) defined for O< x,y < 1. Their convolution is given by

1

1 1
[fogl) = [ax[awz-x)fe9a0) = [ f9(2) (31)
0 0 z

where 0< z < 1. This operation can be generalized for special functiegslarized by plus-prescription:

1-A

(- ea]@=1m{ [ S totgo(2)+ 100 + fo(2s)

z/(1-4)

(32)

x<1

1-A
- fdx f(x), fo(x) = f(X)
0
It is accepted to distinguish so-callsihglet(S) andnon-singledNS) parts of the electron structure func-
tion Dee:
Dee=D° + DS, D = De. (33)
In the Feynman diagram language the non-singlet part quorets to the graphs with continuous electron line

while in the singlet case the registered electron with gnéragtionzis a component of a createtle™ pair (it
is connected with the initial electron via a photon line).
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Non-singlet structure functions have the properties

1
2«

f ONS(x,fdx=1, B= 7L, (34)

0

fO;I/yDNSY (v, 1 )DNSy(y B2 ) = DS (x,B1+2).

Let us now discuss the so-callethster formulavhich shows how to apply the electron structure function
method for evaluation of QED RC to a given process. Actuakliytake this formula from QCD. For concrete-
ness let us take Bhabha scattering, where we have electndngaaitrons both in the final and initial states.
We will use the QCD-like massless partons. In QED there aesettype of partons: electrons, positrons and
photons. According to the factorization theorems, theemied cross section of this process at high energies
(E > m) can be presented in the form

do f dz, f dz,D3%(21) Di(22) (Ao ee(21, 22) + d(21, 22) + O (L))
abcdYa

dy: f dy2 g (yl frg Y2)
x | = (22,
fy—l Y1 Jy, Y, e Y1) ed(Yz
str.frg _ _ o ﬁ (0)
Dee "(D=6(1-2+ Zﬂdl(Z,ﬂo, me) + 27rLP 2

2 1 . f
+(21ﬂ) (E L2PO @ PO(2) + LPO ® dy (2 1ip, me) + LPLa0stea (z))

2
+0 (a/zLO, a3) , L=1In %, de® = dg® o
,uo me=0, MS
1+7 1+ 22/, M
©)(2) = _ Ho
PO@=| 35| - dlesom) [1_2( g~ 2ina-2- 1)]

Here PLy7Pa0SM9(2) are the next-to-leading order (NLO) splitting functions alsoborrow them from QCD
(by reduction to the abelian case), see R&f8.Functiond; defines the initial condition for the evolution of
electron structure and fragmentation functiqgmsis the renormalization scale, in QED we choose it usually to
be equal to the electron magg: = me.

The structure of the master formula is as follows. The etecstructure function®gg(z) and DY(z)
give the probability density for transition of the initialassive electron and positron into massless partons of
typea andb, respectively. The dierential cross sectlonsvg"’“ and &r® describe the parton-level process
a+b — c+datthe Born and one-loop level, respectively. They are Wgaalled cogficient functionswvhich
are dependent on the process, while all other elements ohéster formula are universal (they are the same
for a wide class of QED processes). The fragmentation funle)frg andl)felg give the probability density for
conversion of the massless partarendd into massive electron and positron, respectively. Theloop-cross
section @ computed for massless particles is divergent. It shoulebelarized. Here we apply the modified
minimal subtraction scherfe(MS). In this way the The sum over all possible intermediatéguereactions is
taken. The master formula can be expanded. ifihe first two terms in this expansion reproduce the complete
Born and one-loop expressions for the Bhabha scatteringepso(terms proportional to2/E2 are neglected).
Higher order corrections produced by this formula definddéhding and next-to-leading log contributions.
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It is worth to note that the above formula suppose integnaticer the angular phase space of seconda
(emitted) particles. But experimental conditions do néavalperform such integration if certain cuts are im-
posed. In this case a more detailed study of kinematics dimuperformed? see below Sect. 6.3.

6.1. Logarithmic approximation: examples

Let us return to the example of Bhabha scattering and lookeahtimerical fect in logarithmic corrections.
Here we will look in the expansion the powers of the large Ibipe sum of virtual and soft photonic corrections
in O(az), where the analytic result is knowfrSo we can compare in Fig. 9 the LL;AO(O(ZLZ) (solid lines),

NLO = O(e?L') and NNLO= O (2L°) contributions forA = 1 and v/s = 100 GeV, see Ré¥ for details.
Relative contributions of the terms proportional to thgéalog toi-th power

do.Soft+Virt [Li] /d@
dg-Born /d@

depend on the choice of the factorizations saaléOn the left plot we havé\ = +/s, i.e. the scale is equal
to the center-of-mass energy of the process. In this caseothteibutions have comparable magnitudes, eve
so that they are ordered according to the power of the largeQm the right plot we choos&é = v—t, i.e.
the scale is equal to the momentum transferred. It appeatrintthis case the hierarchy of the contributions i
very strong: the LLA contributions dominates, the nexteading one is small, and the NNLO one is almos
invisible. So we see that the proper choice of the factddratcale is very important. The choige= +/~t for
Bhabha scattering is justified by the fact that tlehannel exchange dominates in this process.

15 9
10 st
7F
S ol
Y — 5}
41
5} 3-
10} .737 »»»»»»»» ol
107 - 1) =mmmee i
A5 103.“2)”” ]
' 10% - o=
.200 1 2 3 4 5 ee -l0 T ”é”””é ffffff 4{ ,,,,,, é ,,,,, e 4

Fig. 9. The dependence on the choice of the factorizatiole sta= +/s (left) andA = V=t (right).

Let us look now at radiative corrections to the muon decagtspm. In this process we have just one fas
charged particle in the final state, so the application oktketron structure function method is simplified. The
differential decay width of the anti-muon decay can be written as

d21—yﬁ—>e"vv rng
m To [F(Z) cosh P, G(Z)] +O(WN)
G2mp nv,
[op= —* (1 § —) zZ= §,
1920\ 5 g, m,
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FunctionF(2) andG(2) cab be expanded imandL = In(n%/ng) as

F@ = foor(d + 5 1D + (52 ) 0@ +0(a?),
fi(2) = L - (z) + L0 fNO(2),
9 = L ;" @+ L' °@ + L°- N2 (36)
and so on. The Born level contributions are simple:
foom(@ = fo(2d) = Z#(3-22,  Geom(?) = Go(d) = Z(1 - 22).

The first order corrections enhanced by large logs can benglotdy convolution of the Born level functions
with the lowest order splitting function:

- 2POe) ® fo(2) = = + 2247 + — z3 +27(3- 22) in1=2 P<°)(.) ® fo(2),
g (2PO(e) ® go(2) = _é - 47 + :—%z3 +27(1-22) In 2 T' (37)

One can see that they agree with the corresponding ternmisedde the direct calculatiorf8>* see also Eq. (9).
Using the second order terms in the electron structure ifumete get the()(asz) photonic RC to the
spectrunt?®

;7@ = POe) @ PO(s) @ o2

- 42(3- 2)D(2) + (—O +87- 162 + 22 )In(l 2)

+(—g—22+822—€z3)lnz+ ;é 167 22— 23 (38)
&2 = 42(1- 290(2) + (—:-i - 167+ = zg)ln(l 2)
7
+(6+822_§ )l Z- 26" 6 ‘22 23

_ _ 2
D(2) = Liz(z—zl) +In? 172 -~ %

By the second order photonic RC we mean here the contritgsitibReynman diagrams with two photons. Each
of them can be either real or virtual. Besides the photoniérRBe second order there are also pair corrections,
their leading log contributions can be computed in the saimg see®>°

6.2. Kinoshita-Lee-Nauenberg theorem

The large logs discussed above are divergentrfor 0, in other words, they are a kind ofass singularities
Due to intrinsic (hidden) conformal properties of QED andMtBese mass singularities have a tendency to
cancel out in inclusive observable quantities. The Kintashee-Nauenberg (KLN) theoréf?’ defines the
conditions when the cdigcients before the large logs do vanish. In practice we ugsek that the large log
terms from virtual loop corrections cancel out the corregjiog terms coming from real radiation.

Let us formulate the theorem in the following way. If wan notor justdo notdistinguish the final states
of a pure electron and of a combination of the electron wittoaganying it photon(s),e. the energy and
momentum of theegisteredelectron is the sum of the energies and momenta of the bacgaieand the
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photonsESPseved— Ee+XE,, then the large logarithm corresponding to collinear ph@mission (see Eq. (26))
do not appear in the final answer. In the electron structuretfon approach the cancellation of the large log
is provided by the first property of the non-singlet functiorieq. (34).

In practice, cancellation of large logs happens for FSRemions to (sfficiently) inclusive observables
and forcalorimetricelectron registration. The large logs which come from tliigairstate radiation usually do
not cancel out, since the KLN theorem conditions for themraxtefulfilled. Also the large logs which appear
in the correction due to vacuum polarization (in the QED fingrtoupling constant) do not cancel out.

6.3. Matching of LLA with O (@) RC

Having both complet® (@) and LLA in O (¢"L") (n = 1, 2,...) one should avoid thdouble countingln fact,
the first order correction already contains all terms of l]hlECO(alLl). The procedure which allows keep the
correct first order result while adding the leading log ccticns will be called here amatching A possibility

of such a matching is represented by the master formula B28)as discussed above, the latter is valid onl
for sufficiently inclusive observables. Here we will show an exanjge to disentangle the double counting
keeping at the same moment the possibility to impose exjgertiah cuts on radiative events.

Let us consider the process of electron—positron annibilanto muons. First order corrections due to res
hard photon emission in this process were discussed in &8cidding of the higher order leading log terms
provided by the electron structure function approach toki@vn Born and complete first order correction:s
can be done by the following formula:

do.e*e -t () D(z1, 9)D(22, 9) d50(z1, 22) a
dzd : ’ ’ (1 _K)
f f A% M NGaz)Pe  d '

Zmlnzmln
+{ od Relm-o  dI' . D }
22¢ J I-T(s)P dQ- * [1-T(sy)P
kAp::Ho
a® Re. R, dar
{27r2s2 f(Re(l—H(sa)xl—H(s))*+|1—H(s)|2)ﬁ
Cor G } 39
R ms))A-1E) " I-neRS (39)
2 dog 1+ p? 1+p . 2m,
Co=Za " ( 2 "1-g 1)’ Zmin = 2E —m,’
4a’d0'o| _| 1- ﬁC

Co = ~ dO. n 1+4c° K = Kodd + Keven

see notation and other details in R&fThe conditionkApt > @ exclude the kinematical domain of collinear
photon emission from the initial electron and positron. ®e, corresponding large logs do not appear fror
the integral of the matrix element. They are coming, instéaan the structure functionX is the so-called
K-factor, here it comes from virtual and soft photon corrections. [Binge logs which appear in this part of the
correction are also removed. But it was explicitly demaatst that the proper amount of large logs is restore
by the structure functions also here.
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7. General Remarks on RC

Let us summarize the present status of radiative correctdrulations and discuss the general ways of their
application.

1 Many analytical results are in the literature for QED, QQid @lectroweak RC within the Standard
Model. Radiative corrections have been studied in modsjerxESM, like in the Minimal Supersym-
metric SM or in the Chiral Perturbation Theory (affieetive models for low energy strong interac-
tions).

2 Advanced technigues of multi-loop and multi-leg diagraralsulation have been developed.

3 But still application of (even) well known results to a cogte case is rather non-trivial:

— old analytic calculations can have obsolete approximation
— different €fects should be combined properly,
— experimental conditions should be taken into account.

4 Semi-analytic codes like.g.ZFITTER®® andHECTOR®® are well suited for inclusion of fierent éfects.

5 But the best way is to incorporate RC into Monte Carlo evesrtegators. This task is not simple
because RC typically have kinematics (and dynamics) beinchrmore complicated than the one of
the Born approximation.

6 Dedicated Monte Carlo codes developed to describe a sppaifiess are potentially more suitable for
consistent inclusion of radiative corrections and intaypif other sub-leadingiects that the General
purpose MC programs likeYTHIA, HERWIG, PHOTOS etc.

So in these lectures, we have discussed general propeftiadiative corrections. Most of the examples

were given for the pure QED RC, but the QCD and electroweakections have very similar features. As
we have seen above, radiative corrections could be as vealf amwell as very large. Only after a careful
study of a particular process taking into account the camtbtof the corresponding experiment one may get
an idea about the magnitude of RC in the give case. We distadse certain methods which help to extract
the numerically most important contributions enhancedaogd logarithms. Knowing the general features of
radiative corrections should be also useful in applicatibexisting ready-to-use solutioresg.computer codes

or analytic formulae, to concrete problems in particle jts/s
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Electromagnetic form factor represent the only experimgmtatbe for non-perturbative quantum chromodynamics. They
allow to access information on the parton structure of haglheterms of energy-dependent couplings to photons. Newo$ets
data, mainly in time-like region, coming from flavor-factori@sake possible more accurate analyses which require a deeper
understanding of hadron structure and more sophisticatedjftechniques.

Keywords .

1. Introduction

Electromagnetic form factors (FFs) describe modificatimiimintlike photon-hadron vertices due to the struc-
ture of hadrons. The photon, interacting with single elei@grcharges, the quarks, represents a powerful probe
for the internal structure of composite particles. Fumhere, being the electromagnetic leptonic interaction ex-
actly calculable in QED, the dynamical content of each wecten be easily extract from data.

1.1. Nucleon Form Factors

The elastic scattering of an electron by a nucleoN — e™N is represented, in Born approximation, by the
diagram of fig. 1, in the vertical direction. In this kinentategion the four-momentum of the virtual photon is
space-like and hence its squared value is negaifve: —2w;wz(1 — cosbe) < 0, beingws(z) the energy of the
incoming (outgoing) electron ar@d the scattering angle.

The same diagram of fig. 1, but in the horizontal directiopresents the annihilaticete — NN or NN —
e*e". For these processes the four-momentpisitime-like, in fact:g® = (2w)? > 0, wherew = w; = wy is the
common value of the lepton energy in tiiee™ center of mass frame (CM).

The Feynman amplitude for the elastic scattering is

M= q—lz[eU(kz)y“u(kl)][eU(pz)ru<p1» P2)U(Po)]. )
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N(p2)

Scattering

e (ki) N(p1)

Annihilation

Fig. 1. One-photon exchange Feynman diagram for scatteriNg— e”N and annihi-
lationee™ — NN.

where the four-momenta follow the labelling of fig.uandU are the electron and nucleon spinors, &tds a
non-constant matrix which describes the nucleon verteindJgauge and Lorentz invariance the most gener
form of such a matrix is

I = Y Fa() + o Fz(qz) (@)

whereM is the nucleon mas§* depends on two Lorentz scalar functionsi&fF(g%) andF,(g?) called Dirac
and Pauli FFs, they describe the non-helicity-flip and tHeityeflip part of the hadronic current respectively.
Normalizations at? = 0 follow from total charge and magnetic moment conservadioh are

F1(0)=Qn, F2(0) =«n, 3)

whereQy is the electric charge (in units @ andxy the anomalous magnetic moment (in units of the Bot
magnetorug) of the nucleor.

Other pairs of FFs can be defined as combinations;@dndF,, of particular interest are the so-called Sach
FFsGe andGy? that can be obtained from the hadronic current written inexigp frame, i.e. the Breit frame.
Indeed in such a frame the transferred four-momentui® purely space-likeq = (0,d) and the nucleon
momentum, during the scattering, passes fregi2 to +¢/2. Under these conditions the hadronic currer
gets the standard form of an electromagnetic four-curientthe time and the space-component are Fouri
transformations of a charge density and a current denspeutively, i.e.:

2

pq =P =e|F1+ 2:Fo
(4)
Jy = eU(p2)yU(py) [F1 + Fal .
As a consequence, Sachs electric and magnetic FFs are difinegh the combinations
q2
Ge=F1+ 4M2F 6
Gm =F1+F3.

At the time-like production threshold? = 4M?, assuming onlyB-wave contribution, that is, a non singular
behavior forF; andF,, the Sachs FFs are equal each other, i.e.:

Ge(4M?) = Gy (4M?). (6)
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The normalization of the Sachs FFsgat= 0 follows from their interpretation in terms of Fourier tsfiorma-
tions of charge and magnetic moment distributions and it is

Ge(0)=Qn, Gm(0)=un., (7)
whereuyn = Qn + kn is the nucleon magnetic moment in units of the Bohr magnggon

1.2. Time-like region, analytic properties and asymptotic befar

Analyticity of nucleon FFs as functions of is guaranteed by the microcausalitgnd the unitarity, imple-
mented through the optical theoréndefines discontinuities in thg? complex plane. Nucleon FFs are real in
the space-like region, i.e. faf < 0. In the time-like region, for positive?, the photon carries enough virtual
mass to couple with intermediate, on-shell states.

N(p2)
M 1 [«nl

7(0)

N(p1)

Fig. 2. Spectral decomposition of the time-like nucleon verte

Therefore, using the optical theorem as schematicallyesgmted in fig. 2, the imaginary part of the amplitude
which describes the coupling of the photon to the nucledmacleon pair can be decomposed as

Im [(N(p)N(P2)IJI0)] ~ > (N(pr)N(p)I3'InniJ|0) ®)

wheren runs over all the hadronic intermediate states allowed bgewvation laws. The lightest hadronic state
to be considered, and hence the first that opens, ig'the channel. It follows that the amplitude as well as
the FFs, which characterize tqgdependence of the nucleon current, acquire an imaginatyiséarent from
zero starting from the so-called theoretical threshsglé= (2M,)2. The FFs are then analytic functions in the
wholeg? complex plane, shown in fig. 3, with a discontinuity cut, otrex real axis (time-like region), froms,
up to infinity.
Such a cut is the superposition of the infinite possible mestiate states that can couple with the virtual photon
and produce the final nucleon-antinucleon pair.
In the framework of perturbative QCD (pQCD), the FF asyniptbehavior in the space-like region, i.e. as
g? — —oo, is driven by two principles: the quark counting rulend the hadronic helicity conservatibmit
asymptotically large values efg?, the photon has sficiently large virtuality to see the nucleon made of three
collinear quarks, as sketched in fig. 4. To keep the nucletactinthe momentum transferred by the photon has
to be shared among the constituent quarks. The minimalretttibe done in order to guarantee the partitioning
of g is represented by two gluon exchanges as shown in fig. 4. Tinespmnding two gluon propagators give
the power low £g?)~2 for the FF. More in detail, for the Dirac and Pauli FFs the agtatic power laws are
. ) 1\ . ) 1y
Jm F@ () m R - () ©
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Im( ?)

space-like region time-like unphysical region time-like data Egion
eN — eN no data efe” & NN

— (
S e st Re(d?)

Fig. 3. Theg? complex plane with the discontinuity on the real axis giverthsy superposition of all the intermediate-channel
cuts.

N(p2)

N(p1)

Fig. 4. A photon at large virtuality interacts with the nume

The Pauli FFF,(g?) is connected to the helicity-violating part of the hadmeirrrent and, since the helicity
flip involves, at leading order, a further gluon-exchange la@nce an additional gluon propagator, the resultir
power law is (g?)~3, as reported in eq. (9). The Sachs FFs, defined in eq. (5) thawame asymptotic power
law, i.e.

1 2

Jm Gew(@) ~ () - (10
The asymptotic behavior in the time-like region can be irdéifrom the space-like one invoking the Phragmér
Lindelof theorerd.” In fact, having that the FFs are regular and bounded in thdeayaper halfg?-complex
plane (Img? > 0), the limits along the two lines that define this region,riegative and positive real axes, mus
be equal, i.e.:

2
im Gew(@ = lim Gem(@ ~ || - (11)
q24>+(>o q2~)700

|o?|

time-like space-like

Since in the time-like region FFs are complex, the fact thaytvanish as real functions means that the ima
inary part vanishes faster than the real one or, in other sydidt the phase, a8 — +co, tends to integer
multiples ofr radians.

aThe Phragmén-Lindeltf theorem states that: given an andiytiction f(2), such thatf(z) — aasz — oo along a straight line, and
f(2 — basz — « along another straight line, ff(2) is regular and bounded in the angle between these two timesa = bandf(2 — a
uniformly in this angle.
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1.3. Cross sections

Data on nucleon FFs can be obtained studying angular diitits of diferential cross sections for the scatter-
inge N — e N and the annihilatioe*e~ « NN. In particular, as it is shown in the schematic represemati
of fig. 3:

« from elastic scattering we gain information on the real galaf FFs in the space-like regiogf (< 0);

¢ from annihilation cross sections we extract the moduli ef s above the physical threshald=
2m)?;

e in the remaining energy interval, froof = 0 up tog? = s1, the so-called “unphysical region”, FFs
are not experimentally accessible even though, thankstanhlyticity, they are still well defined.

The diterential cross section for the elastic scattegny — e N in the laboratory frame, i.gp; = (M,G),
and in Born approximation is
do 7T(12a)2 cog 9—29
dcosfe  203sint &

{GE(qZ)2 —7|1+2(1-Dtar? %] GM(q2)2} rlT , (12)

where:r = g?/(2M)?, 6. is the lepton scattering angle agly) is the energy of the incoming (outgoing) lepton.
The expression of eq. (12) is known as the Rosenbluth forfhula

The diferential cross section for the crossed process of the soattee. the annihilatiom*e™ — NN, in the
CMis®

do na? a2 1 . PN 1
dcosd — z—qzﬁCQN (1+c0S 6)|Gwm(cP)| +2 sir? 6|Ge(q?)| } - B= 1o (13)
whereg is the velocity of the outgoing nucleon a@g, is the so-called Coulomb factdr
na/B
e Q=1
Cop = 1 - expEna/p) (14)

1 Qn = 0.

It accounts for the electromagnetidN final state interaction and corresponds to the squared \afltiee
Coulomb scattering wave function at the origin.

2. Data and discoveries in the time-like region

The total cross section for production processes: — NN can be obtained from eq. (13) via angular inte-
gration and it reads

— 4na? 1
o(e'e = NN) = 7 5Ca [lGM(qz)lz + Z|GE(q2)|2} . (15)

The cross section of the time-reversed prodébs— e*e™ is related to the previous one through the propor-
K2 _ o(e'e">NN)

tionality relation:c(NN — e*te”) = o(e'e” — NN)W = 7 ,and hence
— . 4na? Cq a2 1 2\ [2
o(NN - e'e") = 3G BN [|GM(q |+ Z|GE(q |- (16)

Obviously the only dierence between the expressions of eq. (15) and (16) liegipththse-space factor,
the dynamical content, represented by the quantity insidesduare brackets, is the same.
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2.1. The pp case

In order to have comparable data, what usually experimevesigan éfective FF obtained under the working
hypothesisGe(¢?)] = |Gwm(g?)]. This assumption is exactly true only at the threshgld= s, = 4M? [see
eq. (6)].

_ 0.6 o BB 4 ° BABR
& s ADONE 107 " BES .
= SPKR g CALO(93)
a5 A E A ]
o vDM1 | Tﬂ'* v CALO(99)
04 oDM2(83) . o CALO(03)
' oDM2(90) i
Af AFENICE | f 5
T SWIRE : , #*{ *
oo s, S 10 |
Ty P |
b | §¢+ ¢ C'l’ ‘4 L ® |
0 | | | | | | |
4 5 6 10 15 20
7 (GeV?) 0 (GeV?)

Fig. 5. Worldwide collection of data ofG5.(?)]. The experiments ar& AB AR'! ADONE'? SPKRI® DM1,'4 DM2(83)1> DM2(90) *¢
FENICEL” WIRE18 BES!® CALO(93)2° CALO(99)2! CALO(03) 22

Using the cross sectian(e*e” — pp) from eq. (15) andr(pp — e*e”) from eq. (16) in the proton case, i.e.
with N = p, such an fective FF can be extracted from data through

37t 2r 32 B 2r

where the second identity holds under the assumption oftawersal symmetry. In terms of Sachs F|%|
corresponds to the following expression

NG 22
|G;«fﬂ=‘JzﬂeMm)|+deqn | a5

2r+1

The worldwide collection of data quﬁl is shown in fig. 5. It is interesting to note that at lagfeeven though
|Gyl — IGEI, the efective FRGY;| goes tdGy|.

2.1.1. Production of [p at threshold

BBR has measured the cross section of the process

e'e - pp
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with unprecedented accuracy, collecting more then 400@tsvie a wide rage opp invariant mass: from
threshold up to~ 4 GeV. The measurement has been performed by using thd sidie radiation technique
(ISR) and detecting the radiated photon.

1 ]
g m % |
= 0.757 | H +|||I ]
o f
" i o 1
2 g5l @ +| ]
g YL g H |
i B 1 |
0.25 H
z e

01.6‘ - 1.8‘ 2 | 2.2 2.4

Va2 (Gev)

Fig. 6. Low-energye"e™ — pp total cross section as measurediByAB
AR The gray vertical line indicates the production threshold.

Besides the unavoidable drawback to have a reduced luntyrimsabout a factor of, the main advantages in
using this technique are:

o the detection ficiency is quite high even at the production threshold, ilgemthepp-system invari-
ant mass is equal to\2. This is a consequence of the fact that fepair is produced together with
a photon and hence it has always a boost in the laboratoryefrainich makes the detection possible
for any pp invariant mass;

e an energy resolution of 1 MeV for the hadronic system;

¢ a full angular acceptance, even atahd 180, due to the detection of the radiated photon.

Figure 6 shows low-energgBiR data on theefe~ — pp total cross section. At the production threshold such
a cross section is suddenlyfiirent from zero and then it maintains an almost constanesdior about 200
MeV. At leading order, ag? — 4M?, the behavior of the cross sectiotfe*e™ — pp), reported in eq. (15), is
guided by the phase-space factor and hence it should vakeshé velocitys = /1 — 4M2/g2. However, since
we are producing a pair of charged patrticles, the Coulomiection has to be considered. This correction is
represented by the fact@q defined in eq. (14), that, close to threshold, whien 0, goes like fa/B) and then

it compensates the vanishing of the phase-spiackght of that, the threshold cross section can be contpute
in terms of the modulus d&P(4M?), the common value g} andGE atg? = 4M? [eq. (6)], and it i$*

_ 7T2Q’3 2|2 2\|2
o(e'e - pp)(aM?) = o x [GP(AM?)[” = (0.85 nb)x [GP(AM?)", (19)
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that, compared with thB:BaR threshold measuremeéht
o(ete” — pp)(4M?) = 0.85+ 0.05 nb,
gives the FF normalization:
IGP(4M?)| = 1.00+ 0.05. (20)

This means that the proton and the antiproton, at the pramuitiresholdpehave like a pointlike fermion pair
i.e. their hadronic structure does not have afiga.

Even though, the identity of eq. (20) corresponds to the atimations ofGE(g?) andG, (9?)/up atg? = 0, as
reported in eq. (7), the validity of similar constraintslie time-like region is completely unexpected. In fact,
that value ofy?, the interpretation of FFs as Fourier transformations efgl and magnetization distributions,
which underlies the identities of eq. (7), does not make @mgs. Micorscopic modésdescribing nucleon
FFs in both space and time-like regions can be easily tuntdfiiche normalization of eq. (20).

As already pointed out in § 1.1, the hadronic current can larpatrized in terms of éierent pairs of FFs.
Besidesty2 andGE,M, also a partial-wave decomposition can be consideredethgmrity conservation allows
only L = 0 andL = 2 angular momentum for thgp system, hence we can use thandD-wave FFng and
Gp. They can be defined as

p P p P
ngm, ngm, (1)
3 3
and the total cross section of eq. (15), written in term@@hnde, becomes
_ _ 2na? 2 2
olee - pp) = 25 £l ek@f + 2eh @] 22)

Here the Coulomb correctid; affects the onlys wave because the wave vanishes at the origin.

With a mild assumption on the relative phase betw@énand GP, and using theBBR data on the ratio
IGEI/IG},| and total cross sectidhshown in fig. 7, time-like values ¢65| and|Gf| can be extracted. Figure 8
shows moduli oS andD-wave FFs, obtained with this procedure in R&fand the function 1 VR, whereR is
the resummation factor of the Coulomb correction. More iiliehe functionC; defined in eq. (14) is usually
written as the product of an enhancement faétand a resummation fact®, with

b 1004 1
E=— s R —rorororooe——— 23
B 1-explna/B) (23)
BBAR data proved that
IGE(@)l ~ —= = V1-exptna/pB), for of € (4AM?,~ 4 Ge\P),

VR

i.e.: theS-wave FF, close to threshold, is in striking agreement withfunction ¥ VR, as it is shown in fig. 8.
It follows that, a Coulomb correctioi§;, with the only enhancement factor should imply uwave FFGP?,
which remains almost constant and equal to one for about 260 &bove threshold, i.e.

Ci=ExR — Ci=& = [GE(P)I~1, forg®e(4M? ~4GeVP). (24)

A naive explanatiof? for the introduction of the “rescaled” fact@; of eq. (24) could be the existence of
a cutdt for the Coulomb dominance that, in case of baryons, is huhtinees greater than that expected fo
pointlike charged fermions.
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; P AP
2.2. The ratlolGE/GMl

For the first timeBB:R has measured the modulus of the ratio between electric agdetia FFs in the an-
nihilation e"e~ — pp. There exists only one previous attempt done by the WIRE Goiktion, but in the
time-reversed procegs® — e*e™.'® Recently, performing a re-analysis of old data sets fromgtle™ experi-
ments FENICE and DM2, and th#p experiment E835, two new points have been addddgure 9 shows all
available data in the time-like region for the modulus of tiio

Ge(q)
PGu@
The horizontal line represents the so called “scaling’ the identitylGE| = |Gf,||, that, in principle, holds only
at the threshold, see eq. (6), where not only moduli but ates@s coincide. In particular the validity of the
scaling above threshold has been definitively disprove@®¥8r (fig. 9) that measured for the first time the
inequality

R() = i (25)

IGR(9®)| > IGF, (@), for o? ~ 2Ge\?. (26)

From the theoretical point of view the ratiR{g?) is an analytic function in the wholg?-complex plane with
the cut &, =), as each single FFs (see § 1.2), it follows that its time-8kd space-like values are intimately
related. In particular, the time-like enhancement has lbeanected with the space-like data that show, instead,
a decreasing behaviéf.

Furthermore, time-like data dR| can be used to estimate the two-photon contribution in tbeqee*e™ —

pp. Indeed, the two-photon exchanged annihilatee — y*y* — pp has positive charge conjugation,
C = +1, hence its amplitude interferes with t6e= —1 Born amplitude, originating terms with odd powers of
cosf in the angular distribution. A study performed on B8R data gave an estimate for two-photon exchange
contribution of the order of few % in agreement with natural expectations for radiative aiioes.
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gray vertical lines indicate the production thresholds.

2.3. Strange baryons

The peculiar behavior shown by tleée~ — pp process, i.e. a cross section which is suddenfigdint from
zero at threshold where it reaches its maximum value anddbereases uniformly, has been observed also
other reactions where baryon-antibaryon pairs are prativizes*e” annihilation.BABR measured total cross
sections for the processesie™ — AA, e'e” — AX0 + AX? andete” — 3930 using the ISR techniqui,

in particularo-(ete” — AX? + AX0) ando(e'e” — ¥°29) have been measured for the first time, while fo
o(ete” — AA) there exists only one previous data point from the DM2 datation!® Figure 10 shows the
cross section data that, even if with larger errors, haveséimee trend as thpp data. The interesting thing is
that in all these processes the involved baryons are neutdahence no “standard” Coulomb correction is ex
pected. A possible explanation, still based on the copesitiof the baryons, could be that threshold behavio
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are due to remnants of Coulomb interactions but at quark.féve

A study of these strange baryon FFs usingpirt® relationships, and hence flavBr(3) invariance also in
the low-g? region, could be justified by their small massfeliences. In particular, assuming negligible elec-
tromagnetic transitions betweéhspin triplet and singlet, one can set the following relationong magnetic
moments

2
HA = Kz ¥R Ha
that could be interpreted as the FF normalization

2
GA = GZO + 73(3/\@,
that should hold at least at songé value. In the time-like region at the production threshdid electric

and magnetic FFs coincide and are exactly proportionaléstiuare root of the cross section, hence, at this
momentum transferred, the previous relationship can bigamrin terms of masses and cross sections as

2
MAVO'AK = M201/0'20§ + TSMAZO O'AE.

If we use threshold values extrapolated from the lowestggnpoint of the threeBBR data sets shown in
fig. 10, we can check this identity by evaluating the ratio

[MA VTR = M, v — (2] V3Miss, oo
Ma VT xz + Ms, yTgogs + (2/ V3)Mas, O 155

Despite the large error due the low statistics of the datssésult is impressive. In fact, the connection among
the threshold values of these quitdéfeient cross sections (the data are spread in a wide range tércs to
hundreds of picobarns) is incredibly good.

However, vanishing cross sections at threshold, raisimgraing to the baryon velocity phase space factor,
cannot be excluded by the pres&tr data?® More precise measurements are needed to settle this issue.
Furthermore, in the case ofA production there is the unique opportunity to access thepteastructure of
the A electric and magnetic FFs. Indeed, studying the angul#itsiion of the decay\ — pr~ (A — prt)

it is possible to measure the(A) polarization, whose component perpendicular to the sxdag plane is pro-
portional to the sine of the relative phase bem@@nandG’,},,?l A first attempt to determine this phase has
been doné&? but the limited statistics did allow only a poor estimate.

= 0.01+ 0.10. 27)

Figure 11 shows data on tlete- — nn total cross section. There are only two measurements; siefie
done in 1993 by the FENICE Collaboration in Frastasind a more recent set obtained in 2011 by the SND
experiment® at the VEPP-2000 collider in Novosibirsk. The red curve ig affthe first four data points done
using a dipole-typeféective FF, with two free parameters.

Even though there are no well establish predictions for suchoss section, the obtained values appear quit
high. Indeed, by using asn effective FF the measureglp one, scaled by the ratio betwedrand u quark
charges, we get an estimate for such a cross section, thelnve of fig. 11, which, close to threshold, is at
least a factor of four lower than the data.
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3. Conclusions

The knowledge, the study and the comprehension of baryomafeHadispensable steps towards a deep und
standing of the low-energy QCD dynamics. Nevertheless) avease of nucleons, the available data are st
quite incomplete. The experimental situation is twofold:

e many data sets in the space-like region where recently,thetlncreasingly common use of polariza-
tion techniques (see e3g), a great improvement of accuracy and hence of the capatailitisentangle
electric and magnetic FFs has been achieved;

o few measurements in the time-like region, with only two m@iés, which actually gave incompatible
results, to separate the moduli®f andGy, for the proton.

From the theoretical point of view, flierent interpretations have been proposed and the widdyafiattempts
reflects the diiculty to connect the phenomenological properties of nudeparametrized by the FFs, to the
underlying theory which is the QCD in non-perturbative (lemergy) regime.

Nevertheless, the analyticity requirement, which compelscriptions to be valid in both space- and time-like
regions, drastically reduces the range of models to be deresi. In particular, the more successful ones a
the Vector-Meson-Dominance based modelat not only are easily extensible from negative to posif;
but they were also able to make quite “unnatural” prediiten confirmed by the data. An example is th
lachello-Jackson-Landé mod¥lthe authors predicted in 1973 the decreasing space-likaevimtfor the ratio
GE/GF, well 30 years before its experimental observafibn.

BBAR data gave a factual help in shedding light on the time-likelvéor of proton FFs. Three very interesting
aspects have been clarified:
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¢ the threshold unitary normalization for the proton FF, sgg20);
¢ the need of a rescaled Coulomb correction accounting fosttiueture of baryons;
e the inequality of eq. (26)GE(c?)| > IGF, (4?)], just above the production threshold.

Many other aspects of the time-like FFs, i.e.: a separata@ian of|Gg| and|Gy|, the measurement of their
relative phase, the explanation of the threshold normi@zand the asymptotic behavior in connection with
the space-like region, are still waiting for further expeental results and theoretical interpretations.
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Experimental Search for Two Photon Exchange irepElastic Scattering

B. A. Raue

Florida International University
Miami, FL, U.S.A.

Two photon exchange (TPE) has been proposed as the primargesofithe discrepancy between Rosenbluth and
polarization-transfer methods of determining the eledtiicragnetic form-factor ratio of the proton. A direct measuneime
of the TPE contribution to elastic scattering is necessametify this hypothesis. In this proceeding | will brieflymiew the
motivation for the TPE search, discuss how one experimenthaligins the real part of the TPE amplitude, and present some of
the details of setting up such an experiment. | will also preseme very preliminary results fromferson Lab and discuss
what is expected to be measured in the very near future.

1. Introduction

Elastic scattering of electrons on protons is one of the Estprocesses studied in nuclear physics. Under the
assumption of single-photon exchange, known as the BormaXapation, the elastic cross section is given by

do do 1
(d_ﬂ)lab ) (d_Q)Mon iy [CEQ) + (@) (1)
where the Mott cross section describes scattering from mt{iige particle ands2(Q?) and G2 (Q?) are the
Sachs electric and magnetic form factors. The other varsadrle kinematic quantities that are defined in the ap-
pendix. The electromagnetic form factors, simplisticadigscribe the distribution of charge and current within
the proton and are discussed extensively by Professor Tatsagvhere in these proceedings.

One way to determine the form factors is through what is knasa Rosenbluth separatibim a Rosen-
bluth separation the cross section is measured as a furaftioat fixed Q?. A linear fit of the reduced cross
section,oreq = [EGZE(QZ) + rG’fA(QZ)], then has a slope @2 and a y-intercept ofG2,. Two examples of
Rosenbluth separatiohare shown in Fig. 1 aD? = 2.75 and 4.25 Ge¥ This was the predominant method
of extracting the form factors for many years and the dawlasthe elastic-scattering cross section is quite
extensive. (See Réfand references therein.)

One can also determine the ra@g /Gy through polarization transfer measuremenfszor example, in
the reaction oB+ p — e+ [, one can measure the transverBg)(and longitudinal P_) polarizations of the
outgoing protons. The ratio of the form factors is then gilsgn

GE Pr (E + E') 0

=L ) anl, 2
Gu PL 2m, 2 @

This technique was first used at MIT Bdtdsllowed by a series of measurements atelson Laf113-17
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Fig. 1. Typical Rosenbluth separatirshowing the reduced cross sectiori(®) vs. e for Q2 = 2.75 and 4.25 Ge¥, as indicated.

and Mainz'? One can also extract the form-factor ratio using a polarededtron beam on a polarized proton
target!®20

Fig. 2 shows the ratip,Ge/Gwm (Wherep, is the magnetic moment of the proton) as measured by the t
methods. There is an obvious discrepancy between the Rosiepoints (hollow) and the polarization results
(solid) that grows withQ?.

The most prevalent explanation that has been put forth tweshis discrepancy is that two photon ex-
change (TPE) contributes to the elastic cross section et lerger than previously expected. Fig. 3 shows th
various diagrams that contribute to elastic scatterinig.tlte Born diagram that we are interested in for dete
mining the form factors. Diagrams (a)-(d) and (g) and (h)geeerally accounted for by “standard” radiative
correctiond*?® while diagrams (e) and (f) are the two-photon exchange tewhih are ignored in the stan-
dard corrections. The motivation for ignoring the TPE diags has been the expectation that they must or
contribute on the order af? (a being the fine structure constant) while the other termsritarie to order.
However, since the intermediate state in the TPE diagram$&eanot only a proton but any accessible baryo
resonance or a continuum state, it is not hard to imaginettieae diagrams may well sum up to a significar
contribution.

It is the very fact that there are so many possible intermtedséates—mostly with unknown photo-
couplings—that make a reliable calculation of the TPE atiwa so dificult. Nonetheless, many such calcula
tions® have been recently done, several of which do a remarkabl& j@zonciling the form-factor discrepancy.
For example, the Hadronic Intermediate State model of Biupdelnitchouk, and Tjotf has been used to
correct the Rosenbluth data as shown in Fig. 4. Further ctiores have come even closer to reconciling th
form-factor discrepancy.

*For an excellent review of our current knowledge of TPE, lidihg a summary of TPE calculations, see Fef.
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2. Direct Measurement of TPE

Though TPE is the most likely explanation for the form-faaiscrepancy, a direct measure of the TPE ampli-
tude is essential. A direct model-independent measureai¢hé TPE correction can be achieved experimen-
tally by finding the ratio of the positron-proton to electrproton elastic cross sections.

The amplitude of elastie p-scattering with an accuracy af,, can be written as

Avotal = €€pABom + e'gepAe.br. + eee%Ap.br. + ege%AZy, 3

where the amplitudesAgom, Aebr, Apr. and Ay, respectively describe one-photon exchange, electron
bremsstrahlung, proton bremsstrahlung and two-photdmegge. Note that radiative corrections such as vertex
corrections and vacuum polarization do not contribute éocirarge asymmetry and are therefore not included
here. Squaring the above amplitude and keeping the caynsatip to ordet, that have odd powers of electron
charge, we have

Acpeplags = €6511ABomI” + €pArom2REA;) + €:€p2REAckr Ar )] (4)

where the notatioReis used for the real part of the amplitude.

Corrections that have an even power of lepton charge, imguthe largest correction from electron
bremsstrahlung, do not lead to any charge asymmetry. Théelas in the above expression describes inter-
ference between electron and proton bremsstrahlung fits@u divergence exactly cancels the corresponding
infrared divergence of the tethomRe(A;y). This interference féect for the standard kinematics of elastic
ep-scattering experiments is dominated by soft-photon d@orisnd results in a factorizable correction already
included in the standard approach to radiative correcfibns
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Therefore, after correcting for the interference betwdeateon and proton bremsstrahlung, one can isola
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the TPE term by taking the ratio of positron- to electrontpnocross sections:

o (€°) = oorn(1 F 62,), (5)
Ry, = ZEE_; ~ 126y, )

wheredy, is the two photon exchange correction factor. Obviouslyhabsence of TPHfects,Ris equal to
one.

Sincedo, is expected to be of order 0.01, one needs to medgyraith to an uncertainty of no more that
~ 1%. To do this with separate cross section measurementsyislifécult. One must control factors such as
the lepton flux, the target thickness, and the beam energysplg, as well as maintaining a high degree of
certainty on detector acceptance. Experiments can typidalno better than few percent for the systematic
uncertainty.

2.1. Previous Experimental Work

Though it is dificult to measurdR,, precisely, there were several experiments in the 1960’ tjust that!
The first experiment took place in 1962 at the Stanford Malrkihac (a predecessor to SLAG).This was
followed by a series of seven other experiments through 1Rig85 shows these data plotted ¥sThese data
span 001 < Q? < 5.0 Ge\? and the entire range. However, the size of the uncertainties and the velitk
of low e make it impossible to discern any significant deviation framity. In Ref.28 a linear fit to the data for
Q? < 2.0 Ge\A did find a large non-zero slope (0.087.018) but there is almost certainly soQ&dependence
that has not been disentangled from ¢rdependence.

At the time of these measurements, the large uncertaini&s,overe enough to convince people that TPE
was negligible, at least relative to the typical size of utaiaties on the cross section measurements available
Clearly, given the size of the form-factor discrepancy tiat exists, that is no longer the case and more precise
measurements d&t,, are now required.

3. The CLAS TPE Experiment

The CLAS TPE experimefft will measureR,, for Q° < 3.0 Ge\? and nearly the entire range efvith small
uncertainties. Systematic uncertainties~o1% will be achieved by using a novel technique of simultaiseou
measurements of electron and positron elastic scatter@hgsy In this way, factors that contribute to system-
atic uncertainties in cross section measurements—sugaitiaent particle flux, target thickness, and detector
acceptances—will largely cancel out.

3.1. Experimental Details

The experiment took place at the Thoma#felson National Accelerator Facility (@erson Lab) in New-
port News, Virginia, U.S.A. At the heart of fferson Lab is the CEBAF superconducting electron accelerato
capable of achieving continuous, high intensity beams wiidrgies of almost 6 GeV. The beam can be simul-
taneously delivered to each of the three experimental-a|iB, or C.

For this experiment, the CEBAF Large Acceptance Spectrem(@LASY! in Hall B was used. CLAS
(shown in Fig. 6) is a nearly#”detector. The magnetic field is provided by six supercondgatoils, which

fSee Ref® for a summary of the early electron-positron ratio measurements
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Fig. 5. Previous world data dﬁzy.zg Data for diferentQ? ranges are indicated byftéirent symbols as shown on the figure.

produce an approximately toroidal field in the azimutha¢dilon around the beam axis. The regions betwee
the six magnet cryostats are instrumented with identicedaler packages called sectors. Each sector consi
of three regions of drift chambers (R1, R2, and R3) to deteertiie trajectories of charged particles, Cherenkc
Counters (CC) for electron identification, Scintillatiomhters (SC) for time of flight information, and Elec-
tromagnetic Calorimeters for electron identification aeditnal particle detection. The R2 drift chambers ar
in the region of the magnetic field and provide tracking tlsahien used to determine particle momenta wit
op/p ~ 0.6% In this experiment, the CC’s were not used and the EC’s melyeused as a cross check.

In order to produce simultaneous positron and electron be#re electron beam was first incident upor
a gold radiator foil to produce a photon beam through BreraBhing. The Hall B tagger magriétvas then
used to divert the electrons into an underground beam duimg photon beam then struck a gold converte
to producee* /e pairs. The beams then entered a three-dipole chicane tcaseple lepton beams from the
photon beam. The photon beam was stopped by a tungsten hlbik,the leptons were recombined into a
single beam at the third dipole before proceeding to a liduyidrogen target at the center of CLAS. Fig. 7
shows the layout of the beamline.

A feasibility test run of the experiment was conducted in@@®which most of the elements shown in
Fig. 7 were in place. A primary electron-beam energy of 3.¥ @ed~ 100 nA was used to produce a bean
current|l| ~ 20 pA (each charge) of tertiary beam current with @ E < 3.3 GeV on an 18-cm-long LH
target. While the run’s primary goal was to study backgrouam$ count rates, data useful extractig were
taken for about % days. The CLAS torus polarity was flipped periodically, whéancels out lepton acceptance
affects. The data acquisition was triggered on events with Ti@Hrhopposite CLAS sectors with one hit being
ato < 40°.
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Fig. 6. Three dimensional view of CLAS showing various compas@s described in the text. In this view, the beam enterpithere
from the upper left corner.
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Fig. 7. Beamline sketch for the CLAS TPE experiment.

3.2. Data Analysis

In this analysis we were faced with a number of issues thatrazemmon to the majority of CLAS experiments.

For example, the energy of the incident lepton is not knowshthe standard methods of lepton identification
cannot be applied because we do not have CC or EC informdtensolution to this is to require the detection

of the protons along with the leptons and exploit elastattsecing kinematics and other cuts to identify events
of interest and to match the detector acceptances for theymes of events (electron-proton and positron-
proton). A description of the important analysis technigjisegiven below.

3.2.1. Elastic Event Identification

The first step in event identification was to isolate the evaiith only two particles in the final state and require
that these particles were in opposite sectors. A cut wagpdeed on the charge of these final state tracks, anc
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only events with positivmegative or positivgpositive charge combination were kept. In order to deteemir
which particle was the proton and which was the positron isitp@/positive events, a threshold gf> 0.9
was imposed to decide which particle was the positro. A 0.9 would requirep, > 1.94 GeV, which is
well above our elastic acceptance limitmf < 1.8 GeV. For positivgpositive events that did not subsequently
satisfy the additional cuts listed below, we swapped thatitles of the two positive particles and checked t
see if they then satisfied the additional cuts. They did not.

The additional cuts included bad paddle removal, evenexertits, and range limitations applied to six
individual kinematic variables that correspond to the tedascattering interaction. These are summarized |
the list below. As will be shown, these cuts were correlatethat any single cut has minimaffect when all
of the other cuts are applied. This lead to a very clean elastnt distributions with minimal background
contamination. Figs. 8-11 show some of the cut variabletessotherwise indicated, they show the combine
data for both torus polarities.

(1) Bad paddle removal.As CLAS has aged, some of the TOF photomultiplier tubes (PMie deteriorated
in performance and no longer give reliable information. iigehat register hits in these paddles have be
removed from the analysis.

(2) z-vertex. Using the CLAS drift chambers to reconstruct the particgeitories, the event origin along the
beamline ¢-vertex) can be identified. A cut was placed nuertex to ensure that events came from th
LH? target.

(3) Azimuthal opening angle (co-planarity). Since there amly two particles in the final state, these event
must be co-planar. Fig. 8 shows the azimuthal-andiedince between events before and after all oth
cuts.

(4) Transverse momentum.Because the beam travels along #hexis, conservation of momentum requires
the total transverse momentum of the final elastic scaggrimducts to be zero. Therefore, good elasti
events will result in a transverse momentum peaked nearazeshown in Fig. 9.

(5) Beam energy dfference.Because we measured the energies and 3-momenta for bdthgsairt the final
state, our kinematics are over constrained. This allows usdonstruct the unknown energy of the inciden
lepton (tertiary beam energy) in twoftirent ways. Equation 7 finds the incident energy using thitesed
lepton and proton angles, whereas equation 8 calculatesahie from the total momentum along the
direction.

6
ERN9es— m, (cot% cot6, — 1) (7)
Epaam = Pe: COSOe: + Pp COSHp (8)

Assuming perfect momentum and angle reconstruction, ttresguantities should be the same resulting
in AEpeam= E2"9'°S_ EMOM — 0. TheAEpeamdistribution is shown in Fig. 10. The 7 to 22 MeV shift in the

centroids fror?]ee;gro isb?jaLTe to energy losses, which will redihe value o[0T Events that fall outside
of this cut include those in which the final state has three arenparticles with one undetected. Note tha
in later calculations that depend on beam enef; (V, €), we have use&219°°

(6) Beam polar angle.The reconstructed incident leptofi (= pr + py) was required to travel along ttze
axis. Any large deviations may be due to inelastic events;metonstructed scattered particles, or multiple
scattered final particles. To discard these background&vene beam polar angle—from the reconstructe
three-momenta of the detected particles—was required fg.hg< 5°. The beam polar angle distribution
is presented in Fig. 11. This cut also has tffe@ of removing events with a missing particle so it is laygel

redundant to the beam energyfdrence cut and the transverse momentum cut.
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Fig. 8. Angle between lepton and protaXy distributions for event type and torus polarity as indéchtThe black histogram is the data
before all cuts except the opposite sector cut. The reddrasto is after all other cuts and the blue curve is its Gaud#tiahhe dashed
lines show the applied cut.

(7) Distance of closest approach between lepton and proton caitthtes. The distance of closest approach
in this context is defined as the distance that two tracksdiegnd proton) come closest to one another. The
shortest distance is found using an algorithm that drawseagderpendicular to both tracks and calculates
the length of this line and a cut is placed on this distancenBuee the two tracks come from the same
event.

(8) Fiducial cuts. Fiducial cuts are used to select the region of CLAS with unifacceptance.

The cuts for above items 3,4,5,7 and 8 were determined byditiGaussian to the peak of the combined
distribution for that variable of both event types and tguakarities and setting the cut tedo.

The cleanliness of the final data sample after these cuts aygaked is show in Fig. 12, which isW =

m, + 2mpy — Q? distribution for one of our bins ir. The peak is at the proton mass—as expected—and i

completely without any hint of non-elastic background.

The distribution of events i? vs. e after all cuts is shown in Fig. 13. The green boxes in the fighmv
the bins used for the final analysis, while the pink boxes stimabinning used in our systematic uncertainty
analysis. The final results cover a sing bin (0.125 < Q?> < 0.400 Ge\* with (Q?) = 0.206 Ge\?) and
seven bins ire (0.830 < € < 0.943) such that we have similar statistical uncertaintiesaiche bin. This allows
direct comparison to previously existing data.
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3.2.2. Acceptance Corrections

Clearly, the detector acceptances for electrons and pasifor a given kinematic bin are going to béfeient
because one bends away from the beam line while the othesliewdrd the beam line in the CLAS mag-
netic field. We have accounted for this acceptanéiedince by using an acceptance-matching algorithm. Tt
“swimming” algorithm calculates the trajectory of parésithrough the CLAS detector system and magnet
field. The acceptance matching was done by taking each esantane p event, generating the conjugate
lepton with the same kinematic quantitigsandé), and swimming the hypothetical lepton through CLAS-a
e in this case. If the conjugate event remains in the CLAS aeree, the original event is kept. If the conju-
gate event falls outside of the CLAS acceptance (eitheidrifglucial cuts or hits a bad paddle), the event i
discarded, thus ensuring that the two types of events haveatime kinematic acceptances.
The remaining dferences between torus settings can be removed in the rasis sections as follows:

Nif NFfF
N fr NZf:
- JRR. 9

where f} represent unknown torus-polarity-related acceptancedatettor &iciency functions. In all cases
the subscript refers to the torus polarity and the supeisofers to the lepton charge. By charge symmetr
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Fig. 9. Reconstructed transverse momentum distributionevient type and torus polarity as indicated. The black histogs the data
before all cuts except the opposite sector cut. The reddrsio is after all other cuts and the blue curve is its Gausdfiiafhe dashed
lines show the applied cut.
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one expectd;} = f- andf* = f_, thus canceling out in ratio.

We checked the quality of our acceptance corrections in tagsw1) Doing a full Monte Carlo (MC)
acceptance correction, and 2) calculating the double-gaten in Eq. 9 with no corrections at all. We found that
differences irR to be smaller than the statistical uncertainty. We used ifierdnce between our acceptance-
matched results and our MC-corrected results to estimatadbeptance-related systematic uncertainty.

3.2.3. Systematic Uncertainties

The four major categories of systematic uncertaintieswlgahave considered in this analysis are:

(1) Luminosity differences between electrons and positronghis uncertainty was determined by a detailed
MC study of the beam line that included all known lepton iatgions. The MC study showed that the
relative flux diference between positrons and electrons on the target veathées0.01.

(2) Effects of elastic event ID cutsThis was studied by varying the widths of these cuts (fromnibeainal
4-0- cut to a 3¢~ cut or removing the cut entirely). Theftkrences in the final results between the nominal
and the varied cuts result in an estimated absolute unegriaii 0.0040.

(3) Effects of fiducial cuts.We also varied the cuts that define the good region of CLASnagmanparing the
nominal results to those with the varied fiducial cuts. Therested absolute uncertainty is 0.0071.

(4) Acceptance #fects. As previously mentioned, this was done by comparing our nahiesults (using
acceptance matching) to results using a MC acceptancectioneThe estimated absolute uncertainty is
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Fig. 11. Reconstructed polar angle of the beam for eventaygktorus polarity as indicated. Black histogram is the dafare all cuts
except the opposite sector cut and the red histogram isaftether cuts. The dashed lines show the applied cut.

0.0083 and is the largest of our systematic uncertainties.

3.3. Early Results from CLAS

Our final results are shown in Fig. 14 along with the previouslels data at a similar value a®?. A small
radiative correction{ 0.0049) has been applied for lepton-proton bremsstrahluegf@rence. There are seven
previous data points in this same rangeQ3f(blue points). The plot shows a fit linear én(R = me + b) that
includes our data (again including point-to-point systiéenazncertainties) and the blue points. The fit at @fs
results in are-dependence consistent with zeno£ —0.005+ 0.020) ando = 1.028:+ 0.017 withy?/v = 0.70.
Essentially, there is ne dependence at thi®? but there is a statistically significant deviation from yniA
constant fit of our data and the world data results in an aeevatpe of 1.0240.0047, which is more than
five standard deviations from unity, though systematic tag#ies do shrink the significance of this deviation
The figure also includes the BMT calculati®hThere is a significant ffierence between our fit and the BMT
calculation.

4. Conclusion and Future Prospects

During late 2010 and early 2011 we conducted the full CLAS BRperiment using an incident beam energ;
of 5.5 GeV and with about a 50 times higher luminosity thantfa 2006 run. The final results from the
experiment will have statistical uncertainties of betteart 1% forQ?> < 1.5 Ge\? and better than 2% for
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Fig. 12. Top two panels show th& distributions (in GeV) for positive torus polarity electrdleft) and positron (right) events for
0.820< € < 0.840 and(Q?) = 0.206 Ge\? with all cuts applied. The bottom two panels show the samedgative torus polarity events.
A Gaussian fit is included in the region around the peak.

Q? < 2.5 Ge\? over nearly the entire range. Analysis is underway and we expect preliminary tesalbe
available in early 2012.

There are two other experiments that will also provide mesments of the TPEffect in much the same
way as the CLAS experiment. In 2009, the Novosibirsk gfdupeasured,, at Q* = 1.5 Ge\? and in 2012,
the OLYMPUS* collaboration will measur®&,, at Q? < 2.5 Ge\2. Both experiments should result in similar
uncertainties as our CLAS experiment though with more Bhicoverage irk. Fig. 15 shows the expected
uncertaintes and kinematic coverage once the analysesageted.

These experiments will provide information that is vitaldar understanding of the electon-scattering
process as well as our understanding of the proton structMeehave heard the common mantra that “the
electromagnetic probe is well understood.” However, trsemipancy between Rosenbluthe and polarization
measurements of the form-factor ratio indicates othervitgieed, if we don’t even understand elastic electron
scattering, how well do we know anything we have measurel ®lggctron scattering? There are important
implications for many of the nuclear physics quantities wedg ranging from high-precision quasi-elastic
experiments to strangeness and parity violation expetisrtertransition form factor exeperiments.

5. Appendix: Kinematics Definitions

Several kinematic quantities appear throughout this gdicg that require definition. Fig. 16 shows the scat-
tering of an electron from a proton through the exchange of@esvirtual photon (shown by*). The incident
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Fig. 13. Binning scheme, shown for negative polarity for #tmts (black) and positrons (red). The green boxes showitimery for the
final data and the pink boxes show the fine bins used in theragsites studies.

electron is described by the four vectd, (,), the scattered electron by the four vectir |6"), and the scat-
tered proton by the four vectoEf, pp). The electron scattering angle is denotedbsind the proton scattering
angle is denoted bg,. A quantity that we see frequently is the square of the foarmantum transfer of the
virtual photon:

Q° = - = 4EE'sir? 9—2‘3. (10)

This quantity can be thought of as the resolution of the girplhoton or, more appropriately for our case, hov
deeply the virtual photon probes the proton.

The degree of the transverse polarization of the virtuatqhd given by
-1

V2 Oe
€= [1+2(1+ &)tani , (11)
wherev = E — E’ is the energy transfer by the virtual photon.
In our expression for the cross section we also saw thetemmich is defined as
2
T= i (12)

~4my’
wherem, is the proton mass.
Finally, the invariant mass of the intermediate hadroratesis given by

W= Jm+2my - Q2= V5 (13)

wheresis the Mandelstam variable. In the case of elastic scagéris always the case th&¥ = m,.
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We show that the nonperturbative light-front dynamics oétigistic hadronic bound states has a dual semiclassicaltgra
description on a higher dimensional warped AdS space in hie dif zero quark masses. This mapping of AdS gravity theory
to the boundary quantum field theory, quantized at fixed {fghit time, allows one to establish a precise relation betwe
holographic wave functions in AdS space and the light-fisatefunctions describing the internal structure of hadrdrne
resulting Ad$QCD model gives a remarkably good accounting of the spectrastieland transition form factors of the light-
quark hadrons in terms of one parameter, the QCD gap scaleighitdérbnt holographic approach described here thus pesvi

a frame-independent first approximation to the light-frontiftonian problem for QCD. This article is based on lectures a
the Niccold Cabeo International School of Hadronic Phydtesrara, Italy, May 2011.

1. Introduction

One of the most challenging problems in particle physice isrtderstand hadron dynamics and spectroscopy
in terms of the confined quark and gluon quanta of quantumnebdynamics, the fundamental theory of the
strong interactions. A central goal is to compute detailedrbnic properties, such as moments, structure func-
tions, distribution amplitudes, transversity distrilout, elastic and transition form factors, and the excitatio
dynamics of hadron resonances from first principles, directly from the QCD Lagrangian. The most suc-
cessful theoretical approach thus far has been to quant® @ discrete lattices in Euclidean space-time.
Lattice numerical results follow from the computation cdrfre-dependent moments of distributions in Eu-
clidean space; however, dynamical observables in Minkoggskce-time, such as the time-like hadronic form
factors, are not obtained directly from Euclidean-spattecéacomputations. Dyson-Schwinger methods have
led to many important insights, such as the infrared fixeploehavior of the strong coupling constént;
however, in practice, these analyses are limited to ladg@moximation in Landau gauge.

In principle, one could calculate hadronic spectroscopy\eavefunctions by solving for the eigenvalues
and eigenfunctions of the QCD HamiltonidAf¥) = E|¥) at fixed timet. However, this traditional method —
called the “instant form” by Diraéis plagued by complex vacuum and relativistiteets. In contrast, quantiza-
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tion at fixed light-front (LF) timer = t + z/c — the “front-form” of Dirac — provides a powerful boost-invariant
non-perturbative method for solving QCD and constitutes itteal framework to describe the structure o
hadrons in terms of their quark and gluon degrees of freedtma.simple structure of the light-front vacuum
allows an unambiguous definition of the partonic contenttudidron in QCD and of hadronic light-front wave-
functions (LFWFs), the underlying link between large disehadronic states and the constituent degrees
freedom at short distances. Thus, one can also solve QCDelggwudalizing the light-front QCD Hamiltonian
H_ k. The spectrum and light-front Fock-state wavefunctiomsatained from the eigenvalues and eigensoll
tions of the Heisenberg problerh r|y) = M?|y), which becomes an infinite set of coupled integral equatiot
for the light-front components,, = (nly) in the Fock expansioh® This nonperturbative method has the ad
vantage that it is frame-independent, operates in physlog#towski space-time, and has no fermion-doubling
problem? It has been applied successfully in lower space-time difeasIn practice, however, the result-
ing large matrix diagonalization problem in+31 space-time has proven to be a daunting task, so alternat
methods and approximations are necessatry.

The AdSCFT correspondence between gravity or string theory on hdmidimensional anti—de Sitter
(AdS) space and conformal field theories (CFT) in physicaksptime’ has led to a semiclassical approxi-
mation for strongly-coupled quantum field theories whichviles physical insights into its nonperturbative
dynamics. The correspondence is holographic in the seasé ttetermines a duality between theories in dif
ferent number of space-time dimensions. In practice, ttaditguprovides an ffective gravity description in
a (d + 1)-dimensional AdS space-time in terms of a flalimensional conformally-invariant quantum field
theory defined at the AdS asymptotic bound&a#yhus, in principle, one can compute physical observables
a strongly coupled gauge theory in terms of a classical tyréveory.

Anti-de Sitter AdSs space is the maximally symmetric space-time with negatiwwature and a four-
dimensional space-time boundary. The most general grotrprigformations that leave tihal S, ; differential
line element

de = ;(nwdxﬂdxv - d?), (1)

invariant, the isometry group, has dimensiods-(1)(d + 2)/2 (Ris the AdS radius). Five-dimensional anti-de
Sitter space Ads$has 15 isometries, in agreement with the number of gensrafdine conformal group in four
dimensions. Since the AdS metric (1) is invariant under atafion of all coordinateg’ — Ax* andz — Az, it
follows that the additional dimension, the holographidafalez, acts as a scaling variable in Minkowski space
different values of correspond to dierent energy scales at which the hadron is examined. As H, r@siort
space-like or time-like invariant interval near the ligitne,x, x* — 0 maps to the conformal AdS boundary
nearz — 0. This also corresponds to tie— oo ultraviolet (UV) zero separation distance. On the othedhan
large invariant four-dimensional interval of confinemeimheinsionsx, x* ~ 1/1\(22CD maps to the large infrared
(IR) region of AdS space ~ 1/Agcp.

QCD is fundamentally dierent from conformal theories since its scale invariandaraken by quantum
effects. A gravity dual to QCD is not known, but the mechanismsarffinement can be incorporated in the
gaugegravity correspondence by modifying the AdS geometry indinge IR domairz ~ 1/Aqcp, which also
sets the scale of the strong interactiéris.this simplified approach, we consider the propagationaafrbnic
modes in a fixed fective gravitational background asymptotic to AdS spadeclvencodes salient properties
of the QCD dual theory, such as the UV conformal limit at theSAzbundary, as well as modifications of the
background geometry in the largdR region to describe confinement.

The physical states in AdS space are represented by noabiaimodesbp(x, 2) = e 'P*d(z), with plane
waves along Minkowski coordinate¢ and a profile functionb(z) along the holographic coordinaze The
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hadronic invariant mass stat®sP* = M? are found by solving the eigenvalue problem for the AdS wave
equation. The modified theory generates the point-like hahdvior expected from QCD, instead of the soft be-
havior characteristic of extended obje?tsis rather remarkable that the QCD dimensional countingstf!*

are also a key feature of nonperturbative moteised on the gauggravity duality. Although the mechanisms
are diferent, both the perturbative QCD and the AQED approaches depend on the leading-twist (dimension
minus spin) interpolating operators of the hadrons and #taicture at short distances.

The gaugggravity duality leads to a simple analytical and phenomegicklly compelling nonperturba-
tive frame-independent first approximation to the ligharaftr Hamiltonian problem for QCD — “Light-Front
Holography”*? Incorporating the AJ&EFT correspondenées a useful guide, light-front holographic meth-
ods were originally introducéé!* by mapping the Polchinski-Strassler formula for the etaotagnetic (EM)
form factors in AdS spaceto the corresponding Drell-Yan-West expression at fixelatHgont time in physical
space-timé®17 It was also shown that one obtains identical light-frontdgpaphic mapping for the gravita-
tional form factot® — the matrix elements of the energy-momentum tensor, byigeng the AdS metric (1)
around its static solutiot?. In the usual “bottom-up” approach to the galgravity duality?®? fields in the
bulk geometry are introduced to match the chiral symmeti&€3CD and axial and vector currents become the
primary entities as inféective chiral theory. In contrast, in light-front hologrgpa direct connection with the
internal constituent structure of hadrons is establistséuiglight-front quantizatiof1418.22

The identification of higher dimensional AdS space with @aid physics in physical space-time is specific
to the light front: the Polchinski-Strassler formula fongouting transition matrix elements is a simple overlap
of AdS amplitudes, which maps to a convolution of frame-petedent light-front wavefunctions. This AdS
convolution formula cannot be mapped to current matrix elet at ordinary fixed timg since the instant-
time wavefunctions must be boosted away from the hadrostsi@me — an intractable dynamical problem. In
fact, the boost of a composite system at fixed ttriseonly known at weak binding. Moreover, the form factors
in instant time also require computing the contributionswafrents which arise from the vacuum in the initial
state and which connect to the hadron in the final state. Tiatarit form wavefunctions alone are noffsient
to compute covariant current matrix elements in the indiamb. There is no analog of such contributions in
AdS. In contrast, there are no vacuum contributions in igtdfront formulae for current matrix elements —in
agreement with the AdS formulae.

Unlike ordinary instant-time quantization, the Hamiltaniequation of motion in the light-front is frame
independent and has a structure similar to eigenmode eqsati AdS space. This makes a direct connection of
QCD with AASCFT methods possible. In fact, one can also study the/@HE duality and its modifications
starting from the LF Hamiltonian equation of motion for aatalistic bound-state systei g|y) = M?y)
in physical space-tim& where the QCD light-front Hamiltoniakl s = P,P* = P*P~— P2, P* = PO+
P3, is constructed from the QCD Lagrangian using the standatthaals of quantum field theofyTo a first
semiclassical approximation, where quantum loops andkquasses are not included, LF holography leads to
a LF Hamiltonian equation which describes the bound-stateuhics of light hadrons in terms of an invariant
impact kinematical variablé which measures the separation of the partons within theonaalrequal light-
front timet = x* = X% + x3. The transverse coordinateis closely related to the invariant mass squared of
the constituents in the LFWF and itfshellness in the LF kinetic energy, and it is thus the natwadable
to characterize the hadronic wavefunction. In facs the only variable to appear in the relativistic light+ito
Schr‘odinger equations predicted from holographic QCD in timeitiof zero quark masses. The coordinate
in AdS space is thus uniquely identified with a Lorentz-inwat coordinate” which measures the separation
of the constituents within a hadron at equal light-fronteinThe AdSCFT correspondence shows that the
holographic coordinate in AdS space is related inversely to the internal relativermmantum. In fact, light-



Hadronic form factor models and spectroscopy within theggfgravity correspondence57

front holography makes this identification precise.

Remarkably, the unmodified AdS equations correspond toitieti& energy terms of the partons inside ¢
hadron, whereas the interaction terms in the QCD Lagrangigd confinement and correspond to the trun
cation of AdS space in anffective dual gravity approximatiolf. Thus, all the complexities of the strong
interaction dynamics are hidden in afieetive potentialJ(¢), and the central question — how to derive the
effective color-confining potentidl (¢) directly from QCD, remains open. To circumvent this obkathe ef-
fective confinement potential can be introduced either wisharp cut-fi in the infrared region of AdS space,
as in the “hard-wall” model, or, more successfully, using a “dilaton” background in tiséoraphic coordi-
nate to produce a smooth céitat large distances as in the “soft-wall” mod&Furthermore, one can impose
from the onset a correct phenomenological confining stredin determine theftective IR warping of AdS
space, for example, by adjusting the dilaton backgrounepooduce the observed linear Regge behavior
the hadronic mass spectruv? as a function of the excitation quantum numB&#é 2 By using light-front
holographic mapping techniques, one also obtains a caondottween the mass paramet#t of the AdS
theory with the orbital angular momentum of the constitaéntthe light-front bound-state Hamiltonian equa
tion.*? The identification of orbital angular momentum of the canstits is a key element in our descriptior
of the internal structure of hadrons using holographicqples, since hadrons with the same quark conter
but different orbital angular momenta, havéfeient masses.

In our approach, the holographic mapping is carried out engtrongly coupled regime where QCD is
almost conformal, corresponding to an infrared fixed-podQCD infrared fixed point arises since the prop-:
agators of the confined quarks and gluons in the loop integ@tributing to thg-function have a maximal
wavelengtht*26thus, an infrared fixed point appears as a natural consegquémonfinement. The decoupling
of quantum loops in the infrared is analogous to QED dynamvimsre vacuum polarization corrections to the
photon propagator decouple@t — 0. Since there is a window where the QCD coupling is large pacxi-
mately constant, QCD resembles a conformal theory for reassjuarks. One then uses the isometries o5Ad:
to represent scale transformations within the conformabew. We thus begin with a conformal approxima:
tion to QCD to model anféective dual gravity description in AdS space. The largeadice hon-conformal
effects are taken into account with the introduction of iaative confinement potential as described above.

Early attempts to derivefiective one-body equations in light-front QCD are descrilmekference’ We
should also mention previous work by 't Hooft, who obtainbd spectrum of two-dimensional QCD in the
largeNc limit in terms of a Schrédinger equation as a function of theignx-variable?® In the scale-invariant
limit, this equation is equivalent to the equation of motfona scalar field in Adgspace? In this case, there
is a mapping between the variaband the radial coordinate in AdS

2. Light-front bound-state Hamiltonian equation of motion and light-front holography

A key step in the analysis of an atomic system, such as paogitrg is the introduction of the spherical coor-
dinatesr, 8, ¢ which separates the dynamics of Coulomb binding from therkiatical &ects of the quantized
orbital angular momenturh. The essential dynamics of the atom is specified by the r&diatodinger equa-
tion whose eigensolutiong,(r) determine the bound-state wavefunction and eigenspactruour recent
work, we have shown that there is an analogous invariant-figint coordinate” which allows one to separate
the essential dynamics of quark and gluon binding from therkiatical physics of constituent spin and inter
nal orbital angular momentum. The result is a single-vadgifight-front Schrédinger equation for QCD which
determines the eigenspectrum and the light-front waveioms of hadrons for general spin and orbital angule

aUsing a mean-field mechanism, affieetive harmonic confinement interaction was obtained in’Rif.a constituent quark model.
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momentumt? thus providing a description of the internal dynamics ofroait states in terms of their massless
constituents at the same LF time= x* = x? + x3, the time marked by the front of a light wavénstead of the
ordinary instant time = x°.

2.1. Light-front quantization of QCD
Our starting point is th& U(3)c invariant Lagrangian of QCD

g = 570, o 16367 .

whereD,, = 4, — igsA3 T2 andG3, = 9,A% — 9, A% + gC°APAC, with [ T2, T°| = ic?°T® anda, b, c areS U(3)c
color indices.

One can express the hadron four-momentum generater(P*, P~,P,), P* = P° + P3, in terms of the
dynamical fields, the Dirac fieldt,, wherey. = ALy, A, = y%y*, and the transverse field, in the A* = 0
gaugé quantized on the light-front at fixed light-cone timrg, x* = x0 + x3

_ H 2
p= % f dx d?x, v, y+w¢p+ + (interactions) ©))
P= fdx_deJ.l/?+7+ia+‘//+, (4)
PJ_Z%de_dZXJ_J+7+iVJ.'7//+7 (5)

where the integrals are over the null plane x* = 0, the hyper-plane tangent to the light cone. This is the
initial-value surface for the fields where the commutatielations are fixed. The LF Hamiltoniddt generates
LF time translations

Y400, P] = 2 (3, ©)

to evolve the initial conditions to all space-time, wherthasLF longitudinalP* and transverse momentum
are kinematical generators. For simplicity we have omiftedh (3-5) the contributions from the gluon field
Al

According to Dirac’s classification of the forms of relasitic dynamics, the fundamental generators of
the Poincaré group can be separated into kinematical anahtigal generators. The kinematical generators
act along the initial surface and leave the light-front plamvariant: they are thus independent of the dynamics
and therefore contain no interactions. The dynamical geaes change the light-front position and depend
consequently on the interactions. In additiorPtoandP_, the kinematical generators in the light-front frame
are thez-component of the angular momentuihand the boost operatdét. In addition to the Hamiltonian
P-, J* and WY are also dynamical generators. The light-front frame hastlaximal humber of kinematical
generators.

2.2. A semiclassical approximation to QCD

A physical hadron in four-dimensional Minkowski space hasrfmomentunP, and invariant hadronic mass
statesP,P* = M? determined by the Lorentz-invariant Hamiltonian equafionthe relativistic bound-state
system

Heely(P)) = M2y (P)), (7)
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with H g = P,P* = P-P* — P2, where the hadronic stalg) is an expansion in multiparticle Fock eigenstate
Iny of the free light-front Hamiltonianiy) = Y, vnly). The statdy(P*, P, J9)) is an eigenstate of the total
momentumP* andP, and the total spid%. Quark and gluons appear from the light-front quantizatibthe
excitations of the dynamical fields, and A, expanded in terms of creation and annihilation operatbrs
fixed LF timer. The Fock components, (X, K. i, 4;) are independent &#* andP, and depend only on relative
partonic coordinates: the momentum fractios: k' /P*, the transverse momentum; and spin component.
Momentum conservation requir@y., x = 1 and};’, k,; = 0. The LFWFsy, provide aframe-independent
representation of a hadron which relates its quark and gliegimees of freedom to their asymptotic hadroni

state. Since for each constitueet= ,/k? + m? + k > 0 there are no contributions from the vacuum. Thus
apart from possible zero modes, the light-front QCD vacusiithé trivial vacuum. The constituent spin anc
orbital angular momentum properties of the hadrons areaadsoded in the LFWFs. Actually, the definition of
quark and gluon angular momentum is unambiguous in Diracis form in light-cone gaugA* = 0, and the
gluons have physical polarizati@f = +1.

One can also derive light-front holography using a first stassical approximation to transform the fixec
light-front time bound-state Hamiltonian equation of nootin QCD (7) to a corresponding wave equation il
AdS spacé? To this end we expand the initial and final hadronic statesiims of its Fock components. The
computation is simplified in the franfe = (P*, M2/P*,0, ) whereP? = P*P~. We find

k2, +n _ _
= Zn:f[d)q][dzkﬂ] Zq: (qT) ln(X, K.i)I? + (interactions) (8)

plus similar terms for antiquarks and gluoms;(= 0). The integrals in (8) are over the internal coordinates
then constituents for each Fock state

T APk C
fdx] fdxé J) f[dzkﬂ]sgfz(zﬂ)g 1&35(2{;@), 9)

with phase space normalization

Z f [dx] [dK.si| 04, kui)l? = 1. (10)

Each constituent of the light-front wavefunctign(x;, ki, 4;) of a hadron is on its respective mass she
K = k'k - k% =nf, i =12---n Thusk™ = (k? +n?)/xP*. However, the light-front wavefunction
represents a state which iff ¢the light-front energy shellP~ — 'k~ < 0, for a stable hadron. Scaling out
P* = k", the invariant mass of the constituen, is

ZW Zk“mz (11)

The functional dependence for a given Fock state is expldéaserms of the invariant mass, the measure ¢
the df-energy shell of the bound state of thgarton LFWF:M?— M?.

The LFWF yn(xi, K.i, 4i) can be expanded in terms pf- 1 independent position coordinatbs;, j =
1,2,...,n-1, conjugate to the relative coordinates, with 3}, b,; = 0. We can also express Eq. (8) in term:s
of the internal impact coordinatés ; with the result

Z:l_[fdxJ dzb“zpn(x,,b“)Z[ b mé]zpn(xj,blj)+(interactions) (12)

n j=1
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The normalization is defined by

Z nfdxld bj 'Wn(xj,bu)| =1 (13)

n j=1

If we want to simplify further the description of the multipparton system and reduce its dynamics to a
single variable problem, we must take the limit of quark reags zero. Indeed, the underlying classical QCD
Lagrangian with massless quarks is scale and conformaliamtd® and consequently only in this limit it is
possible to map the equations of motion and transition snatéments to their correspondent conformal AdS
expressions.

To simplify the discussion we will consider a two-parton radc bound state. In the limit of zero quark
massmy — 0

odx
2 _ 2 * 2 . .
M= fo XA-% d°b, ¥*(x,by) (—VbL)zp(x, b,) + (interactions) (14)
Forn = 2, the invariant mass i)és/(ﬁ:2 x(l ok Similarly, in impact space the relevant variable for a fpaston
state i = x(1 — X)b2. Thus, to first approximation LF dynamics depend only on thesbinvariant variable
M or £, and hadronic properties are encoded in the hadronic m@gddrom the relation

o)
vl

thus factoring out the angular dependenc@and the longitudinal X(x), and transverse modg¢). This

is a natural factorization in the light front since the cepending canonical generators, the longitudinal
and transverse generatd?$ and P, and thez-component of the orbital angular momentuthare kine-
matical generators which commute with the LF Hamiltoniamegator P~. We choose the normalization
(Plopy = fd§|<§|¢>|2 = Py, wherePgg is the probability of finding theig component in the pion light-front

. . . . . 1 X2(x) _
wavefunction. The longitudinal mode is thus normallzecfoa Ty = 1.
We can write the Laplacian operator in (14) in circular cgtfical coordinates, ¢)

1d{_d 1 7

Vi=Z_(—|+ = —. 16

fTrd ({d§)+ 22 0g? (19

and factor out the angular dependence of the modes in terthe fQ(2) Casimir representatiadr? of orbital
angular momentum in the transverse plane. Using (15) wéfind

2 2
- [as Ve (-gz- g+ ) o2+ [we@u@wo, an

whereL = |L7. In writing the above equation we have summed the compl@fithe interaction terms in the
QCD Lagrangian by the introduction of th&ective potentialJ(¢), which is modeled to enforce confinement
at some IR scale. The LF eigenvalue equatR*|¢) = M?2|¢) is thus a light-front wave equation for

_ > 1-4L2
dé'Z 442

a relativistic single-variable LF Schrodinger equatida.digenmodeg(/) determine the hadronic mass spec-

trum and represent the probability amplitude to fmgartons at transverse impact separatjpthe invariant

separation between pointlike constituents within the baldrat equal LF time. Thus theffective interaction
potential is instantaneous in LF time not instantaneous in ordinary timeThe LF potential thus satisfies

(x4, ¢) = €9X(0)—= (15)

U<4)) o(0) = Mo(0). (18)
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causality, unlike the instantaneous Coulomb interactiension of the results to arbitramfollows from the
x-weighted definition of the transverse impact variable efrith- 1 spectator systeth

(= s X\Zx,blJ (19)

wherex = x, is the longitudinal momentum fraction of the active quarke@an also generalize the equation
to allow for the kinetic energy of massive quarks using E8)sof (12)3! In this case, however, the longitudinal
modeX(x) does not decouple from théfective LF bound-state equations.

2.3. Higher spin hadronic modes in AdS space

We now turn to the formulation of bound-state equations fesams of arbitrary spid in AdS spacé. As
we shall show in the next section, there is a remarkable sporedence between the equations of motion |
AdS space and the Hamiltonian equation for the relativistiend-state system for the corresponding angul
momentum in light-front theory.

The description of higher spin modes in AdS space is a natslyddifficult problem33-3% A spin-J field in
AdS;y.; is represented by a ranktensor fieldd(x*)y,..v,, which is totally symmetric in all its indices. Such
a tensor contains also lower spins, which can be eliminageidnposing gauge conditions. The action for &
spin-J field in AdS;;1 space-time in presence of a dilaton background i)l (the string frame) is given by

1 / / ,
= é fddX dZ\/gep(Z)(gNN gM1M1 s gMJMJ DN®M1"'MJ DN’(DMiu-M:]

- pPg"Mi . gMMiy, My @mmy + ), (20)
whereM,N=1,--- ,d+1, \§= (R/2)%1 andDy, is the covariant derivative which includes parallel traosp
The omitted terms in (20) refer to terms withférent contractions. The coordinates of AdS are the Minkows
coordinates¢ and the holographic variablelabeledx™ = (x*,2). The d+ 1 dimensional masg is not a
physical observable andéspriory an arbitrary parameter. The dilaton background figlg in (20) introduces
an energy scale in the five-dimensional AdS action, thuskiimgats conformal invariance. It is a function of
the holographic coordinatewhich vanishes in the conformal ultraviolet linsit— 0. In the hard wall model
¢ = 0 and the conformality is broken by the IR boundary cond&iate = zy ~ 1/Aqcp.

A physical hadron has plane-wave solutions and polariaatidicesM along the 3+ 1 physical coordinates

Dp(X, 2pypy = €7 XDy (21)

with four-momentumP,, and invariant hadronic magg,P* = M2. All other components vanish identically:
Dppsiy = Oz, = -+ = Pppypz = 0. One can then construct affextive action in terms of high spin
modes®; = ®,,,,...;, With only physical degrees of freedofhin this case the system of coupledfdrential
equations which follow from (20) reduce to a homogeneousiggi in terms of the physical field;.

In terms of fields with tangent indices

z

J
Dapn = eA e 'exlj Dy, My-M; = (ﬁ) DAy (22)

aThis section is based on our collaboration with Hans GuebDtexch. A detailed discussion of higher integer and haliget spin wave
equations in modified AdS spaces will be given in ReSee also the discussion in FE&f.
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we find the &ective actiof? (d; = @,,..,,,)
1 ;A ~ «
S=3 f d?x dz g &@(g"N onds0n D, — pPD3), (23)

containing only the physical degrees of freedom and usualatives. Thus, thefect of the covariant deriva-
tives in the &ective action for spin} fields with polarization components along the physical dottes is a
shift in the AdS masg. The vielbeine}, is defined bygun = €},€51as, whereA, B =1,--- ,d + 1 are tangent
AdS space indices anghg has diagonal components @1, - - - , —1). In AdS the vielbein iae,@| = (R/z)(SQ.

In terms of the AdS fieldb; = @,,..,,, we can express thdfective action (23)

1 ,
S= 5 fddx dz+/g; ép(z)(gNN ONDION D —- ﬂzq%), (24)
where we have defined affective metric determinant

V05 = (R, (25)

and rescaled the AdS magsin (23). Variation of the higher-dimensional action (24yes the AdS wave
equation for the spid-moded;

Zd 1-23 ep(z) ,UR 2 5
[_ e ‘92(2«1 = 2Jaz) ( 7 ) }CD(Z)J = M®(2),, (26)
where the eigenmodg; is normalized according to
RA-1-29 © dz FDP2(7) = 1 07
o 212 1@=1 (27)

The AdS mass ig obeys the relation
WR? = (r = J)(r—d+J), (28)

which follows from the scaling behavior of the tangent Ad$dfieearz — 0, &, ~ 7.

We can also derive (26) by shifting dimensions fal-apin mode-238 To this end, we start with the scalar
wave equation which follows from the variation of (20) fér= 0. This case is particularly simple as the
covariant derivative of a scalar field is the usual deriatilWe obtain the eigenvalue equation

L) (25 o=

A physical spind mode®,,..,,, with all indices along 31 is constructed by shifting dimensiods;(z) =
(z/RJD(2). It is simple to show that the shifted fietb,,,,,.,, obeys the wave equation (26) which follows
from (29) upon mass rescalingR)? — (uR)? — J(d - J) + Jz¢'(2).

2.3.1. Non-conformal warped metrics

In the Einstein frame conformal invariance is broken by thteoduction of an additional warp factor in the
AdS metric in order to include confinement forces

ds = (ge)mndxMdx" (30)

- ;—Rjeﬂ@) (mndxdx’ - dZ).
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The action is

fddXdZV NN MIM g:\E/IJMJDNCDMl MJDN’q)M M

MiM7 M;M)
— PG g D, Prag + - ) (31)
whereg! = (ge)VN and ge)un = B e@pun. The flat metriopun has diagonal components @1, -+ -, ~1).

The use of warped metrics is useful to visualize the ovemlfinoement behavior as we follow an object ir
warped AdS space as it falls to the infrared region by thects of gravity. The gravitational potential energy
for an object of masm in general relativity is given in terms of the time-time caoment of the metric tensor

Joo

@72
V =mc +/(ge)oo = MCR _
thus we may expect a potential that has a minimum at the hadsoalez, and grows fast for larger values of
zto confine &ectively a particle in a hadron within distances zy. In fact, according to Sonnenschéfha
background dual to a confining theory should satisfy the itmms for the metric componeiggo

82(900)'2:20 =0, Qoolz=z, # O, (33)

to display the Wilson loop area law for confinement of strings

To relate the results in the Einstein frame where hadroniden@ropagate in the non-conformal warpe
metrics (30) to the results in the String-Jordan frame (2@)scale away the dilaton profile by a redefinition o
the fields in the action. This corresponds to the muItlpiuraof the metric determinany/Ge = ( )d+l eld+ D)2
by the contravariant tensogg)™N. Thus the resutt ¢(2) — 414(2), orp — 32 for AdSs.

(32)

2.3.2. Effective confining potentials in AdS

For some applications it is convenient to scale away théatiléactor in the action by a field redefinitiéhFor
example, for a scalar field we can shift— e #/2®, and the bilinear component in the action is transforme
into the equivalent problem of a free kinetic part plus #ieaive confining potentia¥/(z) which breaks the
conformal invariance For the spind effective action (24) we find upon the field redefinitidg — e */?®,

1 !
= é fddX dz @(QNN OND 30N D —/qu)g - V(Z)(Dg)

d 1-2J o
——I|m f o|d w’(Z)(Dﬁe, (34)

4 -0
with effective metric determinant (25yg5 = (R/2%1%’ and efective potentiaV(2) = U (2), where

2J-d+1 ,
— ¢ . (35)

The action (24) is thus equivalent, modulo a surface terrtheaction (34) written in terms of the rotated
fields ®; — e¥/2d,. The result (35) is identical to the result obtained in ReAs we will show in the

U@ = 56" + 392+

an fact, for fermions the conformality cannot be broken by thtedduction of a dilaton background or by explicitly defongithe AdS
metric as discussed above, since the additional warp factmaled away by a field redefinition. In this case the breakditige conformal
invariance and the generation of the fermion spectrum cantmnéccomplished by the introduction of gfeetive potential. This is further
discussed in Sec. 5.2.
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following section, the fective potential (35), fod = 4, is precisely the féective light-front potential which
appears in Eq. (18), where the LF transverse impact variaisl@entified with the holographic variabie

A different approach is discussed in Refvhere the infrared physics is introduced by a back-reaction
model to the AdS metric. See also Ré&fs*®

2.4. Light-front holographic mapping

The structure of the QCD light-front Hamiltonian equatiaf) for the statdy/(P)) is similar to the structure

of the wave equation (26) for th&moded,,..,,, in AdS space; they are both frame-independent and have
identical eigenvalued?, the mass spectrum of the color-singlet states of QCD. Tituigiges the basis for a
profound connection between physical QCD formulated inlitit-front and the physics of hadronic modes
in AdS space. However, importantfidirences are also apparent: Eq. (7) is a linear quantum-mieahaqua-
tion of states in Hilbert space, whereas Eq. (26) is a clakgi@vity equation; its solutions describe sgin-
modes propagating in a higher dimensional warped spacsid@hadrons are composite, and thus inexorably
endowed of orbital angular momentum. Thus, the identificadf orbital angular momentum is of primary
interest in establishing a connection between both appesadn fact, to a first semiclassical approximation,
light-front QCD is formally equivalent to the equations obtion on a fixed gravitational backgroutichsymp-
totic to AdS;, where the prominent properties of confinement are encadadlilaton profilep(2).

As shown in Sect. 2.2, one can indeed systematically redheceRF Hamiltonian eigenvalue Eqg. (7) to an
effective relativistic wave equation (18), analogous to thé&SAsjuations, by observing that eaclparticle
Fock state has an essential dependence on the invarianbfitagssystem and thus, to a first approximation,
LF dynamics depend only oi2. In impact space the relevant variable is the boost invaviariable/, which
measures the separation of quarks and gluons, and whichlaas one to separate the bound state dynamics
of the constituents from the kinematics of their internaj@ar momentum.

Upon the substitutior— ¢ and

$3(0) = ((/RY P20y(0), (36)
in (26), we find ford = 4 the QCD light-front wave equation (18) witlfective potentiaf
_1‘ ” 1‘ ’ 2 2J-3 ’
U(©) = 5¢"@ + 7¢O + == @), (37)

provided that the fifth dimensional masss related to the internal orbital angular momentum maxL? and
the total angular momentud¥ = L + S% of the hadron. Light-front holographic mapping thus imgplibat the
fifth dimensional AdS massgis not a free parameter but scales as

WR? = —-(2- )% + L2 (38)

The angular momentum projections in the light-frantifectionL?, S? and J* are kinematical generators in the
front form, so they are the natural quantum numbers to ldieebigenstates of light-front physics. In general, a
hadronic eigenstate with spilf in the front form corresponds to an eigenstatd®£ j(j + 1) in the rest frame
in the conventional instant form. It thus hag21 degenerate states with= —j, —j + 1,--- j — 1, +j,* thusJ
represents the maximum value|df], J = maxJ?.

If L2 < 0, the LF Hamiltonian defined in Eq. (7) is unbounded from belg|H r|¢) < 0 and the spectrum
contains an infinite number of unphysical negative valuestéfvhich can be arbitrarily large. A81? increases
in absolute value, the particle becomes localized withiregy wmall region neat = 0, since the fective
potential is conformal at smafl. For M? — —co the particle is localized at = 0, the particle “falls towards
the center™® The critical valueL = 0 corresponds to the lowest possible stable solution, thengt state of
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the light-front Hamiltonian. Fod = 0 the five dimensional magsis related to the orbital momentum of the
hadronic bound state byiR)? = —4 + L2 and thus ¢R)?> > —4. The quantum mechanical stability conditior
L2 > 0 is thus equivalent to the Breitenlohner-Freedman stgtibund in AdS*” The scaling dimensions are
2+ L independent od, in agreement with the twist-scaling dimension of a twotgabound state in QCD. It is
important to notice that in the light-front tf&Q(2) Casimir for orbital angular momentub? is a kinematical
quantity, in contrast to the usuglQ(3) CasimirL(L + 1) from non-relativistic physics which is rotational, but
not boost invariant. Th& Q(2) Casimir formL? corresponds to the group of rotations in the transverse |
plane. Indeed, the Casimir operator ®EQ(N) ~ SN-1is L(L + N - 2).

3. Mesons in light-front holography

Considerable progress has recently been achieved in tthg stthe meson excitation spectrum in QCD fromn
discrete lattices which is a first-principles metif8dn practice, lattice gauge theory computations of eiger
values beyond the ground-state are very challenging. Eurtbre, states at rest are not classified according
total angular momentur andJ,, but according to the irreducible representation of thigckatand thus a large
basis of interpolating operators is required for the exinacf meaningful dat4® In contrast, the semiclassical
light-front holographic wave equation (18) obtained in firevious section describes relativistic bound state
at equal light-front time with a simplicity comparable tetBchrddinger equation of atomic physics at equi
instant time. It thus provides a framework for a first-ordealstical exploration of the spectrum of mesons. Ir
the limit of zero-quark masses, the light-front wave eqratias a geometrical equivalent to the equation «
motion in a warped AdS space-time.

3.1. A hard-wall model for mesons

As the simplest example we consider a truncated model whenks| propagate freely in the hadronic interio
up to the confinement scalg¢ Aqcp. The interaction terms in the QCD Lagrangidieetively build confine-
ment, here depicted by a hard wall potential

o if <=,

This provides an analog of the MIT bag motfekhere quarks are permanently confined inside a finite redion
space. In contrast to bag models, boundary conditions gresed on the boost-invariant varialglenot on the
bag radius at fixed time. The wave functions have supporofogitudinal momentum fraction @ x < 1. The
resulting model is a manifestly Lorentz invariant modehwxibnfinement at large distances, while incorporatin
conformal behavior at small physical separation.

The eigenvalues of the LF wave equation (18) for the pote(8®) are determined by the boundary con:
ditions ¢(z = 1/Agcp) = 0, and are given in terms of the roots of the Bessel functidnsi = B xAqgco.
Light-front eigenmode#(/) are normalized according to

Agen
[ Turo-1 (40)
and are given by

V2A Aqcp

TGl )\/_JL(fﬁLkAQCD) (41)

LK) =
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Individual hadron states can be identified by their integipoly operators, which are defined at the> 0
asymptotic boundary of AdS space, and couple to the AdS(ii(akdz) (22) at the boundary limit (See Appendix
9). The short-distance behavior of a hadronic state is cteniaed by its twist (canonical dimension minus spin)
7 = A — o, whereo is the sum over the constituent's spin= . ; 0. The twist of a hadron is also equal to
the number of its constituent partons?

Pion interpolating operators are constructed by examittiegoehavior of bilinear covariangd™y under
charge conjugation and parity transformation. Thus, fameple, a pion interpolating operatgy*ysq creates
a state with quantum numbei§° = 0+, and a vector meson interpolating operatgyd a state 1-. Likewise
the operatony,ysq creates a state with"1 quantum numbers, for example tag1260) positive parity meson.
If we include orbital excitations, the pion interpolatingevator isO2,. = Qy*ysDy, - -+ D¢,0. This is an
operator with total internal orbital momentum= Y, ¢, twist7 = 2+ L and canonical dimensioh = 3+ L.
Similgrly the vector-meson interpolating operator is gy 0, = qy*Dy, - - - D,0. The scaling of the AdS
field ® (22) nearz — 0, ®(2) ~ Z, is precisely the scaling required to match the scaling dsian of the local
meson interpolating operators.

F€  Meson State

o+ 7(140)
o+ 7(1300)
o+ 7(1800)
I~ p(770)
I~ p(1450)
I~ p(1700)
T~  by(1235)
a0(980)
0+ a(1450)

T ay(1260)
2+ a(1320)
27 m(1670)
2t m,(1880)
3-  p3(1690)
&+ a,(2040)

WNNMNPRPRPPRPROOOOOOr
PRI POO RPRRFRPRRPRPRRPERPRORRLRLROOOW
OlORrRrR OO0 R OO NRFRONLEKROIS
Q
+

We list in Table 1 the confirmed (4-star and 3-star) isodpinl mesons states from the updated Particle
Data Group (PDG5° with their assigned internal spin, orbital angular momenénd radial quantum numbers.
Thel = 1 mesons have quark cont$nﬂ|_>, %|uﬁ— dd_> and|duy. Thel = 1 mesons are the b, p anda mesons.
We have not listed in Table 1 tHe= 0 mesons which are a mix ofi, dd andss, thus more complex entities.
The lightl = 0 mesons arg, 7/, h, i w, ¢, f and f’. This list comprises the puzzling= 0 scalarf-mesons,
which may be interpreted as a superposition of tetra-quatkswith agg, L = 1, S = 1, configuration which
couple to aJ = 0 state>? 2

2To include orbitalL.-dependence we make the substitutiom n + L.
aThe interpretation of the; (1400) is not very cle&t and is not included in Table 1. Likewise we do not includesth@ 600) in the present
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Fig. 1. | = 1 light-meson orbital states in the hard wall model facp = 0.32 GeV: pseudoscalar mesons (left) anc
vector mesons (right).

The lightl = 1 orbital meson spectrum is compared in Fig. 1 with the trtettapace model far= 0. The
data is from PDG? The predictions for the lower mass mesons are in better ammeewith data as compared
with Ref.3? where naive conformal dimensions were used instead. Howbeemodel fails to account for
the pion as a chiraM, = 0 state. The hard-wall model for mesons is degenerate wéier to the orbital
quantum numbetk, and thus fails to account for the importdnt= |L? = 1 triplet splitting shown in Fig. 1
(right); theap(980),a,(1260) anda,(1320) states, which correspondsdte |J? = 0,1, 2 respectively. Using
the asymptotic expansion of the Bessel function for larggigents we find thadM ~ 2n + L, in contrast
to the usual Regge dependent® ~ n + L found experimentally! As a consequence, the radial modes ar
not well described in the truncated-space model. For exag! first radial AdS eigenvalue has a mass 1.7
GeV, which is too high compared to the mass of the observaddidsal excitation of the meson, ta€1300).

analysis.
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The shortcomings of the hard-wall model described in thisige are evaded in the soft wall model discussed
below, where the sharp cufas modified.

3.2. A soft-wall model for mesons

As we discussed in Sec. 2.4, the conformal metric of AdS spaoebe modified within the gauagavity
framework to include confinement by the introduction of amliidnal warp factor or, equivalently, with a
dilaton backgroung(z), which breaks the conformal invariance of the theory. Aipatarly interesting case is
adilaton profile ex;éikzzz) of either sign, since it leads to linear Regge trajectd?iasd avoids the ambiguities
in the choice of boundary conditions at the infrared walle Thrresponding modified metric can be interpreted
in the higher dimensional warped AdS space as a gravitdtpmtantial in the fifth dimension

et3’Z/4

V(2 = m¢ yGoo = MER

S (42)
In the case of the negative solution, the potential deceeasmotonically, and thus an object located in the
boundary of AdS space will fall to infinitely large values ofThis is illustrated in detail by Klebanov and
Maldacena in Re¥2 For the positive solution, the potential is nonmonotonid has an absolute minimum at
Zy ~ 1/k. Furthermore, for large values othe gravitational potential increases exponentiallystbonfining
any object to distanceg) ~ 1/x.545°

From (37) we obtain for the positive sign confining solutior: eXp(KZZZ) the efective potentiaP

U(0) = k%% + 233 - 1), (43)

which corresponds to a transverse oscillator in the lightif For the &ective potential (43) equation (18) has
eigenfunctions

2n!

(n+L)! é’l/2+Le—K2§2/2Lrl;(K2§2), (44)

‘Z’n,L(g) =kt

and eigenvalue$

M2y =42 (n + (45)

J+L
2 )

The meson spectrum (45) has a string-theory Regge fetin- n + L: the square of the eigenmasses are
linear in both the angular momentulmand radial quantum number wheren counts the number of nodes
of the wavefunction in the radial variable The LFWFs (44) for dterent orbital and radial excitations are
depicted in Fig. 2. Constituent quark and antiquark sepdraim each other as the orbital and radial quantum
numbers increase. The number of nodes in the light-fronevanction depicted in Fig. 2 (b) correspond to
the radial excitation quantum numhber

For thed = L + S meson families Eq. (45) becomes

M2 g = 42 (n L+ g) (46)

The lowest possible solution for= J = 0 has eigenvalug1? = 0. This is a chiral symmetric bound state of
two massless quarks with scaling dimension 2 and &2e~ 1/«?, which we identify with the lowest state,
the pion. Thus one can compute the corresponding Reggedarbi} simply adding & for a unit change in

agimilar results are found in Ré&f.
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Fig.2. Light-front wavefunctionssn (£) in physical spacetime corresponding to a dilaton profile &2d): (left) orbital
modes § = 0) and (right) radial moded.(= 0).

the radial quantum numberg#for a change in one unit in the orbital quantum number arid@ a change of
one unit of spin to the ground state value/df. The spectral predictions for thk= L + S light pseudoscalar
and vector meson states, listed in Table. 1, are comparédewiterimental data in Fig. 3 for the positive sigr
dilaton model discussed here. The data is from PBG.

It is important to notice that in contrast to the hard-walldab the soft-wall model with positive dilaton
accounts for the mass pattern observed in radial excigtimewell as for the triplet splitting for the = 1,
J =0,1, 2, vector mesoR-states. Using the spectral formula (45) we find

May1320) > May(1260) > Mag(980)- (47)

The predicted values are 0.76, 1.08 and 1.32 GeV for the madsbeay(980),a,(1260) anda,(1320) vector
mesons, compared with the experimental values 0.98, 1.@3 82 GeV respectively. The prediction for the
mass of thel = 1, n = 1 stateag(1450) is 1.53 GeV, compared with the observed value 1.47. Gelother
calculations of the hadronic spectrum in the framework oS/&RLCD, see Ref8%73 2

4. Meson form factors

A form factor in QCD is defined by the transition matrix elerheha local quark current between hadronic
states. The great advantage of the front form — as emphdsyzBitac — is that boost operators are kinematic
Unlike the instant form, the boost operators in the frontrfdrave no interaction terms. The calculation o
a current matrix element + q|J#|P) requires boosting the hadronic eigenstate fi@nto |P + @), a task
which becomes hopelessly complicated in the instant fanraddition, the virtual photon couples to connecte
currents which arise from the instant form vacuum.

In AdS space form factors are computed from the overlap iategf normalizable modes with boundary
currents which propagate in AdS space. The /&F duality incorporates the connection between the twi
scaling dimension of the QCD boundary interpolating opsato the falldf of the normalizable modes in
AdS near its conformal boundary. If both quantities repneslee same physical observable for any value ¢

aFor recent reviews see, for example, REf€>
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Fig. 3. | =1 parent and daughter Regge trajectories forstimeeson family (left) withk = 0.59 GeV; and thep-meson
family (right) with « = 0.54 GeV.

the transferred momentum squamgd a precise correspondence can be established betweenitigensbdes

® in AdS space and the light front wavefunctions of hadnpp#n physical four dimensional space-tirieln

fact, Light-Front Holography was originally derived by @pging the correspondence between matrix elements
obtained in AAECFT with the corresponding formula using the light-fronpresentatiot® The same results
follow from comparing the relativistic light-front Hamdhian equation describing bound states in QCD with
the wave equations describing the propagation of modes iarped AdS space, as shown in the previous
section*?

4.1. Meson electromagnetic form factor

In the higher dimensional gravity theory, the hadronic $faon matrix element corresponds to the coupling
of an external electromagnetic field(x, z), for a photon propagating in AdS space, with the extended fie
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®p(X, 2) describing a meson in AdS'Rs
fd“x dzyg AM(x, @5, (x, 20 mDp(x 2) ~ (21)*6* (P'= P - a) (P + P Fu (). (48)

To simplify the discussion we will first describe a model watlwall atz ~ 1/Agcp — the hard wall model
— which limits the propagation of the string modes in AdS spbeyond the IR separatian~ 1/Aqcp and
also sets the gap scalaVe recall from Sec. 2.3 that the coordinates of Ad® the Minkowski coordinates
x* andz labeledx™ = (x*,2), with M,N = 1,---5, andg is the determinant of the metric tensor. The pion ha
initial and final four momentun® andP’ respectively and) is the four-momentum transferred to the pion b
the photon with polarizatios,. The expression on the right-hand side of (48) represestsghce-like QCD
electromagnetic transition amplitude in physical spacet

(P'|3*(O)P) = (P + P'Y Fm(cP). (49)

It is the EM matrix element of the quark curredit = e,0y*q, and represents a local coupling to pointlike
constituents. Although the expressions for the transiéiomplitudes look very dierent, one can show that a
precise mapping of the matrix elements can be carried outeat fight-front time!314

The form factor is computed in the light front from the matebements of the plus-component of the
currentJ* in order to avoid coupling to Fock states withffdrent numbers of constituents. Expanding th
initial and final meson statdgw(P*, P,)) in terms of Fock componentiu) = >, ¥nmln), we obtain the
DYW expressiot®1” upon the phase space integration over the intermediatgolesiin theg* = 0 frame:

Fu(@) = f [dx ] [Pk ui] > eurmm (Ko )wmm(xi, K, 4), (50)
n i

where the phase space factdx|] [dzkli] is given by (9) and the variables of the light cone Fock congmbs
in the final-state are given I/,; = k. +(1-x;) q. for a struck constituent quark akd; = k., —x; q, for each
spectator. The formula is exact if the sum is over all Fockesta The form factor can also be conveniently
written in impact space as a sum of overlap of LFWFs ofjtkel, 2,--- ,n — 1 spectator constituerifs

FM(qZ)_Zl—Ifdx,d b“exqu leb“ |wn/M(xJ,le)| (51)

n j=1
corresponding to a change of transverse momendigm for each of then—1 spectators witlL, by =

For definiteness we shall consider tttevalence Fock staﬂed) with chargesy = 5 anded 1 Forn =2,
there are two terms which contribute to Eqg. (51). Exchangirg 1—X in the second integral We find

Fe@=ar [ [ §d{Jo[§Q\/ ]|wud,ﬂ( oF. (52)

wheres? = x(1 - x)b? andF,-(q=0) = 1

We now compare this result with the electromagnetic forntoieio AdS space-time. The incoming electro-
magnetic field propagates in AdS accordingh@x*, 2) = eﬂ(q)e‘iq'XV(qz, 2) in the gaugeé?, = 0 (no physical
polarizations along the AdS varial® The bulk-to-boundary propagat¥i(g?, 2) is the solution of the AdS
wave equation given by@ = —¢? > 0)

V(Q?,2) = zQKy(zQ), (53)
with boundary condition's
V(Q*=0,2) = V(Q*z=0) = (54)
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The propagation of the pion in AdS space is described by a alorable modebp(x4,2) = € P*d(2) with
invariant mas<,P* = M? and plane waves along Minkowski coordinate¢s Extracting the overall factor
(2n)*s* (P’ — P — g) from momentum conservation at the vertex which arises frategration over Minkowski
variables in (48), we fint?

2N _ d_Z 2 2
F(@) =R [ Z V@202, (55
whereF (Q?= 0) = 1. Using the integral representation\tfQ?, 2)
l p—
v@a- | deo[zQ 1—XX] (56)

we write the AdS electromagnetic form-factor as

F(Q) =R fo "dx f g—:ao(zQ,/ 1;)()(]CD2(Z). (57)

To compare with the light-front QCD form factor expressi&2) we use the expression of the LFWF
(15) in the transverse LF plane, where we factor out the todgial and transverse mode§’) and X(x)
respectively. If both expressions for the form factor ardéoidentical for arbitrary values @, we obtain
#(0) = (/R®?D(2) andX(X) = VX(T = X),'® where we identify the transverse impact LF variablith the
holographic variable, z — ¢ = vx(1 - X)|b.|.  Thus, in addition of recovering the expression found in Sec.
2.4 which relates the transverse m@gg) in physical space-time to the fiedelin AdS space, we find a definite
expression for the longitudinal LF mod§x). Identical results follow from mapping the matrix elen®of
the energy-momentum tenstr.

4.2. Elastic form factor with a dressed current

The results for the elastic form factor described aboveespond to a OfreeO current propagating on AdS
space. It is dual to the electromagnetic point-like curienthe Drell-Yan-West light-front formuf&*” for

the pion form factor. The DYW formula is an exact expressionthe form factor. It is written as an infinite
sum of an overlap of LF Fock components with an arbitrary neindd constituents. This allows one to map
state-by-state to thdfective gravity theory in AdS space. However, this mappingtha shortcoming that the
multiple pole structure of the time-like form factor does appear in the time-like region unless an infinite
number of Fock states is included. Furthermore, the monritse form factor atQ? = 0 diverge term-by-
term; for example one obtains an infinite charge radiuBhis could have been expected, as we are dealing
with a massless quark approximation. In fact, infinite stopkso occur in chiral theories when coupling to a
massless pion.

Alternatively, one can use a truncated basis of states irLEh&ock expansion with a limited nhumber
of constituents and the nonperturbative pole structurebeagenerated with a dressed EM current as in the
Heisenberg picturd,e., the EM current becomes modified as it propagates in an IRmeftd AdS space to
simulate confinement. The dressed current is dual to a hadEW current which includes any number of
virtual qg components. The confined EM current also leads to finite mesa@? = 0, as illustrated in Fig. 4
for the EM pion form factor.

3Extension of the results to arbitramfollows from thex-weighted definition of the transverse impact variable ofithé spectator system
given by Eq. (19). In general the mapping relates the AdS teS{(z) to an défective LF single particle transverse densily.
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Fig. 4. Space-like electromagnetic pion form facfy(g?). Continuous line: confined current, dashed line free currer
Triangles are the data compilation from Baldffiboxes are JLAB dat&

We describe briefly below how to compute a form factor for afic@u current in AdS space using a soft
wall example. However, the actual computation of a formdaét AdS has several caveats which we will
discuss in Sec. 4.4.

The dfective potential corresponding to a dilaton profile exg3¢?) has the form of a harmonic oscillator
confining potentiak?z2. The normalizable solution for a meson of twis{the number of constituents for a
given Fock component) corresponding to the lowest radial0 and orbitalL = O state is given by

2P 2
7 — T =17 4K 22/2’ 58
@=\rp < 7e (58)
with normalization
d
(@7|07) = f ;Ze‘KZZZCDT(z)Z =P, (59)

whereP; is the probability for the twist mode (58). This agrees with the fact that the fi®dcouples to a
local hadronic interpolating operator of twistlefined at the asymptotic boundary of AdS space (See Appen
9), and thus the scaling dimension®f is 7.

In the case of a soft-wall potential the EM bulk-to-boundargpagator i¥*&°

2 Q& Q@ 2,2
V(Q,z):l“(1+m)u(m,0,/< ) (60)
whereU (a, b, ¢) is the Tricomi confluent hypergeometric function
r@u(ab, 2 = f e 2311 + t)>21dt. (61)
0

The modified currenV/(Q?, 2), Eq. (60), has the same boundary conditions (54) as thectreent (53), and
reduces to (53) in the limi®? — .14 Eq. (60) can be conveniently written in terms of the integepkesenta-
tion8°

V(QZ Z) 222 fl dx XQie—xzzzx/(l—x) (62)
=K 42 .
’ o (1-%?
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Substituting in (55) the expression for the hadronic st&@®) (vith twist r and the bulk-to-boundary
propagator (62), we find that the corresponding elastic feaotor for a twistr Fock componenf . (Q?)
(@ =-f >0
P,

(1+ /a—%)(l+ %)<1+ %)

which is expressed asra— 1 product of poles along the vector meson Regge radial traajed-or a pion, for
example, the lowest Fock state — the valence state — is a2wisite, and thus the form factor is the well known
monopole form'* Thus the mean-square charge radius of the pién= 6/Mlz, in the valence approximation.
For M, ~ 770 MeV we find(r,) ~ 0.63 fm, compared with the experimental valug) = 0.672+ 0.008 fm >0

In contrast, the computation with a free current gives tigatiahmically divergent resuft

3 442
2

=2Inl=
=30 ( @ )
The remarkable analytical form of (63), expressed in terftisep vector meson mass and its radial excitations,

incorporates the correct scaling behavior from the carestits hard scattering with the photon and the mass
gap from confinement.

Fe(Q%) = (63)

o (64)

4.3. Effective wave function from holographic mapping of a confinedrcent

It is also possible to find a precise mapping of a confined EMeturpropagating in a warped AdS space to
the light-front QCD Drell-Yan-West expression for the fofattor. In this case we we find affective LFWF,
which corresponds to a superposition of an infinite humbérook states generated by the “dressed” confined
current. For the soft-wall model this mapping can be donéytnally.

The form factor in light-front QCD can be expressed in teriaroefective single-particle density

1
2\ _
F(Q) = fo dxp(x. Q). (65)
where
p(x.Q) =21 fo “bdb QL — X)w(x. b, (66)

for a two-parton stated(= |b_|).
We can also compute afffective density on the gravity side corresponding to a twisadronic modeb,
in a modified AdS space. For the soft-wall model the expresisid

p(x Q) = (r-1) (1- X722, (67)
To compare (67) with the QCD expression (66) for twist-twowse the integral

f udu B(au)e? = 1 e/ (68)
0 28

aThe logarithmically divergent result does not appear in geltwall model if one uses Neumann boundary conditions. idhse the EM
current is confined an¢t2) ~ 1/A2 ... A discussion of the pion form factor including chiral symmyetireaking &ects in the hard-wall

Qco
model is given in Ref8! and82
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and the relation®” = e’'"™®. We find the ective two-parton LFWF

U(x,b,) = k——=— (1-% g 2t/ In() (69)
1lirln(x)

in impact space. The momentum space expression follows tinenfrourier transform of (69) and it is given
by

5
—

X
\_/

_ K& /263(1-)?
wieka) =4 G (70)
In(l)
_ K2 /22(1-%)2In(2 )
=4r K@= %) e (72)

The dfective LFWF encodes nonperturbative dynamical aspectstratot be learned from a term-by-term
holographic mapping, unless one includes an infinite nurabtsrms. Furthermore, it has the right analytica
properties to reproduce the bound state vector meson pte itime-like EM form factor. Unlike the “true”
valence LFWF, theféective LFWF, which represents a sum of an infinite number okFmenponents, is not
symmetric in the longitudinal variablesand 1- x for the active and spectator quarks, respectively.

4.4. Some caveats computing matrix elements in X@&D

The positive dilaton background exp€z?) used in Sec. 3.2 leads to a successful description of theme:
spectrum in terms of the internal quantum numbeis andS, and has been preferred for computations in th
framework of light-front holography, where the internausture of hadrons is encoded in the wave functior
The positive dilaton background has been discussed intdratiré”-5455838%ince it has the expected behav-
ior of a model dual to a confining theo?$:> This solution was studied in Ré%.but discarded in the same
paper, as it leads to a spurious massless scalar mode indk@oiwt correlation function for vector mesofts,
and a dilaton field with opposite sign, expfz?), was adopted inste&d.However, using the results of Sec.
2.3.2, one can readily show that thefdience in the fective potentiald(2) corresponding to positive and
negative dilaton factors ex@(?z%) simply amounts to @independent shift in the light-frontiective potential
U, which in fact vanishes in the vector mesda: 1 channel. From (35)

L 2)-d+1
AU(2 =Uy(9 -U_y(2 = ¢" (9 + —F ¢ (2, (72)
in agreement with the results found in Féf.
For the dilaton profile = k?Z% we find ford = 4
AU = 4@ - 1% (73)

Therefore, from the point of view of light-front physicsugland minus dilaton soft-wall solutions are equiv
alent upon a redefinition of the eigenvalues Jog 1. ForJ = 1 the dfective potential id) = «*Z, identical
for the plus and minus solutiorf8 Thus, the five-dimensionaffective AdS action for a conserved EM curren
Vw in presence of a confining potentlal= x*z24°
1 aval
S:fd“xdz\/Q(ZFMNFMN ’;R V V'V') (74)

whereFun = duVn — OnV, Only differs by a surface term from the action corresponding to plusious
dilaton profiles. Equivalently, one can start from the fiveensional action (74). Upon the field redefinition



76 G.F de Teramond

Vu — e*Z/2\, one obtains the five-dimensional actions correspondindu®s @ minus dilaton solutions,
which differ from (74) only by a surface term. Consequently, essepitigdics cannot dependent on the partic-
ular choice of the dilaton sign.

Another dificulty found in the holographic approach to QCD is that theaemeson masses obtained from
the spin-1 equation of motion do not match the poles of thesdr@ current when computing a form factor. The
discrepancy, in the case of the pion, is an overall factov®hetween the value of the gap scale which follows
from the spectrum or from the computation of the pion forntdai the valence state approximatidithis
is quite puzzling, since the same discrepancy is also folamdexample, when computing a space-like form
factor using the Drell-Yan-West expression, which is arcerapression if all Fock states are included. In AdS
conserved currents are not renormalized and corresponetdifnensional massless fields propagating in AdS
according to the relationuR)? = (A — p)(A + p — 4) for ap form. In the usual AdECD framework®2* this
corresponds fop = 1 to A = 3 or 1, the canonical dimensions of an EM current and the mssglauge field
respectively. Normally, one uses a hadronic interpolatipgrator with minimum twist to identify a hadron
and to predict the power-law fallfobehavior of its form factors and other hard scattering aigitis® e.g, for
a two-parton bound state= 2. However, in the case of a current, one needs to uséfactige field operator
with dimensionA = 3. The apparent inconsistency between twist (28) and canlatiiw@nsion is removed by
noticing that in the light-front one chooses to calculaterimatrix element of the twist-3 plus component of the
“good” currentJ*,*314in order to avoid coupling to Fock states withfdrent numbers of constitueris!’

As described in Sec. 2.4, light front holography providesexise relation of the fifth-dimensional mass
with the total and orbital angular momentum of a hadron intthasverse LF planeR)? = —(2 — J)? + L?
(38). Thus the poles computed from the AdS wave equationa éamserved currepdR = 0, correspond to a
J = L = 1 twist-3 state. Following this, we can compute the mass@faldial excitations of the twist-3 vector
family J = L = 1 using Eq. (45). The resultis

Mﬁ,J:l,L:l = 4*(n+1), (75)

which is identical with the results obtained in R&since, as explained above, the meson spectrum compute
with positive or negative dilaton solutions is indistingiuable ford = 1.

The twist-3 computation of the space-like form factor, iwes the currend*, and the poles given by (75)
do not correspond to the physical poles of the twist-2 trarscurrend, present in the annihilation channel,
namely thel = 1, L = 0 state. In this case Eq. (45) gives for the twis8t2; 1, L = 0 vector family the result

1
M sq 1o = 4P (n + é). (76)

Thus, to compare with physical data one must shift in (63)Y\hst-2 poles given by (75) to their physical po-
sitions (76). When the vector meson masses are shifted tqotinsical values the agreement of the predictions
with observed data is very go88iWe presume that the problem arises because of the specifaation used.

4.5. Meson transition form factors

The photon-to-meson transition form factéréTFFs) Fy,(Q%) measured iny* — M reactions have been
of intense experimental and theoretical interest. The piansition form factor between a photon and pion

aThis discrepancy is also present in the gap scale if one caaple spectrum and form factors without recourse to hopdgcanethods,
for example using the semi-classical approximation of e this case a discrepancy of a factor factd? is also found between the
spectrum and the computation of space-like form factors.

aThis section is based on our collaboration with Fu-Guang Eacher details are given f{:88
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measured in the"e™ — e"e 7° process, with one tagged electron, is the simplest bouatd-ptocess in QCD.
It can be predicted from first principles in the asympt@fc—  limit.8° More generally, the pion TFF at large
Q? can be calculated at leading twist as a convolution of a geative hard scattering amplitude (yy* — qq)
and a gauge-invariant meson distribution amplitude (DAjicl incorporates the nonperturbative dynamics ¢
the QCD bound-stat®.

The BaBar Collaboration has reported measurements ofahsition form factors fromy*y — M process
for the 2°,%° 5, and 7’192 pseudoscalar mesons for a momentum transfer range muar kan previous
measurement$:® Surprisingly, the BaBar data for thé-y TFF exhibit a rapid growth fo? > 15 Ge\?,
which is unexpected from QCD predictions. In contrast, tatador thep-y andn’-y TFFs are in agreement
with previous experiments and closer in agreement withréteal predictions. Many theoretical studies hav
been devoted to explaining BaBar’s experimental reSaitd!

The pion transition form factd,,(Q?) can be computed from first principles in QCD. To leading irgd
order inas(Q?) and leading twist the resultd$(Q? = —¢? > 0)

2 o A4 [T d(xXQ) [ ﬁ)
(@)= 5 [ o] 5
wherex is the longitudinal momentum fraction of the quark struckivy virtual photon in the hard scattering
process andk = 1 — x is the longitudinal momentum fraction of the spectator gudhe pion distribution
amplitudeg(x, Q) in the light-front formalisrf® is the integral of the valencgq LFWF in light-cone gauge
A*=0

1+0 (as, , (77)

< dk,
00 Q = [ Tasvmanixko) (78)

and has the asymptotic fofffy(x, Q — o) = V3f,x(1 - X); thus the leading order QCD result for the TFF a
the asymptotic limit is obtaine?,

Q%*F 1y (Q® — ) = 2f,. (79)

To describe the two-photon processes — M, using light-front holographic methods similar to those
described in Sec. 4, we need to explore the mathematicaksteuof higher-dimensional forms in the five di-
mensional action, since the amplitude (48) can only accimuthe elastic form factoF y (Q?).88 For example,
in the five-dimensional AdS action there is an additionalr@igimons (CS) term in addition to the usual Yang
Mills term F2.8 In the case of & (1) gauge theory the CS action is of the foehYNPRA 9y AydpAg. The CS
action is not gauge invariant: under a gauge transformétaranges by a total derivative which gives a surfac
term. The CS form is the product of three fields at the samet rofive-dimensional space corresponding tc
a local interaction. Indeed the five-dimensional CS actiaesponsible for the anomalous coupling of mesor
to photons and has been used to describe, for example, thery'1? decay as well as thgy* — °113114and
yp° — %15 processes:

The hadronic matrix element for the anomalous electrontagoeupling to mesons in the higher gravity
theory is given by the five-dimensional CS amplitude

f d*x f dze"MNPRA 5y AndpAg
~ (21)*6™ (P + q - k) Fry ()€ €,(Q)Py6, (K0, (80)

aThe anomalous EM couplings to mesons in the Sakai and Sugimotelisatescribed in Ref'6
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which includes the pion field as well as the external photdddiby identifying the fifth component & with
the meson mode in AdS spat¥.In the right-hand side of (8@) andk are the momenta of the virtual and on-
shell incoming photons respectively with correspondintappation vectors;,(d) ande, (k) for the amplitude
yy* — 7% The momentum of the outgoing pionfs

We now compare the QCD expression on the right-hand side®fw&h the AdS transition amplitude
on the left-hand side. As for the elastic form factor disedss Sec. 4.1, the incomingfeshell photon is
represented by the propagation of the non-normalizablgrel@agnetic solution in AdS spaca,(x“,2) =
€.(aeV(?, 2), whereV(d?, 2) is the bulk-to-boundary propagator with boundary cowditi (54)V(¢? =
0,2 = V(¢%,z = 0) = 1. Since the incoming photon with momentuais on its mass shelk? = 0, its
wave function isA, (¥, 2) = ¢ (k)e""X Likewise, the propagation of the pion in AdS space is dbscriby a
normalizable mod@p(x*, 2) = e P*d,(2) with invariant mas®,P* = M2 = 0 in the chiral limit for massless
quarks. The normalizable modg,(2) scales a®,(z) — 7 in the limit z — 0, since the leading interpolating
operator for the pion has twist two. A simple dimensionalygsia implies thatA, ~ ©,(2)/z, matching the twist
scaling dimensions: two for the pion and one for the EM fielabSituting in (80) the expression given above
for the the pion and the EM fields propagating in AdS, and etitrg the overall factor (@*5* (P’— q— k)
upon integration over Minkowski variables, we fin@(= —g?> 0)

Fol@ =5 [ F 0@V, (81

where the normalization is fixed by the asymptotic QCD prigalic(79). We have defined our units such that
the AdS radiuRk = 1.

Since the LF mapping of (81) to the asymptotic QCD predic{ié9) only depends on the asymptotic
behavior near the boundary of AdS space, the result is imdkget of the particular model used to modify
the largez IR region of AdS space. At large enou@h the important contribution to (79) only comes from
the region neae ~ 1/Q where®(?) = 2,2 + O(Z"). Using the integralf;” dx ¥'Ky(x) = 22 [I‘(%)]Z,
Re() > 1, we recover the asymptotic result (79)

Q%F (@ - ) = 2f, +0( Qz) (82)
with the pion decay constarft®®
1 0,97(2
fr= == 83)

A simple analytical expression for the pion TFF can be ole@iftom the “soft-wall” holographic model
described in Sec. 4.2. Using (58) to describe the twist-tiwa palence wave function in AdS space we find

QF (@) = f ax 2 p(—w)], (84)

4n2f2x

whereg(X) = V3f,x(1 - X) is the asymptotic QCD distribution with, the pion decay constant amig is
the probability for the valence state. Remarkably, the ¢n@phic result for the pion TFF factor given by (84)
for Pyg = 1 is identical to the results for the pion TFF obtained witl éxponential light-front wave function
model of Musatov and Radyushk#i consistent with the leading order QCD restiISince the pion field is
identified as the fifth component 84, the CS forme-MNPRA, 4y AydpAq is similar in form to an axial current;
this correspondence can explain why the resulting piomibigton amplitude has the asymptotic forfn.

an Ref113the pion TFF was studied in the framework of a CS extended wattAdS/QCD model withA, ~ 8,d(2). The expression for
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Fig.5. Theyy* — z° transition form factorF,(Q?) (left) and Q*F,(Q?) (right). The dotted curve is the asymptotic
result. The dashed and solid curves include tfiects of using a confined EM current for twist-two and twist-two plu:
twist-four respectively. The data are fréth93.94

Taking Pgg = 0.5 in (84) one obtains a result in agreement with the Adler] &sdl Jackiw anomaly result
which agrees within a few percent with the observed valuainbt! from the the decas® — yy. This suggests
that the contribution from higher Fock states vanishe® at 0 in this simple holographic confining model.
Thus (84) represents a description of the pion TFF which mpesses the low-energy nonperturbative ar
the high-energy hard domains, but includes only the asytiepdstribution amplitude of theq component
of the pion wave function at all scales. The results from (@4)P,g = 0.5 are shown in Fig. 5. Also shown
in Fig. 5 are the results for the free current approximatiwhi¢h corresponds to the asymptotic result) witt
Pgg = 0.5 and a twist-two plus twist-four mod&lwith Pgg = 0.915, andPgqg = 0.085. The calculatioré

the TFF which follows from (80) then vanishes@t = 0, and has to be corrected by the introduction of a surface &étthe IR wall13
However, this procedure is only possible for a model with aslatdf.
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agree reasonably well with the experimental data at low+raediumQ? regions Q? < 10 Ge\?), but disagree
with BaBar's largeQ? data.
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Fig. 6. Theyy* — p transition form fact0|Q2F,,y(Q2) (left). The dotted curve is the asymptotic result. The dashed and
solid curves include thefiects of using a confined EM current for twist-two plus twist-two plus twist-i@spectively.
Same for theyy* — 1’ transition form factolQ?F,,(Q?) (right). The data are fror?:93.94

The n andn’ mesons result from the mixing of the neutral stajg@andn, of the SU(3} quark model.
The TFFs for the; andr’ mesons have the same expression as the pion transition &ator,fexcept for an
overall multiplying factorcp = 1, \i@ and%ﬁ for the 7°, g andn;, respectively?® The results for they and
n’ transitions form factors are shown in Fig. 6. The calcuflsiagree very well with available experimental
data over a large range @P. The rapid growth of the larg®? data for the pion-photon transition form factor
reported by the BaBar Collaboration igfiiult to explain within the current framework of QCD. The grsis
presented here thus indicates the importance of additimealsurements of the pion-photon transition form
factor at largeQ?.
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5. Baryons in light-front holography

The study of the excitation spectrum of baryons is one of thetrohallenging aspects of particle physics. I
fact, dedicated experimental programs are in place to mderthe spectrum of nucleon excitations and it
internal structure. Important computationdicegts in lattice QCD aim to the reliable extraction of the ¢adi
nucleon eigenstates. Lattice calculations of the grouate dight hadron masses agree with experimental va
ues within 5% However, the excitation spectrum of the nucleon represefasmidable challenge to lattice
QCD due to the enormous computational complexity requisgabd the leading ground state configuratith.
Moreover, a large basis of interpolating operators is meglsince excited nucleon states are classified accol
ing to irreducible representations of the lattice, not titaltangular momentum.

As we shall discuss below, the analytical exploration of taeyon spectrum and nucleon form factors
using light-front gauggravity duality ideas, leads, in contrast, to simple forasudnd rules which describe
quite well the systematics of the established light-bamesonances and elastic and transition nucleon for
factors, which can be tested against new experimental fijisdithe gauggravity duality can give us important
insights into the strongly coupled dynamics of nucleonsgisimple analytical methods.

We can extended the holographic ideas to é)hnadrons by considering the propagation of s%;iDirac
modes in AdS spac®.The action for a Dirac field in Ad®; is

Sr = f d?x dzyg (%@eXrADM\P - 'E(DM\?)eXrALP - u\?\{!), (85)

where /g = (§)d+1 ande)! is the inverse vielbeirg)! = (Z)s). The covariant derivative of the spinor field is
Duv = 0w — lszBZAB whereXg are the generators of the Lorentz group in the spinor reptagen,Xag =

% [Ta.Tg], and the tangent space Dirac matrices obey the usual antiragation reIatior{FA, FB} =n"B. Ford
even we can choose the set of gamma matiiges (1",1, l"z) withT; = -T?=Tgl';---T'q_1. Ford = 4 we have
Ia= (y”, —iy5), wherey, andys are the usual 4-dimensional Dirac matrices with= iyoy1y2ys andyé = +1.
The spin connection in AdS sy = (%, — 15 ) /z, thus the equation of motiofie) TADy — ) ¥ = 0
leads to the Dirac equation in AdS space

[i (anNrMaN + grz) - uR|¥ =0, (86)

where thed + 1 dimensional mass is a priory an arbitrary parametér.

One can also take as starting point the construction of-figint wave equations in physical space-time fo
baryons by studying the LF transformation properties of g2 states?? The light-front wave equation de-
scribing baryons is a matrix eigenvalue equatmr ) = Mly) with H.g = D2-. In a 2x 2 spinor component
representation

a4, 2y - M
dé,w+ é, w+ - lp—7
d 2
_&’lp_ + 7 Y- = Ml,b.,. (87)

As shown below, we can identifywith the orbital angular momentuin v = L + 1.

2The spinor action (85) is often complemented by an additiomdase term in the UV boundal$ lim._o [ dxyG-¥¥ whereg, is the
metric induced in the boundary surface by the megrif AdSy.1. The additional term is required to preserve @@ + 1, 1) isometry
group of AdS,1 and to compute a two-point correlation function in the comfarboundary theory?! The equation of motion (86) is not
modified by the surface term.
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Upon the substitutiom — ¢ and
Y(x,2) = e P*2y(2u(P), (88)

in (86) we recover fod = 4 its LF expression (87), provided thaR| = v + % The baryon invariant mass is
P,P* = M? and the spinou(P) is a four-dimensional spinor which obeys the Dirac equefie- M)u(P) = 0.

Thus the eigenvalue equatiéh . = M2y, for the upper and lower components leads to the wave equatior
dz2  1-472
-~ S| -0 = M0, (89)

and

2 _ 2
(g~ -0 = M0, (90)

with solutions

Ui ~ VELEM), Yo~ JT3uEM). (91)

The solution of the spirg— Rarita-Schwinger equation for the fiel\, in AdS space is more involved, but
considerable simplification occurs in thg = 0 gauge for physical polarization along Minkowski coordesa
¥,,, where it becomes similar to the spjnsolution?23124

5.1. A hard-wall model for baryons

The hermiticity of the LF Dirac operatdd ¢ in the eigenvalue equatiol gly) = M|y) implies that the
surface termy’ (O)y_() — v (Ov+(¢) should vanish at the boundary. Thus in a truncated spacgtaghic
model, the light front modeg, ory_ should vanish at the boundafy= 0 and¢ = . This condition fixes the
boundary conditions and determine the baryon spectrumeinirtmcated hard-wall model. A similar surface
term arises when one computes the equation of motion froradtien (85). In fact, integrating by parts (85)
and using the equation of motion we find

. dix - — 2

S = -lim f ﬁ(w{!_ -V,) . (92)
whereY¥, = % (1 +vys) ¥, andR has unitsR = 1. The baryon mass spectrum thus follows from the LF “bag
boundary conditionsg .. (o) = 0 or the AdS boundary conditionB. (z) = 0 at the IR valuezy = 1/Aqcp,
where the LF invariant impact variabfe(19) is identified with the AdS holographic coordinaie — ¢. We
find

M* = Byx Agcps M™ =B,11x Agcps (93)

with a scale-independent mass ratio determined by the pé®assel functiong, .

In the usual AABCFT correspondence the baryon is @t)(Nc) singlet bound state dfic quarks in the
large Nc limit. Since there are no quarks in this theory, quarks am@déuced as external sources at the AdS
asymptotic boundar}?>'?6 The baryon is constructed as Bia baryon vertex located in the interior of AdS.
In this top-down string approach baryons are usually desdras solitons or Skyrmion-like objedf:*28In
contrast, the bottom-up light-front holographic approdebcribed here is based on the precise mapping of AdS
expressions to light-front QCD. Consequently, we constoacyons corresponding fdc = 3 notNg — oo.

The corresponding interpolating operator forh = 3 physical baryo®s,. = ¢Dy, ... D YDy, ... Deytb,
L =M, &, is a twist-3, dimension 2 + L with scaling behavior given by its twist-dimensior3.. We thus
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requirev = L + 1 to match the short distance scaling behavior. One carpitir as the maximal value ¢E?|
in a given LF Fock state.
In the case of massless quarks, the nucleon eigensn;ate% (L +ys)u)

W) = v (Qus +y_(Qu
= CVZ (MU + 3y a (M), (94)

has componentg, andy_ with different orbital angular momentury; = 0 andL? = +1, combined with spin
component$? = +1/2 andS? = —1/2 respectively, but with equal probability

f dely () = f dzly_()2, (95)

a manifestation of the chiral invariance of the theory forselass quarks. Thus in light-front holography, th
spin of the proton is carried by the quark orbital angular rantam:J* = (L*) = +1/2 since(}. S§) = 0,12°
and not by its gluons.

An important feature of bound-state relativistic theorigeshat hadron eigenstates have in general Foc
components with dierentL components. In the holographic example discussed abawgyrtdton hass and
P components with equal probability. In the case of QED, tteeigd state $ state of the Dirac-Coulomb
equation has both = 0 andL = 1 components. By convention, in both light-front QCD and QBbe labels
the eigenstate with its minimum value bf For example, the symbadal in the light-front AdSQCD spectral
prediction for mesons (46) refers to thenimum L(which also corresponds to the leading twist) &id the
total internal spin of the hadron.

We list in Table 2 the confirmed (3-star and 4-star) baryotestaom the updated Particle Data Gradp.
To determine the internal spin, internal orbital angulammeatum and radial quantum number assignment «
the N and A excitation spectrum from the total angular momentum-p@®IDG assignment, it is convenient
to use the convention& U(6) > S U(3)tiavor X S U(2)spin Multiplet structure, but other model choices are als
possiblet3! 2

We show in Fig. 7 the model predictions for the orbital exaita spectrum of baryons which follows from
the boundary conditions. (¢ = 1/Aqcp) = 0 in a truncated-space model in the infrared regfohThe figure
shows the predicted orbital spectrum of the nucleon Amdbital resonances far = 0. The only parameter
is the value ofAgcp which we take as 0.25 GeV. Orbital excitations are approteigaaligned along two
trajectories corresponding to even and odd parity statiéls exception of the&%‘(lGZO) andA%‘(l?OO) states
which are in the same trajectory. The spectrum shows a cingtef states with the same orbitia) consistent
with a strongly suppressed spin-orbit force. This remakabediction for the baryons is not a peculiarity of
the hard-wall model, but is an important property of ligtasft holographic models.

In the quark-diquark model of i@ and WilczeK-:*? nucleon states witl$ = 1/2 in Fig. 7 (a) correspond
to “good” diquarks,S = 3/2 nucleons and all th& states in Fig. 7 (b) to “bad” diquarks, with exception of the
A(1930) which does not follow the simplejgjuark-diquark pattern. As for the case for mesons discussec

aror the truncated-space model, (95) follows from the idyarﬁtxdx[\](%(w) - J§+1(>g8)] = J,(B)Je+1(B)/B, independently of the com-
ponent wavefunction chosen to fix the boundary conditiords-at.

aA recent exploration of the properties of baryon resonaxdegived from a multichannel partial wave analystseport additional reso-
nances not included in the Review of Particle Propeffes.

aIn particular theﬁg_(1930) state (not shown in Table 2) has been given theS\(6) assignmen$ = 3/2,L = 1,n = 1 in Ref.131 This
assignment will be further discussed in the section below.

aThe results shown here in Fig. 7 give better results for thetanass baryons as compared with Refthere naive conformal dimensions
were used instead.
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L S n Baryon State
o i o N1i"(940)
0 1 1 N3 (1440)
o i 2 Ni*(1710)
0 % o0 A%:(1232)
o 3 1 i A3 (1600)
1 10 N17(1535) N27(1520)
1 2 0 N17(1650) N27(1700) N3 (1675)
1 10 A%;(1620) A{(l?OO)
2 % 0 N3"(1720) ng+ (1680)
2 11 ) . N3 +(1900) .
2 2 0 A}7(1910) A27(1920) A37(1905) AL"(1950)
3 10 N2~ NZ~
2 2 2
3 2 0 N3~ N2~ NI7(2190) NI (2250)
3 10 AT AL
% 7t 2 9+2
4 10 . N§+ N§+ (2220) .
3 5 7 9 11
5 1 0 N2 N
2 2 2
5 2 0 NZ~ N3~ Ni(2600) N~

Sec. 3.1, the hard-wall model predig¥$ ~ 2n + L, in contrast to the usual Regge behavwM? ~ n + L found

in experimene! The radial modes are also not well described in the trunespade model. For example, the
first AdS radial state has a mass 1.85 GeV, which is thifiedit to identify with the RopeN(1440) resonance.
This problem is not present in the soft wall model for barydizsussed below.

5.2. A soft-wall model for baryons

For fermion fields in AdS one cannot break conformality whb tntroduction of a dilaton in the action since
it can be rotated away leaving the action conformally irasatri® As a result, one must introduce afiestive
confining potentiaM(2) in the action of a Dirac field propagating in Agls space to break the conformal
invariance of the theory and generate a baryon spectrum

Sp = f dx dzyg (lz‘fe,"('l"ADM‘I’ - IE(DM‘f)eX'FA‘I’ - V(z)\PlP). (96)
The variation of the action (96) leads to the Dirac equatioAdS
[i (anNrMaN + grz) Y RV(Z)] ¥ =0. (97)

As in the case for the hard wall model described in the previgection, the corresponding light-front
wave equation in physical space-time follows from identifythe transverse LF coordinatewith the AdS

aThis remarkable property was first pointed out in Réf.and later derived independently in Réf.
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Fig. 7. Light baryon orbital spectrum(= 0) for Agcp = 0.25 GeV. Predictions for the nucleons (left) and for the
trajectories (right).

holographic variable, z — ¢, and the substitution (88) in (97). For-d4 we find the matrix eigenvalue
equation in the % 2 spinor component representation

— Y + %w + U(Z)w = M;l/
r + » + C)W+ = -
:. - " -+U - = +5 98

whereU(¢) = ?V(g“) is the dfective confining potential in the light-front Dirac equatio
Instead of choosing a dilaton profile to reproduce lineargRepehavior, as described in Sec. 3.2 for th
case of mesons, we choose the confining interadtion (96) to reproduce linear Regge trajectories for th
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baryon mass spectru?. This “soft-wall” model for baryons in a higher dimensio#sdS space, has also
a LF analogue; it corresponds to a Dirac equation in physipate-time in presence of affeztive linear
confining potentiall defined at equal LF time. For the potential= «?¢ equation (98) is equivalent to the
system of second order equations

@ 1-a
d§2 4(2

+ﬂf+2@+1yﬂwxo=Aﬂwaa, (99)

and

& 1-4(p+12 L, 2 5
(g~ T T i 2 = M) (100)
As a consequence, when one squares the Dirac Equatiobjhone generates a Klein-Gordon equation with
the potentiak*z2. This is consistent with the same confining potential whishears in the meson equations.

The LF equatiorH ¢, = M2y, has thus the two-component solution

Yi(Q) ~ OVERERLIER), g () ~ e RN AE), (102)
with equal probability for the properly normalized compotge The eigenvalues are
M2 = 43N+ v+ 1), (102)

identical for both plus and minus eigenfunctions. Note,thatexpected, the potentig? in the second order
equation matches the soft-wall potential for mesons dsedisn Sec. 3.2. However, in contrast to the case
for mesons, the dilaton modification of the action givesditjuidance for finding anféective potential for
baryons, since the dilaton can be scaled away by a field réimiinConsequently the overall energy scale
is left unspecified for the baryor&? The remarkable regularities observed in the nucleon spacénd the
analytical properties of the AdiS= equations allows us, nonetheless, to built precise ndedescribe the
observed baryon spectrum and make predictions for, as gideovered, new baryon excited states.

Before computing the baryon spectrum we must fix the overalbsrscale and the parameterSince
our starting point for finding the bound state equation ofiorofor baryons is the light-front method, we shall
require the mass scale to be identical for mesons and bawttifesmaintaining chiral symmetry for the pitit
in the LF Hamiltonian equations. In practice, these coissaequire a subtraction ef4«? from (102).2

As is the case for the truncated-space model, the valuei®fdetermined by the short distance scaling
behavior,y = L + 1. Higher-spin fermionic modeg,,,..,,, , ,, J > 1/2, with all of its polarization indices along
the 3+ 1 coordinates follow by shifting dimensions for the fieldsshswn for the case of mesons in Ref.
Therefore, as in the meson sector, the increase in the m&sor baryonic states for increased radial and
orbital quantum numbers isn = 4«?, AL = 4«?> andAS = 2«2, relative to the lowest ground state, the proton;
i.e., the slope of the spectroscopic trajectoriesiiand L are identical. Thus for the positive-parity nucleon
sector

S 3
Aﬁgz%ﬁm¢+§+ﬂ, (103)

where the internal spi =  or 3.

8This subtraction to the mass scale may be understood as tHacdisgent required to describe nucleons wikh = 3 as a composite
system with leading twist 3 L; i.e., a quark-diquark bound state with a twist-2 compositpiark rather than an elementary twist-1
diquark.

aThe detailed study of higher fermionic spin wave equationsmatified AdS spaces is based on our collaboration with Hans@8ue
Dosch?? See also the discussion in REf.
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Fig. 8. Orbital and radial baryon excitations for the positive-parity Regge ti@jies for theN (left) andA (right) families
for k = 0.49- 0.51 GeV.

The resulting predictions for the spectroscopy of posifiaeity light baryons are shown in Fig. 8. Only
confirmed PD@C states are shown. The Roper sthlid440) and theéN(1710) are well accounted for in this
model as the first and second radial states of the protonwliske theA(1660) corresponds to the first radial
state of the\(1232) as shown in in Fig. 8. The model is successful in erpigithe parity degeneracy observec
in the light baryon spectrum, such as the 2, N(1680)- N(1720) degenerate pair and the= 2, A(1905)
A(1910) A(1920) A(1950) states which are degenerate within error bars. They/megeneracy of baryons
shown in Fig. 8 is also a property of the hard-wall model désctin the previous section, but in that case th
radial states are not well describ&d.

In order to have a comprehensive description of the baryattsgm, we need to extend (103) to the
negative-parity baryon sector. In the case of the hard-watiel, this was realized by choosing the boundar
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conditions for the plus or minus components of the AdS wametion¥*. In practice, this amounts to allowing
the negative-parity spin baryons to have a larger spattehéxa point also raised #¥° In the soft-wall model
there are no boundary conditions to set in the infrared siheewave function vanishes exponentially for
large values o We note, however, that setting boundary conditions on theevfunctions, as done in Sec.
5.1, is equivalent to choosing the branck: xR - 3 for the negative-parity spig-baryons and’ = uR + 3

for the positive parity spirg— baryons. This gives a factow%between the lower-lying and the higher-lying
nucleon trajectories as illustrated in Fig. 9, where we camapghe lower nucleon trajectory corresponding to
theJ=L+S spin—% positive-parity nucleon family with the upper nucleon é@pry corresponding to the
J=L+S-1 spin—g negative-parity nucleons. As is clearly shown in the figthie,gap is precisely the factor
462,

0

2-2012
8820A1

Fig. 9.  Spectrum gap between the negative-parity sj’pinucleons and the spié-positive-parity nucleon families for
k =0.49 GeV.

If we apply the same spin-change rule previously discuseedhi positive-parity nucleons, we would
expect that the trajectory for the family of spg‘negative-parity nucleons is lower by the factaf 2ompared
to the sping minus-parity nucleons according to the spin-change rueipusly discussed. Thus the formula
for the negative-parity baryons

S 5
ML = 4 (n tL+ o+ Z)’ (104)
whereS = % or % Itis important to recall that our formulas for the baryoresfpum are the result of an analytic
inference, rather than formally derived.

The full baryon orbital excitation spectrum listed in TaBléor n = 0 is shown in Fig. 10. We note that

MEEL = M) | and consequently the positive and negative-pafitstates lie in the same trajectory,
\Lo=3 Lo=3

consistent with the experimental results. Only the confitrR®GP states listed in Table 2 are shown. Our
results for theA states agree with those of R&8f:Chiral partners” as th&l(1535) and thé(940) with diferent
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Fig. 10. Baryon orbital trajectories for thd (left) andA families (right) forn = 0 andx = 0.49-0.51 GeV. The lower and
upper nucleon trajectories (left) correspond respectively to the th%smiositive-parity, and to the spié,— negative-parity,
families. The middle dotted trajectory (left) corresponds to s})imegative-parity nucleons. Plus and minus-parity state
for the A states (right) are in the same Regge trajectory.

orbital angular momentum are non-degenerate from the ddsetg (103) and (104) we find the relation

Mn(1535) _ § (105)
Mn(940) 2
which is consistent with experiment to a good accuracy. Gareir fact also build the entire negative-parity
excitation spectrum starting from the proton partner,the1/2 negative-parity nucleon sta(1535), using
the same rules.g, an increase in mass(? of 4«2 for a unit change in the radial quantum numbe? #r a
change in one unit in the orbital quantum number atfdf@ a change of one unit of spin relative to the lowes
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negative-parity state, tHg(1535).

With the exception of the\(1930) state (which is not included in Table 2), all the conéd baryon ex-
citations are well described by formulas (103) and and (104¥e follow the nonS U(6) quantum number
assignment for the(1930) given in Ref'3! namelyS = 3/2,L = 1,n = 1 we find from (104) the value
Maaazo) = 4k = 2 GeV, consistent with the experimental result 1.96 GeExpected results from new exper-
iments are important to find out if new baryonic excitatiookofv the simple pattern described by Eqgs. (103)
and (104).

An important feature of light-front holography is that itgglicts a similar multiplicity of states for mesons
and baryons, consistent with what is observed experimgrialhis remarkable property could have a simple
explanation in the cluster decomposition of the holograpfairiable, which labels a system of partons as an
active quark plus a system of- 1 spectators. From this perspective, a baryon with 3 looks in light-front
holography as a quark-scalar-diquark system. It is alsrésting to notice that in the hard wall model the
proton mass is entirely due to the kinetic energy of the lggkarks, whereas in the soft-wall model described
here, half of the invariant mass squarkt! of the proton is due to the kinetic energy of the partons atidsha
due to the confinement potential.

6. Nucleon form factors

Proton and neutron electromagnetic form factors are amunmbst basic observables of the nucleon, and thus
central for our understanding the nucleon'’s structure aimauwhics. In general two form factors are required to
describe the elastic scattering of electrons by S}Jhucleons, the Dirac and Pauli form factog,andF;

g

TP uP). (106)

(P'13*(0)IP) = u(P’) [¥*Fa(cP) +

whereq = P’ — P. In the light-front formalism one can identify the Dirac aReuli form factors from the LF
spin-conserving and spin-flip current matrix elements efxhcurrent!36

On the higher dimensional gravity side the spin-non-flip ktagbe for the EM transition corresponds to the
non-local coupling of an external EM fielM(x, z) propagating in AdS with a fermionic modé-(x, 2), given
by the left-hand side of the equation below

f d*x dz g ¥p (X 2) &) Ta AV (X, 2¥p(X, 2)
~ (21)*%* (P'= P - q) ,u(P")y*Fa(q?)u(P), (107)

whereefy = () 5y, is the vielbein with curved space indicesN = 1,---5 and tangentindice& B = 1,--- , 5.
The expression on the right-hand side represents the DiafoEn factor in physical space-time. It is the EM
matrix element (106) of the local quark curre¥it= e,qy*q with local coupling to the constituents. In this case
one can also show that a precise mapping oflthelements can be carried out at fixed LF time, providing an
exact correspondence between the holographic varrzdmel the LF impact variablg in ordinary space-time
with the resufi*

6.(@) = 0. [ V@90, (108)

for the component¥, and¥_ with angular momenturh? = 0 andL” = +1 respectively. Theféective charges
g. andg. are determined from the spin-flavor structure of the theory.
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A precise mapping for the Pauli form factor using light-frwlographic methods has not been carried ou
To study the spin-flip nucleon form factét, using holographic methods, Abidin and Carls8rpropose to
introduce a non-minimal electromagnetic coupling with ‘Hreomalous’ gauge invariant term

f d*x dz g W e, €2 [Ta. Tg] FMNw, (109)

in the five-dimensional action, since the structure of (1&f) only account foF;. Although this is a practical
avenue, the overall strength of the new term has to be fixetidgtatic quantities and thus some predictivity
is lost.

Light-front holographic QCD methods have also been usedbtaim generalized parton distributions
(GPDs) of the nucleon in the zero skewness limit in Réfsand®® for the soft and hard-wall models re-
spectively. GPDs are nonperturbative, and thus hologcaplkethods are well suited to explore their analytice
structure? In the sections below we discuss elastic, transition andflagparated nucleon form factors using
light-front holographic idea$.?

6.1. Computing nucleon elastic form factors in light-front holgraphic QCD

In order to compute the individual features of the proton aadtron form factors one needs to incorporat
the spin-flavor structure of the nucleons, properties whighabsent in models of the gaymravity correspon-
dence. The spin-isospin symmetry can be readily includestis¥QCD by weighting the dferent Fock-state
components by the charges and spin-projections of the quaargtituents; e.g., as given by tBdJ(6) spin-
flavor symmetry. We label biXy; andNg, the probability to find the constitueqtin a nucleon with spin up or
down respectively. For th® U(6) wave function we have

5 1 1 2
NUT - 57 NUL - é’ NdT - éa Ndl - §’ (110)
for the proton and
1 2 5 1
NUT - 57 NUL - é’ NdT - éa Ndl - §’ (111)

for the neutron. The féective chargeg, andg_ in (108) are computed by the sum of the charges of tt
struck quark composed by the corresponding probabilitgHel? = 0 andL? = +1 component¥’, and¥_
respectively. We fingj; = 1,9, = 0,9} = —% andg” = % The nucleon Dirac form factors in tt#&U(6) limit
are thus given by

FQ-R [ SV v, (12)
FI(Q%) = —%R“ f d;? V(Q%29) [¥2(2) - ¥2(2)]. (113)

whereF?(0) = 1 andF}(0) = 0.
In the soft-wall model the plus and minus components of thsti&nucleon wave function are

\/QKZ

3
¥, (2) = Fz7/2e-K222/2, Y (2) = %zg/ze-“zzfz, (114)

aSee also the discussion in RéP.

bA study of the EM nucleon ta transition form factors has been carried out in the framewebtke Sakai and Sugimoto model in Ré
bLF holographic methods can also be used to study the flavoratémaof the elastic nucleon form factors which have beeerdgined
recently up toQ? = 3.4 Ge\2.142 This will be described elsewhere. See also Héf.
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Fig. 11.  Predictions foilQ*FP(Q?) (left) andQ*F1(Q?) (right) in the soft wall model. Data compilation from Diekit*

andV(Q?, 2) is given by (60). The results chrf’” follow from the analytic form (63) for any twist. We find

FI(Q%) = F(Q), (115)
and
1
FI(Q) = -5 (FU@) - F(@)). (116)
where we have, for convenience, defined the twist-2 and-8vistm factors
1
F.(Q%) = ; —, (117)
(1+ %)+ 5%)
and
F(Q) = L (118)
- B 2 @ 2\
(1 S e )
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As discussed in Sec. 4.2, the multiple pole structure in)&hd (118) is derived from the dressed EM currer
propagating in AdS space.
The results me“Ff(QZ) and Q4F’1‘(Q2) are shown in Fig. 11. To compare with physical data we hay

shifted the poles in expression (63) to their physical valaoeated aM? = 4«?(n+1/2) following the discussion
in Sec. 4.4. The value = 0.545 GeV is determined from themass.

0
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Fig. 12.  Predictions fof=5(Q?) (left) andFJ(Q?) (right) in the soft wall model. Data compilation from DieHt!

The expression for the elastic nucleon form fad-’r@f‘ follows from (106) and (109).

dz
F@) ~ [ Fr.eV@E Y6 (119)
Using the twist-3 and twist-4 AdS soft-wall wavefunctiols and¥_ (114) we find

FS’”(QZ) = Xpn F_(Q), (120)
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where the amplitude (119) has been normalized to the statiotiiesy, and y, and F_(Q?) is given by
(118). The experimental valugg, = 1.793 andy, = —-1.913 are consistent with th® U(6) predictiort*®
pp/un = —3/2. Infact (p/un)exp = —1.46 Whereup = 1+ yp andun = xn. The results foF(Q?) andF)(Q?)
for k = 0.545 GeV are shown in Fig. 12.

We compute the charge and magnetic root-mean-square (@aislsrfrom the usual electric and magnetic
nucleon form factors

Ge(q?) = Fu(q) + 45 2 M2 Fz(qz) (121)
and
Gm(a’) = Fa(0P) + Fa(q). (122)
Using the definition
2 e —
(rey = FO) dO (123)

we find the values\/(re), = 0.802 fm, \/(rZ,)p = 0.758 fm,(r2), = —0.10 fn? and |/(r3), = 0.768 fm,
compared with the experimental valueﬂr@p = (0.877+ 0.007) fm, ,/(rfpp = (0.777+ 0.016) fm,<r§>n =

(-0.1161+ 0.0022) fnf and \J(r2pn = (0.862+ 0.009) fm from electron-proton scattering experimelits.

The muonic hydrogen measurement gikg§e), = 0.84184(67) fm from Lamb-shift measuremets?

Chiral dfective theory predicts that the slopes are singular for geno mass. For example, the slope of the
Pauli form factor of the proton @ = 0 computed by Beg and Zepeda diverges/as, 24 This comes from the
simple triangle diagram* — 7*7~ — pp. One can also argue from dispersion theory that the singalzaior
of the form factors as a function of the pion mass comes framulo-pion cut. Lattice theory computations of
nucleon form factors require in fact the strong dependetsmall pion mass to extrapolate the predictions to
the physical pion mas$8 The two-pion calculatiol’ is a Born computation which probably does not exhibit
vector dominance. To make a reliable computation in thedrdibasis of intermediate states one evidently
has to include an infinite number of states. On the other henichl divergences do not appear in A@Q&D
when we use the dressed current since, as shown is Sec.ell|tyraphic analysis with a dressed EM current
in AdS generates instead a nonperturbative multi-vect@momeole structur.

6.2. Computing nucleon transition form factors in light-front lelographic QCD

As an illustrative example we consider in this section thenfdactor for they*p — N(1440)P;; transition
measured recently at JLab. We shall weight théedént Fock-state components by the charges and spin
projections of the quark constituents using B&(6) spin-flavor symmetry as in the previous section. The
expression for the spin non-flip proton form factors for trEmsitionn, L — n’L is®!

FP (@) =R f WL V(@ 2P (2), (124)

aThe neutron charge radius is deﬂned(b&)n = GdeEgg ) =0
bOther soft and hard-wall model predictions of the nucleon masus are given in Refs7-139

CIn the limit of a free propagating current in AdS, we obtainddthmic divergent resultstrp>p1 = 3In( )

9 42
In ( Q? )|Q2—>0.

@m0 and (r2), =



Hadronic form factor models and spectroscopy within theggfgravity correspondence 95

where we have factored out the plane wave dependence of Bdiélds
P 2n!

N R e

A= \arir

The orthonormality of the Laguerre polynomials in (125) lreg that the nucleon form factor &2 = 0 is
one ifn = n” and zero otherwise. Using the integral representationeobthk-to-boundary propagat®i(Q?, 2)
given by (62) we find the twist-3 spin non-flip transition fofactor

F/2+L Lh*l(Kzzz) e P12, (125)
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Fig. 13.  Proton transition form factdF} \.(Q?) to the first radial excited state. Data from JLAE.

The result (126), compared with available data in Fig. 13tespond to the valence approximation. The
transition form factor (126) is expressed in terms of the srafsthep vector meson and its first two radial
excited states, with no additional parameters. The reBuldg. 13 are in good agreement with experimente
data. The transition to thid(1440)P;; state corresponds to the first radial excitation of the topegrk ground
state of the nucleon. In fact, the Roper resonad¢B440)P,; and theN(1710)P;, are well accounted in the
light-front holographic framework as the first and secortiatstates of the nucleon family as shown in Sec. 5.
(See Fig. 8). It is certainly worth to extend the simple cotafians described here and perform a systemat
study of the diferent transition form factors measured at JLab. This stuitlyhelp to discriminate among
models and compare with the new results expected from thie IRaGeV Upgrade Project, in particular at
photon virtualitiesQ? > 5 Ge\?, which correspond to the experimental coverage of the Cl2A%ttector at
JLab?!®0

7. Higher Fock components in light-front holographic QCD

The light-front Hamiltonian eigenvalue equation (7) is atrixain Fock space which represents an infinite
number of coupled integral equations for the Fock compangnt (njy). The resulting potential in quantum
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field theory can be considered as an instantaneous fout-gdactive interaction in LF time, similar to the
instantaneous gluon exchange in the light-cone gaAige 0, which leads tayg — qg, qq — qg9, 9 — qqq
andqg — qqq as in QCD(%1). Higher Fock states can have any number of exirpairs, but surprisingly no
dynamical gluons. Thus in holographic QCD, gluons are ahisetihe confinement potentidlThis unusual
property of Ad$QCD may explain the dominance of quark interchaf$jever quark annihilation or gluon
exchange contributions in large angle elastic scattéfih§.

In order to illustrate the relevance of higher Fock statektha absence of dynamical gluons at the hadronic
scale, we will discuss a simple semi-phenomenological mofithe elastic form factor of the pion where
we include the first two components in a Fock expansion of ibe pave functionz) = ¥qgl0Q) -2 +
Yoaegl 9000y =4 + - -+ , Where theJPC = 0~* twist-two and twist-4 statefid) and |qqoq) are created by the
interpolating operatorgy¥ysq andqy*ysqqq respectively.

Since the charge form factor is a diagonal operator, the éixatession for the form factor corresponding
to the truncation up to twist four is the sum of two terms, a ppwie and a three-pole term. In the strongly
coupled semiclassical gaygeavity limit hadrons have zero widths and are stable. Onencaetheless modify
the formula (63) by introducing a finite widtli? — ¢ + V2iMI". We choose the valueg, = 140 MeV,

Iy = 360 MeV andl’,» = 120 MeV. The results for the pion form factor with twist twodafour Fock states
are shown in Fig. 14. The results correspon®igg = 13 %, the admixture of thiggog) state. The value of
Pugeg (and the widths) are input in the model. The value @& determined from thp mass and the masses of
the radial excitations follow from setting the poles at tipiysical locationspM? — 4«*(n+1/2), as discussed
in Sec. 4.4. The time-like structure of the pion form factimpthys a rich pole structure with constructive and
destructive interfering phases; this is incompatible whih admixture of the twist-three stdtgg) containing

a dynamical gluon since the interference in this case is sifgom sign.

8. Conclusions

As we have shown, the exact light-front Hamiltonidpe |y = M?|y) for QCD can be systematically reduced
to a relativistic frame-independent semiclassical waweatiqn'?
2 2

(- - S + V(@) o0 = o0 a27)
for the valence Fock state of mesons. The unmodified AdS mmsatorrespond to the kinetic energy terms
of the massless constituent quarks with relative orbitgiuéar momentunmli = L% The dfective potential
U(¢) corresponds to the color-confining potential and follovesyf the truncation of AdS space, in a modified
effective AdS action, and light-front holography. The var&dis the invariant separation of the constituents.
This frame-independent light-front wave equation is corapke in simplicity to Schrédinger theory in atomic
physics which is formulated at equal instant time. We hase derived an analogous light-front Dirac equation
for holographic QCD which describes light-quark baryonthinite colorN¢ = 3.

Remarkably, these light-front equations are equivaletihéoequations of motion in a higher dimensional
warped space asymptotic to AdS space. The mapping of thétygtaeory to the boundary quantum field
theory, quantized at fixed light-front time, thus gives acige relation between holographic wave functions and
the light-front wave functions which describe the interstilicture of the hadrons and their electromagnetic

aThis result is consistent with the flux-tube interpretatidrQCD'>! where soft gluons interact so strongly that they are subkchatto
a color confinement potential for quarks. The absence of itoest glue in hadronic physics has been invoked also inRéfvhere the
role of the confining potential is attributed to an instanitwfuced interaction.

bIn Ref155 we discuss a number of experimental results in hadron physiaswsupport this picture.
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Fig. 14. Structure of the space-like (left) and time-like (right) pion form factor intiffont holography for a truncation of
the pion wave function up to twist four. Triangles are the data compilation Baldiniet al,’® squares are JLAB datd.

couplings. This mapping provides the basis for a profountheation between physical QCD quantized in th
light-front and the physics of hadronic modes in a higheratisional AdS space. However, the derivation o
the dfective color-confining potentidl (¢) directly from QCD, remains an open question.

Despite some limitations of AJ®CD 8 the light-front holographic approach to the gafggavity duality,
Light-Front Holography has already provided significant physical insight intogtrengly-coupled nature and
internal structure of hadrons; in fact, it is one of the fewlsoavailable. As we have seen, the resulting mod
provides a simple and successful framework for describomperturbative hadron dynamics: the systematic
of the excitation spectrum of hadrons: the mass eigenspaciobserved multiplicities and degeneracies.
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also provides powerful new analytical tools for computiraglfonic transition amplitudes, incorporating the
scaling behavior and the transition from the hard-scaitepierturbative domain, where quark and gluons are
the relevant degrees of freedom, to the long range confiradgadmic region.

The dressed current in AdS includes the nonperturbative pwlcture. Consequenly, the approach in-
corporates both the long-range confining hadronic domaitlae constituent conformal short-distance quark
particle limit in a single framework. The results displayimgle analytical structure which allows us to explore
dynamical properties in Minkowski space-time; in many sasgse studies are not amenable to Euclidean
lattice gauge theory computations. In particular, thetexicin dynamics of nucleon resonances encoded in the
nucleon transition form factors can provide fundamentsight into the strong-coupling dynamics of QCD.
New theoretical tools are thus of primary interest for therpretation of the results expected at the new mass
scale and kinematic regions accessible to the JLab 12 GeVvadpdProject.

The semiclassical approximation to light-front QCD ddsed in this article is expected to break down at
short distances where gluons become dynamical degreesesfdm and hard gluon exchange and gquantum
corrections become important. One can systematicallyargthe semiclassical approximation, for example,
by introducing nonzero quark masses and short-range Cdulidin gluonic corrections, thus extending the
predictions of the model to the dynamics and spectra of haadyheavy-light quark systems. The model
can also be improved by applying Lippmann-Schwinger methtodsystematically improve the light-front
Hamiltonian of the semiclassical holographic approxim@tiOne can also use the holographic LFWFs as basis
functions for diagonalizing the full light-front QCD Hartohian>” as well as the input boundary functions to
study the evolution of structure functions and distribntiomplitudes at a low energy scale.
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Appendix A.
9. AdS boundary conditions and interpolating operators

The formal statement of the duality between a gravity theor{d+1)-dimensional Anti-de Sittehd Sy, 1 space
and the strong coupling limit of a conformal field theory (QF6h thed-dimensional asymptotic boundary of
AdSy.1 atz = 0 is expressed in terms of tlde+ 1 partition function for a fieldd(x, z) propagating in the bulk

Zyra @] = €5191 = f D[@]eS, A1)

whereSq¢¢ is the dfective action of théddSy,; theory, and thel-dimensional generating functional of corre-
lation functions of the conformal field theory in presencawfexternal sourc®qy(x)

Zerr[®@g] = eWerrl®ol = <exp(i f ddxq>0(x)0(x))>. (A.2)

The functionaM/cgt is the generator of connected Green'’s functions of the baynitheory and) is a QCD
local interpolating operator.

According to the AdBCFT correspondence, to every operator in the conformal freddry there corre-
sponds an AdS field. We use the isometries of AdS space to reae#ing dimensions of the local interpolat-
ing operators defined at the AdS boundary into the modes getipg inside AdS space. The precise relatio
of the gravity theory on AdS space to the conformal field tieatiits boundary i5

Zga[D(% 2)],_o = Po(¥)] = Zcrr [@0], (A-3)

where the partition function (A.1) oAdSy, is integrated over all possible configuratiahsn the bulk which
approach its boundary valuiy. If we neglect the contributions from quantum fluctuatiomstte gravity par-
tition function, then the generatVcr1 of connected Green'’s functions of the four-dimensionabgsatheory
(A.2) is precisely equal to the classical (on-shell) gnasittion (A.1)

WerT [¢o] = Sert[P(X, Z)|Z:0 = Oo(X)]on-spelr (A.4)

evaluated in terms of the classical solution to the bulk &#gnaf motion. This defines the semiclassical ap
proximation to the conformal field theory. In the bottom-u@pomenological approach, thiestive action in
the bulk is usually modified for large values ofo incorporate confinement and is truncated at the quadra
level.

In the limit z— 0O, the independent solutions behave as

D(x,2) = 7 O, (X) + 27 O_(X), (A.5)

wherer is the scaling dimension. The non-normalizable solutlonhas the leading boundary behavior anc
is the boundary value of the bulk fiettl which couples to a QCD gauge invariant operaioin thez — 0
asymptotic boundary, thub_ = ®,. The normalizable solutio®, is the response function and correspond
to the physical state’$8 The interpolating operator@ of the boundary conformal theory are constructed fror
local gauge-invariant products of quark and gluon fieldsthed covariant derivatives, taken at the same poit
in four-dimensional space-time in thé — 0 limit. According to (A.2) the scaling dimensions@fare matched
to the conformal scaling behavior of the AdS fields in thetimi 0 and are thus encoded into the propagatio
of the modes inside AdS space.

Integrating by parts, and using the equation of motion ferfield in AdS, the bulk contribution to the
action vanishes, and one is left with a non-vanishing serfaom in the ultraviolet boundary

S=R"! lim f ddx% 0,0, (A.6)
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which can be identified with the boundary QFT functioWget. Substituting the leading dependence (A.5) of
® nearz = 0 in the ultraviolet surface action (A.6) and using the fimzal relation

OWCFT _ 0Serr

= A.7
0Dg ON (A7)

one finds thatb, (X) is related to the expectation values®fn the presence of the sourdg®>®
(0IO0(X)0)g, ~ D (X). (A.8)

The exact relation depends on the normalization of the fieldsen'>® The field®, thus acts as a classical
field, and it is the boundary limit of the normalizable strs@ution which propagates in the bulk.
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The most simple reaction that can be studied theoreticallyeapdrimentally is the process involving electrons and prato
In spite of its elementarity, electron-proton elastic sratg and the crossed channels as nucleon-antinucleon weated
by) an electron positron pair are actively studied sinceades. Assuming that the colliding particles interact by exge of
one virtual photon, the transferred momentum squared (the afidks virtual photon) probes the dynamical structure of the
nucleon at the corresponding internal scale.

The diferential cross section and the polarization observabléiseise reactions are expressed in terms of form factors,
which contain unigue information on the nucleon structucent factors parametrize the internal structure of a composite
particle and describe its dynamical properties. The knogéeaf form factors constitutes a stringent test for any modetia
after the static properties of a particle, like masses or magmeoments, should be able to reproduce charge and magnetic
distributions.

The experimental achievements: high energy acceleratgs,itiensity beams, high resolution spectrometers, polhrize
targets, hadron polarimeters, full coverage detectorendhe possibility of very precise measurements in an unexglor
kinematical region. A wide program is ongoing or is plannedaatlities in the GeV range: electron accelerators, such as
Jeferson Lab (Newport News), electron-positron collidershsas VEPPIII (Novosibirk), BEPCII (Beijing), proton-antgion
colliders such as FermiLab and the future FAIR facility, atistadt.

From the theoretical point of view, the precise knowledgéhefform factors in a wide kinematical range gives the best
insight in the transition region, between the non pertivbatomain where the nucleon is best described by constitpearks
and meson cloud, and the perturbative region where QCD capifiead and the nucleon appears as a confined system of quarks
and gluons. Analytical and model independent propertiesrof factors are a guide for modelization of the nucleon stinect

After an historical and pedagogical introduction into tédd, a formal derivation of electromagnetic form factors thoe
scattering and the annihilation channels, as well as disou®f the recent data, and of new ideas in the understamditige
reaction mechanism, is given.

1. Introduction

The experimental determination of the elastic proton edesagnetic form factors (FFs) at large momentum
transfer is presently of large interest, due to experimatgaelopments which open the possibility to achieve
new kinematical regions and very high precision. In pattigpolarization experiments have been made possi-
ble by polarized electron beams at high intensity and prptdarimetry in the GeV energy region, as suggested
many years ags:3

Hadron FFs are considered fundamental quantities, as theacterize the internal structure of a non
pointlike particle. They contain dynamical information the electric and magnetic currents of hadrons, and
are experimentally accessible througffeliential cross section and polarization observables. retieally FFs
enter in the expression of the electromagnetic current.adron theory, that reproduces the static properties
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such as masses and magnetic moments, should be able tidedsa the dynamics of the charge and magnet
distributions, i.e., the electromagnetic FFs.

Ina P and T invariant theory, the structure of any particls@h S is parametrized in terms of &+ 1)
FFs. Protons and neutrons are described by two FFs, el€gtrdmd magneti6y,, which are functions of one
kinematical variable, physically representing the in&kiscale. The deuteron (spin one particle) is describe
by three form factors, charge, electric, and quadrupole.aTparticle, spin zero, has one form factor.

The normalization of these FFs is related to the charge amdntignetic moment of the hadron and cor
responds to the static value which can be observed throwglkehergy electron elastic scattering on hadron:
at the photon point. Schematically, one can say that at smathenta (large internal distances) FFs probe tt
size of the nucleus. At high energies (short distances)pihalye the quark and gluon structure. Their behavic
should follow scaling laws, predicted by perturbative quamchromodynamics (pQCD). In this respect, th
precise knowledge of FFs in a wide kinematical region shpubthe the transition region, from non perturbative
to perturbative QCD.

The traditional way to measure proton electromagnetic BRsists in the measurement of electron-proto
elastic scattering, assuming that the interaction ocdusugh the exchange of a virtual photon, of four mo
mentum square@? = —¢?. The diferential cross section at a fixed valueQ@fis depends linearly on ct{p/2)
(where®d is the electron scattering angle). The slope and the irpeméow to determingsg andGy,. This
is a specific characteristic of the one photon exchange mésrhaThis method was proposed first by N. M.
RosenblutH.

Polarization phenomena play a major role (except for spin particles), as they contain unique infor-
mation on the imaginary part of amplitudes (amplitudes irgeneral, complex functions). Being related tc
interference of amplitudes, they are very sensitive to kooaltributions. Elastic electron hadron scattering ha
been the privileged reaction to access FFs. Assuming onmpleachange, a simple and elegant formalisn
which will be illustrated in these lectures, relates all@vables, cross section and polarization phenomena,
hadron FFs.

The idea that double spin polarization observables inielakctron protondp) scattering (with longitudi-
nally polarized electrons on a polarized target, or on amlarjzed target, measuring the transverse polarizatic
of the scattered proton) carry the information on the pro@g6,, was firstly suggested by A. I. Akhiezer and
M. P. Rekald but was only recently applied. Besides the expected lamggision achieved, the surprising fact,
was that the data revealed@@-dependence of the rat® = uGg /Gy (u is the proton magnetic moment) which
deviates from unity, as was previously commonly assumed.

In case of the neutron, the measurements are even ntipelllj as the electric FF is small (the static value
is zero). As there is no free neutron target, one has to usereitdeuteron or atHe target, and then correct
for nuclear €ects. In the neutron case, too, the polarization methodvalto extend the measurements in th
scattering region at larg€)? values with higher precision.

Inconsistencies appeared among the results from polaaizdnpolarized experiments. The rat®g /Gy
measured from the ratie,/P; (the longitudinal and transverse polarization of the rgmaiton ine pscattering
induced by longitudinally polarized electrons) shows a otone decreasing witf)?, whereas the individual
determination ofGg andGy, from the Rosenbluth separation suggests a constant behisashortcoming
has been found neither in the experiments or in the data sisalyhich are based on the same theoretic
background (the lowest order diagrams & elastic scattering). Therefore, the attention has beeustxt
to higher order corrections in the power @f radiative corrections i" including the interference between
one and two photon exchange. This puzzle has given rise tg saculations and flerent interpretations,
suggesting further experiments (for a review,%3ee
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Applying crossing symmetry considerations, the same phy#iformation can be extracted from the an-
nihilation reactionsp + p < €* + € through the measurement of a precise angular distributionever, the
kinematical variables scan affdirent region, called the time-like (TL) region, becausenttoenentum transfer
squared is positive here (i.e, the time component of therfmamentum transfer squaregf, is larger than the
space component). The region accessible through the segtthannel is therefore denoted as space-like (SL)
region.

FFs are assumed to be analytical functiongof In the general case, reaction amplitudes are complex
functions of the relevant kinematical variables. Analyyi@nd unitarity constrain FFs to be real in SL region,
and complex in TL region. Up to now, no individual determiaatof FFs has been done in TL region, due to
the low statistics. FFs have been determined under the @ssmGe = Gy or Ge=0.” Attempts of measuring
the FF ratio were done by PS¥7énd BABAR® collaborations.

The possibility of better measurements has inspired exgarial programs to measure hadron form factors
at JLab, Frascati and at future machines, such as FAIR, bo8Liand in TL regions. Electron beams in
the GeV range are available at MAMI and JLab, with high inignand high polarization, large acceptance
spectrometers, hadron polarized targets, and hadronimpef&rs. In colliding mode, the VEPP2 facility at
Novosibirsk and the BES facility at BEPC provide detection with high luminositg*e™ collisions. High
intensity hadron and particularly antiproton beams wilbbailable at PANDA (FAIR) in near future.

From a theoretical point of view, the new results obtainethwhe polarization method have stimulated a
revision of the nucleon models. The interpretation of FRhags-ourier transforms of charge and magnetization
densities is exact only in non relativistic approximatiarirothe Breit frame, where the four components of
the momentum can be reduced to three. Recent model depgridenmes of the proton structure have been
derived. In particular, form factors are specific integadlgeneralized parton distributions, and they constitute,
in this respect, an experimental constraint for thesegiume. Different classes of models have been developed
in the non perturbative region: soliton models, constitwgrarks, di-quark models, vector meson dominance,
dispersion relations ... (for a review, SgeHowever, not all of them are able to describe the existiig on the
four nucleon FFs (electric, magnetic, neutron and proton)raot all of them contain the necessary analytical
properties to describe both the SL and TL regiéhs.

2. History

In 1961 R. Hofstadter got the Nobel prize, "for his pionegistudies of electron scattering in atomic nuclei and
for his thereby achieved discoveries concerning the straaif the nucleons". In his Nobel lecture one can read
"Over a period of time lasting at least two thousand yearsnMas puzzled over and sought an understanding
of the composition of matter. It is no wonder that his interess been aroused in this deep question because all
objects he experiences, including, even his own body, aerinst basic sense special configurations of matter.
The history of physics shows that whenever experimentahiguees advance to an extent that matter, as then
known, can be analyzed by reliable and proved methods isteiemental” parts, newer and more powerful
studies subsequently show that the "elementary partid¢iasé a structure themselves. Indeed this structure
may be quite complex, so that the elegant idea of elemeyntarist be abandoned."

The first experimental evidence for a composite structutd®fproton, arising from charge and magneti-
zation currents, dynamically changing with the distaneel§pd by the virtual photon iapelastic scattering),
was given in a series of experiments at the Stanford actete8aAC, based on the Rosenbluth separatfon.

In this chapter we recall the milestones of our present kadge on FFs.

¢ Rutherford scattering
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— 1909: Experiments of Geiger and Marsden. The cross sedtiothé scattering of electrons in the
Coulomb field of a nucleus of char@eis given by the Rutherford formula (19111t applies to non
relativistic, spin zero, pointlike particle scatteringwlas used to measure the 'size’ of the target ar
to introduce the concept of atomic nucléus

— 1968: DIS "deep inelastic scattering" experiments in whiety energetic electrons were scattere:
off protons showed that all the mass and charge of the protoméeotrated in smaller components,
then called "partons”. Partons were later identified withrga (Friedman, Kendall and Taylor, Nobel
Prize 1991).

— 1967: First order extension of the Rutherford formula,dali high energy?

— 1975-79: Extension to higher orders (eikonal approxirmgttty1°

— >1980: Extension to heavy iohgolarization observable§:t’

e Beyond the Rutherford formula

— 1929: N.F. Mott derives a formula for relativistic nucldiat holds for scattering of spir2 pointlike
particles'®

— 1950: M.N. Rosenbluth extends the formalism to compositgeta?

— 1961: R. Hofstadter receives the Nobel Prize, for expertmanSLAC, on unpolarizedpscattering,
at fixedQ?, doing the first experimental determination@$ andGy,.*

— 1958-1967: Polarization in ep scattering (Kharkov sch8and®). A.I Akhiezer and M.P. Rekalo
give the explicit derivation of polarization observables élastice p scattering in terms of form fac-
tors1?

— later, after 1997: Polarization experiment at MIT, Jtlaénd Refs. therein.

x better precisior(large sensitivity to the smalbe contribution)
x determination of the sign of FFs

e Time-like region

— 1962: Cross section and single polarization in terms of Rfisé annihilation procegs+p — et +e~
(A. Zichichi, S. M. Berman, N. Cabibbo, R Gatf).

— 1983-1994: First TL measurements with antiprotons at LEBERN): PS176.

— 1998: First TL measurements at FENICE (Frascati), veith~ collisions for proton and neutron
FFs?3

— 1997-2003: E768? E835 with antiprotons at FermiLab.

— 2002: Threshold measurements at BES.

— 2005: ISR in BABARe* e colliders?

— after 2010: Experiments at BESIII.

e Reaction mechanism

— 1970-73: Experimental and theoretical studies of two phatachang&®-3°

— 1999-2006: Model independent properties of unpolarizetigoiarized scatteririg>? and annihila-
tion®3 in presence of two photon exchange.

— 2006-today: Model calculations including proton struetfiand revision of nucleon models.

e Radiative corrections:

*Different sites have been built to play with.
For example, see htifpvaowen.screaming.niedvisionnucleafrssim.htm
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1949: J.S. Schwinger calculates photon emission in pure QfRering®

1969: L.W. Mo and Y.S. Tsai calculate at first order the radéatorrections for electron hadron
scattering?®®

1985: E.A. Kuraev and V.S. Fadin include higher orders usiegelectron structure function method,
and apply those to elastic and deep inelastic scattéfing.

2000: L.C. Maximon and J.A. Tjon revise the work of R&bn epscattering including (partly) the

structure of the protoff

> 2000: Radiative corrections to polarization phenomeregialastic scattering®-4!

3. Basic concepts

As a first exercise, we consider here the elastic scattefistracturelesgarticles,

a(pa) + b(pp) — c(pc) + d(pa). 1)

(the four momenta are indicated in parenthesis) whichaatehrough the Coulomb potentidh = U(F). The
Coulomb potential between the target and the projetk{ld is spherically symmetric, directly proportional to
the charges and inversely to the distance:

u(r) = Z""szez. @)

In order to take into account the screenitfgets of the electrons surrounding the atomic nucleus (ssultal
avoid divergences), a damping function is added and thedBdubotential is usually as:

Zazrbez e’r //1,

u(r) = ®)

whered ~ 108 cm ~ 10° fm is of the order of the dimensions of the atom.

3.1. Reminder on perturbation theory

The elements of the scattering mati®¢; are the probability amplitudes for the reactios f. The initial state
of the system|i >, after an interaction can be written as a superposition e§ibte final free particle states
|f >:

|; >=Z|f><f|$|i >=Z|f>sfi (4)

f f

where|Ss;|? is the probability of the transition— f. S = U(—co, ), U(t, 1) is the time evolution operator.
The scattering amplitudg is defined as:

Sti = 611 +i(2m)*6*(pr — P) T i, )]

whereéy; is the Kronecker symbol, which gives the superpositiofi|i > in the absence of interaction. The
Dirac function

*(pr = p) = 6%(Br - BYS(Es - Ei), (6)
insures that each component of the four vector energy-mturrehas to be conserved.

In a scattering process, the matrix element can be expresgeglthe perturbation theory. The Hamiltonian
which describes the evolution of the system can be decordpsse

H= Ho + H1, (7)
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whereHg is the free particle Hamiltonian and, is the interaction Hamiltonian. The time evolution is given
the Heisenberg representation by

Hl/(t) — eiHo(t—to)H/e—iHo(t—to)' (8)

Assuming thati’(t) can be treated as a perturbation, it is convenient to dpibkS matrix in a series of terms
which contain the product of operatdt.

n

S=U(-c0,00)= > S"=1+ (_i')n fw dtn..dtT[H] (tn)-[H] (t2)] (9)
n=1 n=1 ’ o0

whereT is the time ordering operator, particularly important witit) andH; (t") do not commute.
The first terms of the development (9) are:

st= —if H/ (t)dty,

2= _% LM dty Lm diT [H{(t2)H] (t1)] - (10)

There is of course a one to one correspondence with the nTatebcorresponding term of the same order an
corresponding elements; = >\, T{.. The Born approximation consists in keeping only the termn = 1.
For our interest here, it is applied to processes which irevelectromagnetic and weak interactions.

3.2. Derivation of the Rutherford formula: analogy with optics

L scattered wave
incident wave

k=pTH

Fig. 1. Schematic view of elastic scattering on a compositeaibj

In quantum mechanics, the particle-wave duality requinasa particle of three momentufis associated
to a plane wave vectdr = p/h. If a plane wave scatterdfaa chargeg at a positiorp;, it generates a spherical
wave, that can be observed at large distances as a pIand?Wavé' /hi. The amplitude of the scattered wave
in the point defined by is:

A = feefPek () = fe g g (11)

wheref is the amplitude on the unit chargke,= Z,e, which is the same for all constituent particl€s; g; is
the vector from the observation point to the chargendd = p; — pr is the momentum transfer. The face”
defines the phase of the incident plane wave at the interaptint, ande¥ (™) determines the phase of the
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scattered wave at the observation point. Similarly to @ptice total scattered amplitude on the nucleus can be
taken as the sum of the amplitudes on the individual charges:

A= A=Y et (12)

However, in quantum mechanigs,represent the position operators of the internal motiohéntarget. There-
fore the last term should be replaced by the correspondirapmaalue in the ground state of the target. We
define the form factor:

1 . iG.3
F(d) = 76 < ||Ze|e'q'f"|| >, (13)

and then the cross section on an extended nucleus becomes

do do 2
()= (&) For (1)
where we identified the cross section on a pointlike partiste

do
—| = (Z0Af) €2)2. 15
(dﬂ)p| (Z) I fI” o< (ZaZn€) (15)

The detailed and rigorous derivation of charge and magRé&tcin a relativistic formalism is given in Section
4,

3.3. The charge form factor

Form factors are fundamental quantities, as they allowectitomparison between the theory and the exper-
iment. In order to determing ()| one has to measure thefférential cross section, forféerent values of.
This can be done by varying the scattering angle and the géripe projectile. If one wants to deduce the
mean value of the charge density, in principle one can irfwgri{13):

- G | FaF@e (16)

However, in practicef(d) can not be determined for all values @fdue to the limits of the kinematically
accessible region. Moreover, at largecross sections are very small andfidult to measure. Furthermore,
the cross section is sensitive to the FF modulus squareddaes! not give access to the phase. Therefore,
in general, one assumes a specific mathematical functiop(fr and free parameters that are fitted to the
experimental data.

For small values of? one can develof (g°) in a Taylor series expansion @i X:

F@ = 5,5 [ 09
= i f %

L 2
Zbe de dy

f dcosd
-1

p(X) =< ¥ilp(X)¥; >

L+id- X 3@ 97+ .0

1+ igxcosd — %qzx2 cog 6} p(%).
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The normalization i% d®%p(X) = Z,e. The second term does not give any contributiorg a8 = gxcosd and

f_ll cosgdcost = 0. This is a general fact, asis a odd quantity, whereagx), which contains the square of
the wave function, is an even quantity with respect to spacigyp
In case of spherical symmetry,

1
F@) ~1- 50 <1g > +0(d), (17)

where we define the mean square root charge radius of thé, targe>, as

2 _ 5 *e(x)dx

<re>= e
5 xp(x)dx

3.3.1. Application to diferent charge distributions

Let us calculatd-(g) normalized to the full volume and charge:

_ hPxeh(

f B

In case of spherical symmetry the denominator is:

D= 4nf X2p(x)dx
0

and the numerator:

N(Q) = 27 f Zp(x)dx f d cosgeiXe _ o f e : f-qu
Therefore:
ar [ X sin(axo(x)dx
R = 4r 7 x2p(xydx (18)

The typical shapes of charge density, with spherical symynand the corresponding form factors and radi
are shown in Table 1.

As an example, let us calculate the radius corresponding éxj@onential charge densig(x) = € 2*. First,
we recall the following integrals:

rG)= f dze?z Y2 = V7, (19)
(X = fo dze?Z L, T(x+ 1) = xI(X), (20)
n = foo dxxXe *dx (21)

0

The radius is given by:
5 xtedx _a® I3 (@n*ed(ax)

| xeedx a7 (ayed(ax)

<r¢>=
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density Form factor rm.s. | comments
p(r) F(a®) <ré>
1 1 0 pointlike
at 12
-ar — o dipole
e a’ 6 |
— —— — monopole
r Q2 +a? & P
e_ar2 2 /(492 1 .
e 1/(4) — aussian
2 3(sinX — XcosX) 22 °
po for x<R o 3R? | square well
0 forr >R X=qgR
and the form factor:
1 * H —aX
— xsingxe **dx
F(o) = —= : (22)

fom x2e-axgd x

Applying (21), the denominator in Eq. (22) is:

°© 2
D= f x2e ¥dx = .
0 a

The numerator:

1 SR -
N=— X(e% — ' e ¥ x
2iq Jo ( )
— ~ —(—ig+a)x —(ig+a)x
= — x|e —-€ dx
2iq Jo [ ]
1

1 00 1 00
- Yy — — — Y
(a—iq)zfo yerdy (a+iq)2fo ye dy]'

2iq
Integrating per parts:
)= f yeVdy = — f yd(e?Y) = —-ye¥ + f eVdy=-ye¥ -e?|g = +1.

one finds:

1
N=2q

1 1 ]_ 4q 2
(a-ig)? (a+ig)?| 2g@+)? (a@+@)?

Finally:
4
F(a) = @+ )2

Similarly one can verify all the results of Table 1.
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3.3.2. Units and orders of magnitudes

The amplitude of the scattered wave is the sum of the amplitud the waves scattered from the individua
constituents. An observer far from the target can see tleantbnsity of the scattered wave shows minima ar
maxima, as a function of the scattered angle, which correspminterference among thefiirent amplitudes
A of the scattered waves. As in optics, one can introduce dieggowers:

h 200
ld dd’
The quantitys defines the spatial region that can be accessed in an expefirhere the transferred momentum
is|ql. For exampléd= 1 GeV (in center of mass system)apscattering corresponds o= 0.2 fm.
Let us comparéc to the Bohr radiusa ~ 10°[fm]:
hc  200[Mev] [fm]
A 108[fm]

S[fm] = (23)

~2.10°3MeV. (24)

3.4. Extensions of the Rutherford Formula

Let us summarize the assumptions under which the Ruthefdontlila holds:

U(r) = Z,Z,€*/r: coulomb interaction between target and projectile;
validity of the Born approximation (lowest ordene photon exchange);
non relativistic approximation;

structureless and spinless particles.

The non relativistic approach is justified if the momenta loé tparticles are smaller than their masse
(p/mAA1l). The diferential cross section for spinless and pointlike***- particles, in the relativistic case
and in the Born approximation, was derived by N. F. Mott, unithg recoil €fects of the target nucleus of mass
M:18

dor\"® & co(0/2) 1
(@) " 4E?5sinf(0/2) ; , 2E ' )
Mott 1+ 57 sinf(6/2)
In the language of Feynman diagrams, it is easy to verify thrfeatures of the Mott cross section. The
transition amplitude is proportional e, the vertices contribution, which does not depend on th&gbar
momenta for pointlike particles, and to the photon propagatg?®:

lezez d_O' Lab
gz 7 \dQ

Further developments were given several years later. Tie@gion of the Rutherford formula at the next orde
~ (Za)®*3 showed that the scattering of electrons and positrons isere equivalent, because the correctior
depends on the charge:

Tii o o« TF. (26)

Mott

do* dor . dor (Za)?
o - da [1+raZsin@/2)], Jio - AEZsirf(62)

(27)

which leads to a charge asymmetry. Higher order correctioffay)" have been calculated more recently in th
eikonal approximatiotf-1>17for charge asymmetry and polarization phenomena. A noiaktiviversal angular
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dependence is predicted, whose sign depends on the chbsgeyable in electron and positron scattering. The
Rutherford cross section results modified by a factor:

(g—g)+ ~ (g—g)R[l + X Sin@/2) cosp(X)], x = %, (28)
with

I(3 +iX)I(1-ix)
I3 -ix)r+ ix)’

®(X) = cosp(X) + i sinp(x) = (29)

whereg is the velocityv of the initial particle of massn, in the Laboratory system, in units of 8 = v/c =
+/1 - (4m?)/E2. Using the properties of Euler gamma function one obtains:

i X2n+l
e(x) = =4 ) (-1)"
s 2n+1

Co=1In2; ¢y =3 ¢ =155, ..., Cy = (22" — 1)éonae, N> 1. (30)

Applying the Stirling formula one can write

Ch,

1
COS@(X))|X>>1 ~ 5( (31)
One can apply this formalism to the strong interaction, uigiothe replacement= Za — X; = Nas, proton
and antiproton peripheral collisions on heavy nuclei mayash measurable multiphotoiffect.
Further developments of the Rutherford formula include &igh energy scattering on heavy targets (also

in the eikonal approximatior?f.

3.5. Cross section for a binary process

The cross sectionr for a binary process

a(p1) + b(pz) — c(p3) + d(pa), (32)

(where the momenta of the particles are indicated in paesigh characterizes the probability that a given
process occurs. The number of events issued from a defimitéiga is proportional to the number of incident
particlesNg, the number of the target particlds and the constant of proportionality is the cross section:

Ne = oNg X Np. (33)

The cross section can be viewed as affietive area" over which the incident particle reacts. Tiees its
dimension is cri, but more often barn (1 bag10-22 m?), or fr? (1 fm=10"1°m) are used.

A useful quantity is the luminosity, defined asZ = Ng [s™!] Ny [cm™2]. For simple counting estimations,
Nt = o L. This is an operative definition, which is used in experiraéphysics.

On the other hand- needs to be calculated theoretically for every type of ec&he present derivation
is done in a relativistic approach. This means that :
- The kinematics is relativistic,
- The matrix elemeni, which contains the dynamics of the reaction is a relativistvariant. In general it is
function of kinematical variables, also relativistid = (s, t, u),
- o~ has to be written in a relativistic invariant form.
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The starting point is the following expression for the cresstion

M 2
dor = 2 2'59(py + 2 - ps — AP, (34
which is composed of four terms:

(1) The matrix element, which contains the dynamics of the reaction, and it is dated following a model,

(2) The flux of colliding particled,

(3) The phase space for the final particlé®,

(4) Aterm which insures the conservation of the four-moraend®(p; + p, — ps — ps) which is the product
of four ¢ functions, because each component has to be conservedtedpar

Let us calculate in detail each term.

3.5.1. Definition of fluxZ
The flux is defined through the relative velocity of incomingldarget particles:
T = ngNtVrel, (35a)
I=4y(py- p2)? - M2MS, (35b)

whereM;(M,) is the mass of the beam (target) partialg, is the relative velocity between beam and targe
particles and the densities of the beam and target partigles are proportional to their energiesas= 2E;.

Let us prove that the two expressions (35a) and (35b) arevaqui. It is more convenient to calculafe
(Eg. 35) in the laboratory frame where the target is at rest:

Pr = (E1, P1), P2=(M2,0), Vel =Vy —Vo| = — = ng=2E;, nr =2M,. (36)

| Pal
E;

Replacing the equalities (36) in Eq. (35a):

I= 2E12M2E— = 4My| B

| Bl
1

and in Eq. (35b) :
(P1- P2)* = M{M3 = M3ES — MIM3 = M(ES — M?) = M3|pif?, thusT = 4Mo|pi|

and the equalities (35) are proved. Moreover, we prove dabthe flux does not depend on the referenc
frame, because it can be written in a Lorentz invariant form.
Let us consider the center of mass system (CMS):

p1 = (E.K). P2 = (E2.—K), p1- p2 = E1E2 + K2, MZ = EZ — [K%, M3 = E - K>
and
(p1 - P2)? — M2M2 = E2E2 + 2B, E|K? + [KI* — EE2 + [K*(E2 + E2) - |Ki*
= [K(E1 + E2)? = |KPWA. (37)
The flux, 7, can be written as
T = 4kW, (38)

whereW = E; + E; is the initial energy of the system in CMS.
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3.5.2. Phase space

The phase space for a particle of enekjymassM and four—-momentunp (the number of states in the unit
volume) can be written according to quantum mechanics imaariant form:

[ d*ps(p? - M?)
w= | e °E

where the&s function insures that the particle is on mass shell and e fsinction®(E) insures that only the
solution with positive energy is taken into account. Not the wave functions of all particles entering in the
matrix element must be normalized to one particle per uditrme. In this case all these wave functions contain
the factor J V2¢, wheree is the particle energy. Usually these factors are expfititken into account in the
expression for the cross section, we insert them into thegobpace.

Extracting the term which depends on energy:

d*pé(p® — M?) = °BAES(E? - P - M?),
and using the property of thefunction
1
S[f(X)]dx= _— 39
J a3 (%9
(x; are the roots of (x)), with f(E) = E? — g — M2, andf’(E) = 2E one finds:
1
2 _®2_ 2 -
deé(E - - M?)O(E) E

For the reaction under consideration:

g o
9 = Brp2Es e,

3.5.3. Final formulas

The total cross section can be written as:
d*ps  d*ps

C f IMP6“ Py + P2 = p3 — Pa)
I (21)32E3 (21)32E,4°

One can see that it corresponds to a six-fofédential, but fous functions are equivalent to four integrations.
So finally, for a 2— 2 process one is left with two independent variabl&sgj or (s, t). For three particles,
one has nine dierentials, four integrations.e., five independent variables.

The terms™®(p; + p2 — ps — p2) can be split into an energy and a space p#f(p; + P, — ps — ps) =
S6(Ex+ E2 — E3 — Eq)6®(B1 + P2 — B3 — Pa).

Note that

(40)

f 5O(By + B — P — Pa)d®pa = 1 (1)

in any reference frame.
Let us use spherical coordinates in CM® & (Es, p), ps = (E4, —P), d°p = |pl°dQdp)and consider the
quantity 7

3 2
d>ps = (W - E5 — E4)|p1d—§2dp

=§(E;+E>-E3-E
J =6(E1+E>-E3 4)4E3E4 T

(42)
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where
E2 = M3 +|p, EZ = M3 +|p® — EsdEs = E4,dE; = |pldp.
After integration, using the property (39):

dE3|gldQ (s 1
g = f S(W — E3 — Ey) 3“51 = 'TE4 5 , (43)
dE; (W-Esz - Es)
where
d . dE, . B3 W

OI—Eg(W—Eg—Eél) 1 iE. ~ 1 E - & (44)

and therefore

P

J = W (45)

Substituting Egs. (38, 45) in Eq. (40) we find the general esgion for the dierential cross section of a
binary process, in CMS:

do = M (46)
dQ  ar2w2k|’
and for the total cross section:
2
= f _MAPL ”jlﬁ daQ. (47)
64r2W2|K|
In case of elastic scatterinﬁl = |fl, therefore:
do® _ IMP ez el _ M
—_— = = = — 4
dQ 6422 T 8rW’ (48)

where#® is the elastic amplitude.

3.6. Reminder on the Dirac formalism

Spin 12 particles
The elasticeN scattering involves four particles, with spifi2l The relativistic description of the spin
properties of each of these particles is based on the Dinaatieaq:

(k-muk) =0, k=k,y,=Eyo-k-7,

wherek is the particle four momentunk & (E, k)) andu(k) is a four-component Dirac spinor. We shall use th
following representation of the Dirac>44 matrices:

e[ 7-(%9)

whered is the standard set of the Paulk2 matrices. On the basis of the Dirac equation one can write:

uk) = VE+m

X
a-k ] (50)
E+rrf(
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wherey is a two-component spinor. We used here the relativistariant normalization for the four-component
spinor:u'u = 2E.
Spin Y2 antiparticles

An antiparticle is described by the following spinor

&k
v(K) = «/E+m{—E+Wﬁ(]. (51)
X

The Dirac equation for particles (nucleon with momentmghand antiparticles (antinucleon with momen-
tum py) is:

u(p2)(P2 — m) = 0 = u(p2) P2 = u(p2)m,
(P + MU(—p1) = 0 = Pau(—p1) = —U(—p)m.
The density matricep = u(p)u(p) for polarized and unpolarized particles and antipari@des given in the
Table 2. Applying the Dirac equation to the four-compongmsr u(p), of an electron with mass,, one can

find the expressions for the density matrix of polarized tetexsp,z = u(,(p)u;,(p) reported in Table 2, where
S is the four vector of the electron spin.

particle antipatrticle
unpolarized p+m p—-m
polarized | (pP+m)3(1-ys9 | (B—m)3(1—y59

3.6.1. Useful properties of Dirac matrices

Some useful properties of Dirac matrices :

e The anticommutator iy, y,} = 20,,, whereg,,, is the metric tensor of the Minkowski space-time;
o 8b + ba = 2ab, ay, + v,a = 2a,, wherea andb are four vectors;

Tr yayp = 40ap;

Tryeypyy =0,

TrYaYsYy¥e = 4(Qus¥ys + Yoy Yoa — Vyvaes) -

3.6.2. Relativistic formulation for the spin
The four vector of the electron spis,, satisfies the following two conditions:
s-p=0, £=-1 (52)
In terms of the three-vectgtof the electron polarization at rest, i.e., with zero thre@mentum, the four-vector
scan be written as:
X-p\ . PP
s=|—|. ¥+ —F——. 53
( Me ) 7 (e + me) (53)
The conditions’ = —1 corresponds to full electron polarization, go= —|§2 = —1. Eq. (53) is simplified
in case of relativistic electrons,> me. In this case:

S = H’]Sf(l’ 1)7 (54)
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wherel denotes the unit vector aloqands;, = ¥ - p/Ip| = 4.
Taking into account that for relativistic electrons:

Po = €(1,1), (55)
it is possible to re-write Eq. (54) in the form:
_ P
S =4 (56)

One can find the following expression for the density matfia celativistic polarized electron:
1 p\ 1. A, p
p= 50+ m(L-ysd) = 50+ m) + 50+ s

1. P R
= E(p+ nb)+§(p +mc.-|0) n—'e75 (57)

1. 1.
= E(p+ mMe)(1 + Ays) = Ep(l + Ays),

where we used the following property of the-matrix: fys + ysp = 0, for any four-vectomp,.

4. Relativistic formalism for ep elastic scattering

Let us derive step by step the elastic cross section and taezadion observables for electron proton scattering
in the Born approximation, in a fully relativistic formatis taking into account that the proton has a spin ar
an internal structure. This derivation closely followstige notes earlier prepared with Prof. M. P. ReK&lo.

4.1. Relativistic kinematics

The Feynman diagram for elastid\-scattering is shown in Fig. 2, assuming one-photon exahafige nota-
tions of the particle four-momenta are also shown in the Fignd in Table 3 (we will use in our calculation
the system wherk=c=1).

N(p,) N(py)

Fig. 2. One-photon exchange diagram for elastic scatteeimdN — e+ N.

The conservation of four-momenta at each vertex of the diagran be written as:

0=k —ko=p2-py, (58)
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which is valid in any reference frame. Using the relation) (8&he Lab-system, we derive the formula for the
momentum transfer squared, which is the basic kinematical variable for elastld scattering:

0 = (P2 — P1)® = P2 + P53 — 2MpEz = 2M2 — 2MpEp = —2M, T,

whereE; is the total energy of the final nucleol, is the nucleon mass, arld = E; — M, is the kinetic
energy. This formula demonstrates that, for elastic sgatiethe momentum transfer squared, is negative
for all energies and scattering angles of the outgoing lacAsq? is a relativistic invariant, this is true in any
reference system. The kinematical region for whiéh 0 is called theS pace- Like region.

Lab CMS Breit
q | (w0 (@.9) | (ws=0,08)
ki | (enki) | (ki) (e18.K1B)
P | (Mp,0) | (E1,—ka) (E1s, P18)
ko | (e2.ka) | (e2.kz) (€28, k2B)
P2 | (E2,p2) | (E2,-k2) | (E2g.—p1s)

4.1.1. Proton kinematics in the Breit system

The most convenient frame for the analysis of elashescattering is the Breit frame, which is defined as the
system where the initial and final nucleon energies are thesAs a consequence, the energy of the virtual
photon vanishes and its four-momentum squaggdgoincides with its three-momentum squargg?, more
exactly,o? = —qg?. The derivation of the formalism in Breit system is therefsimpler and has some analogy
with a non-relativistic description of the nucleon eleatiagnetic structure. From the energy conservation, and
from the definition of the Breit system, one can find:

wp = E;g—Exp =0,

where all kinematical quantities in the Breit system areotieth with subscripB. The proton three-momentum
can be found from the relation

2 2 2 2 2 2 2 2
Els = E2s = P18” + M = p2g” + My, i.e, p1g” = p2s”.

The physical solution of this quadratic relatiorpigs = —p2g, as the Breit system moves in the direction of the
outgoing proton. From the three-momentum conservatiotiarBreit systenyg + p1s = p2g, one can find:

. ) _ Y
Pis = 5 P28 5

The proton energy can be expressed as a functigggfand therefore off?:

2 2 2, Q8° 2 2
Ele EZB: Mp+T = Mp—z = Mp(1+T),
where we replaced the three-momentum in Breit system byotlverhomentum and we introduced the dimen-
2 2
sionless quantity = Q __ 4 > 0.

AMZ T T aM2 T
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4.1.2. Electron kinematics in the Breit system

The conservation of the four momentum, at the electron xgdan be written, in any reference system, a:
ki = g+ ky (the virtual photon is radiated by the electron). In the Bsgstem, the energy and momentun
conservation is:

€1B = WB T €2B = €28B,
59
{k15=QB+k23- (59)

In order to proceed, we must define a reference (coordingg&ra: we choose theaxis parallel to the photon
three-momentum in the Breit system|j gg, and thexzplane as the scattering plane. So we can write:

€1p = €55 = Mg + (Kp)* + (K[p)* = Mg + (Kp)* + (K3p)?,

k)l(B = k;B’

(60)
k)zllB = kgB = 9’
kig = 08 + K3

It follows ki, = -k = Q_2|3 (the other possible solutidkg, = k3; would imply gg = 0). A graphical represen-
tation for the conservation of three-momenta is given in Big

G /2) Koe

- =

ACY) P (% ,2)

(a)

Fig. 3. Proton (a) and electron (b) three-momenta represemtair elasticeN-scattering in the Breit system.

Then we can write, for the components of the initial and finet&on three-momenta:

ks = (K. KLy, K2g) = ( 2,0,%):@@0&;,0,1), 61)
Kos = (kg Kl ko) = (— cot7 0,— qu) ‘/;T(cot 2.0, —1). 62)

The energy of the electron (neglecting the electron maggyén by:

—f
o

ffB = kig® = (ki(s)z + (kiB)2 = 5
4 sirf >

and623 = €1B.
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4.1.3. Relation between the electron scattering angles in the atesn . and in the Breit systendg

As the Breit system is moving along teaxis, thex andy components of the particle three-momenta do not
change after transformation from the Lab to the Breit system

KE, = koy =0,
y
{leX = Kax. (63)
Fromk,? = k2_+ k2, one can find:
-q)? 202 — (k1 - )2 2s5i e 4e?
K2, = ky? - (quZQ) _ ki'q qgkl Q) _ Elfzqz e _ :1262 sir? Hze 0052 9e (64)

where we replaced = kq — Ko, ki? = €2, ko? = €2 after settingme = 0. On the other hand we find fap
the following expression in the Lab system (in terms of thergiges of the initial and final electron and of the
electron scattering angle):
q2 = (k]_ - k2)2 = ZIT% - 2k]_ . k2 me::O —2€160 + 2|(1 . k2 = —26162(1 - COS@e)
= —dge Si %e. (65)
Comparing Egs. (64) and (65), we find:
,  (9%)? Oe
klx = 4_(,]2 COt2 E
2
Using the relationsg? = w? — ¢? andg? + 2q - p1 + p2 = p3, we have, in the Lab syster, = —;—m and
g° = —¢?(1 + 7). Finally:
2
2 ___ a4 el
K= ad+0) 0

So, from the relatiorkfX = (k>1<B)2, we find the following relation between the electron scatteangle in the
Lab system and in the Breit system:

g cotf./2
cof — = .
2 1+t (66)
. L _
4.1.4. Expression ofsln?B in terms of energies in the Lab system
Let us find the expression for 2 in terms of the kinematical variables in the Lab-system.
Using the relation (66), one finds:
0, .50
1 cof Ee 1 1 1 l+rsir? fe
R T e LS N 9 (67)
sin? = T T sinf = T sinZEe
So
Ef .4 be
—>sin’ — (1 sm2 )2
5 0e Mg 2
1+TSIn2§=1+ = (68)

9
142 L sir% 4 2—sir12—e
w2 M 2
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Using the relation (87) between the initial and final electemergy, we have:

€1 .-,0 lea+e
1+ —sif==2 . 69
M 2T 27 g (69)

Substituting (69) in (67), one finally finds:

1 _ (€1+€2)2
sze_zs —PAL+7)

(70)

4.2. Dynamics

Electron proton scattering through one photon exchangiessrated by the Feynman diagram in Fig. 2, whicl
includes two vertexes: (1) the electron vertex, which isdbed by QED-rules, (2) the proton vertex describe
by QCD and hadron electrodynamics, connected by the vipfoaton line. The matrix element corresponding
to this diagram, is written as:

€ €
Mzéfﬂjﬂzag.j, (71)

where{, = U(k2)y,u(ky) is the electromagnetic current of electron. The nucleestebmagnetic currents,
describes the proton vertex and is generally written in seofrfPauli and Dirac FFB; andF:

Oy

2 Fole?) | u(py) (72)

Ju = U(p2) |Fa(aP)y, —

with

~ YuYy = VWu
Ty = =

Note thatJ - g = 0, for any values oF; andF, i.e., the current/,, is conserved
Using the Dirac equation for the four-component spinorshefinhitial and final nucleon, Eq. (72) can be
rewritten in a simpler form, using:

1wy

o P1 + P2)u
2M,

opr) = 5(po) [, - P

upy) } u(py). (73)

which is also conserved.

TThis can be easily proved as follows. The tergy g, q, vanishes, because it is the product of a symmetrical and amtigyrical tensors,
andt(pz)qu(p1) = T(P2)(P2 — Pr)u(p1) = T(P2)(Mp — Mp)u(p1) = O, as a result of the Dirac equation for both four-componeintcsp,
u(p1) andu(pz). Note that the current (72) is conserved only when botheardd (in initial and final states) are real, the form fadter
violates the current conservation, if one nucleon is virtua
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Let us prove Eq. (73).
Using the definition foer,,, one can write:

VuYv — WY, _ . vuG- Gy,
o g,u(py) = T(p2)

aM, an, (P

U(p2)
Recalling thafy = pp — py with & = a,y,:

Yu(P2 — P1) — (P2 — P1)yu
AN, u(pa).

U(p2)

Applying the Dirac equation:
(B - Mp)u(p) = 0 — pu(p) = Mpu(p),
U(p)(P — Mp) =0 - TU(p)p = U(P)Mp,
we find:
Yu(P2 = Mp) = (Mp — 1)y,
4Mp

u(py) U(P1) = ~ TPy, u(p) + 4_h1/|pa(p2) [+ PovJupy).  (74)

Using the propertiesy,yy + vy = 2Quv, &b + ba = 2ab, &y, +y,a = 2a, we havepiy, = —y,P1 + 2py,, So that:

1 _ o 1 _ A A
4—,\/|pU(P2) [7uP2 + By u(pa) = 4—MpU(P2) |~ B2y + 2P24 = v P1 + 2Py u(pa)

= 4—|\:;pﬁ(p2) [_ZVﬂMP +2(p2u + ply)] u(py) (75)

- 3000 + PP )

Inserting Eq. (75) in (74), we find Eq. (73).

Note that the relation (73) is correct only when both nucteare on mass shell, i.e; they are described by
the four-component spinotgp), satisfying the Dirac equation. It is not the case for thaginelastic scattering
of electrons by atomic nucleg+ A — e+ p + X, which contains as subprocess the scattezindN* — e+ N,
whereN* is a virtual nucleon.

Eq. (73) is an expression of the nucleon electromagneticenyrwhich holds in any reference system.
However, for the analysis of polarization phenomena, thatBystem is the most preferable. First of all, the
explicit expression of the curreff, = (jo,f) is simplified in the Breit system:

E E
Jo =U(p2) |(F1+F2)yo— %Fz] u(p1), Eig = Exg = E,
= (p1g + pzsg (76)
J =U(p2) [(F1+F2)y - STV Fz} u(p1) = (F1 + F2) T(p2)yu(pa).
p
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With u(p;) andu(p,) defined according to (50) we find, for the time compongabf the current?,:

o= (F1 + F) Ul (p2)u(pr) ~ For (pa)you(py)
p

= (E+ Mp){(F1+F) T(1 ﬂ) Xl—&-q
- P Pt P (1 Sy Z(TNTP)M

E . ¢-qs \[10 [|X?
CEo— _Z 4B —& - -
FZMp"Z(l’ 2(E+Mp))[0—1}{ M }

2(E + Mp)**
= 2Mpxbx1 (F1 - 7F2),
2 2 E-M
L so that L = P

where we used the definition:
4 4E+ M2 E+M,

(77)

P2’ = E> - MJ =
and
u(p2) = u'(P2)yo. 7 = 1and ¢ - q)(¢ - q) = °.
For the vector parj of the nucleon electromagnetic current we can find similarly

G Qe )[0 &[Xl_o_)'«QB ]
2(E + Mp)**

C2E+Mp))|-@0

T = (Fr+ F2) (E + My (1,

1 .
=5 (F1+F2) x5 (63 - gg — & Qe ) x1
Multiplying the left and right side bg:

J-d=¢-4% Qg - Qgd*- a
:é~qB+ia"’-~(a’qu)—(qB-a’+ia"--q3xé)=—2ié-(?-><q3.

Finally:

Jo = 2Mpyix1 (F1 - 7F2),
J =iy x dex1 (F1+ Fa).

These expressions for thefidirent components of the curreff}, are valid in the Breit frame only, and
allow to introduce in a straightforward way the Sachs nutlelectromagnetic FFS, electric and magnetic,
which are related t&;, andF; as in Table 4. Note that, by conventian;y 0 is chosen to be always positive. In
TL region, these relations are correct after replacement-r.

_ Ge + 7Gpm

GM=F1+F2 Fq
1+7

Gu-G
Ge =F1—-1F; F2=—’\;_+TE
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Such identification can be easily understood, if one takiesancount that the time component of the cur-
rent, 7o, describes the interaction of the nucleon electric chaiigfetiwe Coulomb potential. Correspondingly,
the space componeﬁf describes the interaction of the nucleon spin with the miagfield.

4.3. The unpolarized cross section

The starting point is the expression (34) for the cross sectrrom Eq.(71) we can find the following repre-
sentation fol M| (the bar denotes the averaging over the polarizations dhttial electron and the summing
over the polarizations of the final electrons):

2 2
IMP? = (;) €. g1 = (é) Loy W, (78)
where:

L., = €,C% is the leptonic tensor,

W, = 9,9 is the hadronic tensor.

The product of the tensors,, andW,, is a relativistic invariant, therefore it can be calculatedany
reference system. Theftlrential cross section, in any coordinate system, can beegsg@d in terms of the
matrix element as:

4 AA2 3 3
do = (271') IMl 54(k1 +p1— kz _ pz) d k2 d P2

4 (ks - p1)2 — MEM2 (27)%2¢; (27)°2E,

To compare with experiments, it is more convenient to usditfierential cross section in Lab systeaa;/dQe,
whered(Q, is the element of the electron solid angle in the Lab systdris @an be done, integrating Eqg. (79),
using the properties of th# function.

First of all, let us integrate over the three-momentomapplying the three momentum conservation for
the considered process:

(79)

f d3p263(k1 — ko — p2) = 1, with the conditionp, = kq — k.

Using the definitiordk» Mo dQek,2dlky| =~ dQeegdez, we can integrate over the electron energy, taking into
account the conservation of energy:

6(614— Mp— € — Eg)dEz = (S(El-i- Mp — € — ,[M% + p22)d62 =
5(61 FMp— & M2+ (ki - kz)z)dez.

Let us recall that:

1
fa[f(q)]d@: T

wheref(e) = e+ Mp— e — \/Mf, + € + €5 — 2e16, COSY. Therefore:

62—610059e_1+€§_k1'k2_ ko - (ki + p1)

f’ =1
It (e2)l + E, oF, oF,
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where we multiplied by, the numerator and denominator, and we used the conseratenergye, + E; =
€1 + Mp. But from the conservation of four-momentum, in the follogiformk; + p; — ko = po, we have:

(ky + p)? + K5 — 2(ky + p1) - ko = M.
S0 2k1 + p1) - ko = (K + p1)? = M3 = 2ky - p1 = 261 M, (in Lab system). Finally

’ e Mp
f =—=—.
[f'(e2)l =

After substituting in Eq. (79), one finds the following rétat betweeriM|? and the diferential cross section
in Lab system:

o _ M (62)2 = (80)

dQe 6472 \e) M2’

4.3.1. Hadronic tensor VY,

Let us calculate the hadronic tenddfs, in the Breit system, where there is a simple expression ofitivéeon
current. Let us write this current ag;, = X;Fy/\/l, with F, = 2MyGg, for u = 0 andF, = i& x qgGw, for
1 = XY,z So the the four components Bf, in terms of FF$Ge andGg, can be written as:

2M,Gg ,u=0
iV-0°Gmoy ,u =X
F = 81
! _iV_qZGMU'x,/Jzy (81)
0 MU =Z

Therefore, the hadronic tensdf,, can be written as follows:

: 1 .
Wyv = (/\/;F,u)(l)(/\/IFJXZ) = ETrF#plF»‘/.OZa

where the averaging (summing) acts only on the two-compsmnors, and we introduced density matrix fo
the nucleonp = xx', pan = xax;, anda,b = 1,2 are the spinor indexes. We included the statistical fact
1/(2s+ 1) = 1/2, for the initial nucleon.

In case of unpolarized particles= 1/2, and

1
W, = ETrFﬂFj.

4.3.2. Leptonic tensor J,,

The leptonic tensor, which describes the electron versawyitten as:

Ly = €ut; = U(ka)yuu(ka) [U(ke)yyuka)]™

Recalling that
U=u"y, T =(U'y)" =y{u=rU yor0=1 =70

we can write:

Ly = T(ke)y, Uk )UT (Ke) i Ti(Kz) = T(ka)y,U(k)Uf (Ke)yoyoysvou(ke)

- - 7 1 1 (82)
= U(k2)yuu(ke)t(ke)yoy, you(kz) = éTmpewpe-
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From the Dirac theory we can writa(k)T(k) = k + me = p:

1 R . .
Ly = ET Myu(Ke + M)y, (ko + Me) = Try, Ky ko + METry, 7,

Recalling thafT ryayp = 40ap (Qan = 1, fora,b = 0, gay = -1, fora,b = x,y, or z and T ryaypycyd =
4(Qab9cd + UbcOda — JacOba) WE derive :

Ly = 2Ky, Ko, + 2K Ky, + 20, (M8 — Kk - ko).
Using thatk; = q + ka; g% = 2(m2 — k; - ko) we find:
L#V = Zkly kzv + 2k1vk2# + gﬂqu. (83)

Neglecting the electron mass:

’ LIlV = 2k1yk2‘, + 2k1vk2y - Zgyvkl . k2.

From this expression we see that the leptonic tensor whisbriees unpolarized electrons is symmetrical.

4.4. The Rosenbluth formula

Let us calculate explicitly the components for the hadrdensorW,,, in terms of FFGE andGy. Recalling
the property thal'r - A = 0, for any vectorA, we see that all terms for the componeWs, which contain
the productGeGy, vanish: this means that the unpolarized cross secti@Ne&cattering does not contain this
interference term. The non-zero component®fpf are determined only b@% andGﬁ,,:

Woo = 4M3GE,

Wy = —qufﬂ,
W,y = —0°G3,.
Substituting these expressions in Eq. (78), one can findhéontatrix element squared:
2\2
(?g) IMI? = LooWoo + (L + Lyy)Wax = LoodMZGZ + (Lyx + Lyy) (-9 G,. (84)

The necessary components of the leptonic tehggrcalculated in the Breit system, are:
6
Loo = 4€5 + ¢ = —¢f cof EB’

Ly = -,

Lx = 4K2, — o = - (1 +cof G—ZB)
Substituting the corresponding terms in Eq. (84) we have:
— (&) 0 o
IM]? = (@) [—qz cot? EB4M§GE + (-2¢% — ¢? cof? EB)(—qZGﬁ)] ,

which becomes in the Lab system:

[
€%

M= (S 24|v|2(- ?)| 206G, + 2 (G2 + 1G2 (85)
“\@ p—d MF T BE YUE
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We can then find the following formula for the cross sectidm/dQe, in the Lab system, in terms of the
electromagnetic FF&g andGy (Rosenbluth formufy *:
[

2 2 cof &
do _ «a (62) [2TG§+ 2

(GE +7GY)|. (86)

d. - \a 1+t

wherea = €2/4r ~ 1/137 is the fine structure constant.
Taking into account Eq. (65) and the following relation beén the energy, and the angl&. of the
scattered electron:

o=—L (87)
14 2L girp %
My 2
the diterential cross section can be written in the following form:
do o G2 + TG2
— =oy|2Gtaf =+ £ —M 88
dQe ‘TM{TM 2" T 1+r (88)
with
Be Be
. CL/2 (62)200525 ( o 2C052§ 1
M=—Q=|— =5 5
—q2 € i O 2€e1 4 6e €1 . 50
sint — sin® = 1 Ze
> > 1+2Mp sir? >

whereoy is the Mott cross section, for the scattering of unpolariglegtrons by a point charge particle (with
spin 12).
o 0, . .

Note that the very specific €O’§e-dependence of the cross section é-scattering results from the as-
sumption of one-photon mechanism for the considered @acTihis can be easily provédby crossing sym-
metry considerations, looking to the annihilation chapaek e — p+ p. In the CMS of such reaction, the
one-photon mechanism induces a simple and evideAvedspendence of the correspondinffefiential cross
section, due to the C-invariance of the hadron electromagimeeraction, and unit value of the photon spin.

. 0 . . L .

The particular ct—=-dependence of thefiierentialeN-cross section is at the basis of the method to dete
mine both nucleon electromagnetic FEBg, andGy, using the linearity of theeducedcross section:

do
dQe

o (e
_q2 €
as a function of c&te—ze (Rosenbluth fit or Rosenbluth separation). One can seettbdiackwaraN-scattering

(0 = 7, cot 9—; = 0) is determined by the magnetic FF only, and that the slope{g is sensitive th% (Fig.
4)

Ored =

>

At large o?, for r > 1, the diferential cross-sectioto-/dQ, (with unpolarized particles) is insensitive to
Ge: the corresponding combination of the nucleon FE%+ G?, is dominated by th€y contribution, due
to the following reasons:

o Gu/Gg = up, Wherey, is the proton magnetic moment, €3, /G2 ~ 2.79 ~ 8;

*More exactly, the original formula has been written in termthefDirac £1) and Pauli F,) form factors.
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o fixed
ie]
o
e}
2 T 2
G.+TG,,
2 1+t
G, |
0 cot? 88
2

Fig. 4. lllustration of the Rosenbluth separation for tresét diferential cross section f@N-scattering.

e The factorr increases th&2, contribution at large momentum transfer, where- 1.

Thereforeep-scattering (with unpolarized particles) is dominated by thagnetic term, at large values of
momentum transfer. The same holds éorscattering, even at relatively small valueséf due to the smaller
values of the neutron electric FF.

As aresult, for the exact determination of the proton eleF, in the region of large momentum transfer,
and for the neutron electric FF - at any valuegdf polarization measurements are required and in particulat
those polarization observables which are determined bpith@uctGeGy,, and are, therefore, more sensitive
to Gg.

There are at least twoftierent classes of polarization experiments of such types¢aéering of longitu-
dinally polarized electrons by polarized target (with pation in the reaction plane, but perpendicular to the
direction of the three-momentum transféry} g — e+ p, or the measurement of the ratio of transversal to
longitudinal proton polarization (in the reaction plane) the scattering of longitudinally polarized electrons
by unpolarized targe€+ p — e+ p.

In principle, there are some components of the depolaoizaénsor (characterizing the dependence of the
final proton polarization on the target polarization (foe #tattering of unpolarized electroest: g — e+ [)
which are also proportional 686Gy, and therefore can be used for the determination of the anaectric
FF.1’2’44

Both experiments (with polarized electron beam) have bealized:p(€, p)e for the determination of the
proton electric FRGgp?t and, for the determination of the neutron electric GE,, d(& &) p andd(g &'n) .46

4.5. Polarization observables

In general the hadronic tens@f,,, for epelastic scattering, contains four terms, related to the fossibilities
of polarizing the initial and final protons:

Wyv = W;(z?/) + Wyv(ﬁl) + Wyv(ﬁZ) + W/Jv(ﬁl» |32)’

wherePy, (P,) is the polarization vector of the initial (final) proton. &first term corresponds to the unpolar-
ized case, the second (third) term corresponds to the case thik initial (final) proton is polarized, and the
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last term describes the reaction when both protons (irdtidlfinal) are polarized. Thex22 density matrix for
a nucleon with polarizatio® can be written ag = > (1+e-P).

Let us consider the case when only the final proton is poldiiBe= B,):
W,,,(P) = %TrFﬂFJ&- P.

For the scattering of longitudinally polarized electrobyg (inpolarized target), only theandz components
of the polarization vectoP do not vanish. To find these components, let us calculatestrsdtsw,, (Py) and
WHV(PZ)'

1
W, (Py) = ETrF#FIo'X.

Let us starf from the calculation of the componerfEs:

2M,Gg ,v=0,

E = —i \/—_quMO'y V=X, (89)
' i\/__quMU'x V=Y,
0 V=27

Therefore, one can find easily (usingoy = ioz, oyo; = ik, 020 = ioy):

2MpGEO—x , V= 0,

—/=0Gpmoz , v = X
FT - q MUz, s 90
A IV R (50)
0 , V=12
This allows to write:
2MpGE S = 0, 2MpGEO’X , V= O,
. i vV—02Gpoy i = X —=02Gpoz ,V = X,
FuFjoy={ YV AMIy i= % &y | N oM (91)
—I _q GMO-X 9/1:y’ | _q GM ,sz,

0 M=2Z 0 L V=127

As we have to calculate the trace, recalling thatyy, = 0, we can see that the non-zero components of tl
hadronic tensoW,,(Py) are:

Woy(Px) = i v/—02 2M,GeG, ©2)

Wyo(Py) = —i v~-02 2MpGeG.
So we proved here that only two componentsVdf,(Py) are diterent from zero: they are equal in abso.
lute value and opposite in sign: it follows thé,, (Py) is an antisymmetrical tensor. Therefore, the proc
uct L,,W,,(Px) vanishes: the product of a symmetrical tensor and an asymcaletensor is zero. This
means that the polarization of the final proton vanisheshef électron is unpolarizedinpolarized elec-
trons can not induce polarization of the scattered proton This is a property of the one-photon mechanisr
for any elastic electror hadron scatteringnd of the hermiticity of the Hamiltonian for the hadron ¢tee
magnetic interaction. Namely the hermiticity conditiolowls to prove that the hadron electromagnetic FFs a
real functions of the momentum transfer squared in the sfleeeegion. On the other hand, in the time-like

SWe will take into account the fact th@ (g) andGy (q?) are real functions ofef?) in the space-like region.
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region, which is scanned by the annihilation processes,e" < p + p, the nucleon electromagnetic FFs are
complex functions ofy?, if g > 42, wherem, is the pion mass. This is due to the unitarity condition, whic
can be illustrated as in Fig. 5.

|

Fig. 5. The unitarity condition for proton electromagnetieshn the time-like region of momentum transfer squared. \@rtice on the
right side crosses the pion lines, describing real pagifd® mass shell). The dotted line denotes other possible-piatiistates, in the
chain of the following transitionsg”* — nr — pp, wheren is the number of pions in the intermediate state.

The complexity of nucleon FFs (in the time-like region) lsin specific polarization phenomena, for
the annihilation processes + € < p+ p, which are diferent from the case of elastap-scattering. For
example, the polarization of the final proton (or antiprotisrdifferent from zero, even in the case of collisions
of unpolarized leptons: this polarization is determinedhgyproduct? mGeG;j, (and, therefore, vanishes in the
case of elastie p-scattering, where FFs are real). Note that two-photonaxgh ine p-elastic scattering is also
generating complex amplitudes. So the interference betwae and two-photon amplitudes induces nonzero
proton polarization, but small in absolute value, as it mpartional toa.

Numerous experimerftshave been done with the aim to detect such polarization dt sroenentum trans-
fer|g?| < 1 Ge\?, but with negative result, at a percent level. Only recetityyabove mentioned interference
was experimentally detected, measuring the asymmetryiadhattering of transversally polarized electrons by
an unpolarized proton targ&t#°

Note that at very large momentum transfer, the relative oblevo-photon amplitudes may be increased
(violating the counting inr), due to the steeg?-decreasing of hadronic electromagnetic FFs.

Note also that the analytical properties of the nucleon Eéissidered as functions of the complex variable
z = 7, result in a specific asymptotic behavior, as they obey tdtiragmen-Lindelof theoref:

lim FEY(?) = lim FMY(). (93)
gc—o0

q2~>—oo

The existing experimental data about the proton FFs in the-tike region up to 15 Ge¥/ seem to contradict
this theoren?! More exactly, one can prove that, if one FF, electric or méignsatisfies the relation (93), then
the other one violates this theorem, i.e., the asymptoticlition does not apply.
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Let us consider now the proton polarization in théirection:
1 7
W, (P;) = éTrFHFyaZ.

First, we calculate the componentsﬁifazz

2MpGgo, ,v=0,
Efo = V-Gmox ,V = X,
z

= 94
O ,_—quMO'y v= y’ ( )
0 V=12
Therefore we find:
2M,Gg ,u =0, 2MyGgo; ,v=0,

F.Fio, =) V-@Cuoy u=x ® V=0Gmox v =X,
VTR i V-2Gmo i =Y, V-Guay ,v =y.

0 NTEWA 0 , V=12

(95)

We see thatWg, (P;) = W,o(P;) = 0, for anyvy, and no interference ter@gGy is present. The nonzero
components oW, (P,) are:

Wyx(Pz) = iqzeﬁn’ (%6)

from where we see th&ft/,, (P,) is an antisymmetrical tensor, which dependﬁﬁpand thatPy /P, o« GE/Gy.

4.5.1. Polarized electron

The leptonic tensor,,,, in case of unpolarized particles, contains only one teram.Iéngitudinally polar-
ized electrons, the polarization is characterized by thieitye A, which takes valueg1, corresponding to the
direction of spin parallel or antiparallel to the electrbnete-momentum.
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Relativistic description of the electron polarization

Using the expression 57 for the density maipixlet us calculate the leptonic tensby, (1), corresponding to the
scattering of longitudinally polarized electrons (neglecting the electron)mass

1 o ~ 1 ! A -
L) = 5Tryka(L+ dys)yke = STrvkanke + STrnkysyke = LY + ALE). (97)

The tensonL}(lov) corresponds to the scattering of unpolarized electrons:

LD = 2k, ko + Kivkay, — Gurka - k. (98)
The tensorl_fllv), describing the dependence on the longitudinal electron polarizationecamitien in the following
form:
LD = L1y Riykoys = -2 Trykikeys = Zienpokik 99
w =5 IMyuKiyvKoys = 5 MYuyvKiK2ys = 2l€uypoKipKoo . (99)

We applied another property ¢, that is:

TryuwYpYoys = —4i€wpo.

Taking into account the conservation of four-momentum in the electraexég = ky + g, we can rewrite the tensar
Lfllv) in the following form, which is more convenient in this frame:

LY = 2igupr Gokior (100)

The three-vectoq has only nonzera-component, in the Breit system. The tensgy,, is defined in such way that
Exy0 = +1.

The general expression for the leptonic tensor in case gitiatinally polarized electrons is:
Luv = LO + L () + Ly (2) + Ly (A2, 22), (101)

where the first term, considered previously, describes ¢dlision where the initial and final electrons are un-
polarized, the second (third) term describes the case viteanitial (final) electron is longitudinally polarized,
and the last terms holds when both electrons are longitligipalarized.

If only the initial electron is polarized}; = A, one can write fot_,,:

Ln(4) = 2i A€ qsKakop. (102)

The dfect of the electron polarization is described by an antisgtnical tensorl,,(1). If the initial proton
is unpolarized, again, being described by symmetricalaieribe total result will be zero. This result holds
because FFs are real, so it does not apply to the time-likerreg
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Let us consider th& andz components.
X-component

Let us consider the product of the leptohig (1) and hadronidV,,(Py) tensors, for theccomponent of the
final proton polarization:

Ly ()W, (Px) = Loy()Woy(Px) + Lyo(4)Wyo(Px)
= Loy(4) [Woy(Px) = Wio(Ps) | = 2Loy(2) Woy(Py)- (103)

Taking into account that.gy = 2idegyskinkos the only non-zero terms correspondate= x andg = zora = z
andp = x. Therefore:

. . . 0
Loy(d) = 2i1 (EnyzklkaZ + EOyzxk1z|<2x) = 2ideoyxAKixkoz — KizKax) = iA07 COtEB,
with eoyx, = 1, and using Egs. (61) and (62).
We finally find:
Lo ()W, (Px) = —4AM 02 4/ —02 cote—ZBGEGM. (104)

z-component
Similarly, considering the antisymmetry of both tensbgg(1) andW,,, (P;), one can find:

Ly (A)Wo (P2) = 2id€uyapkiokos Wiy (P2) = 4€xyo,Wiy(P2) (lekZB - Ezsle)
G2
= 4P —M . (105)

sinfg/2
4.6. Final formulas
The polarizatiorP of the scattered proton can be written as:

do  a? (2)2 Ly

P—=— a2 Vs
dQe 47\ M% a

. 1 .
with P, = S(TTF.7] ), s thatP? = W,,(P,) andP%) = W, (Py).
Using Eq. (66) one can find the following expressions for thiaponent$y andP; of the proton polariza-
tion vector (in the scattering plane) - in terms of the prattectromagnetic FFs:

DPy = 2/lCOt—ﬂ GEGM,
€1+ € (106)
1+ €
DP, =
z=4 Mp ‘\/1+TGM’

where D is proportional to the fierential cross section with unpolarized particles:

G2 +1G3,
D = 2:GZ, + cof? 9‘3—7. (107)
1+7
So, for the ratio of these components one can find the follgWionmula:
M 2
PX _ Pt - _2¢ tee p GE(q ) (108)

P, P 2 e+ € Gu(eP)
which clearly shows that a measurement of the ratio of trarsgvand longitudinal polarization of the recoil
proton gives a direct measurement of the ratio of electritrangnetic FFSGe(9?)/Gwm(d?).
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In the same way it is possible to calculate the dependendeeddiiferential cross section for the elastic
scattering of the longitudinally polarized electrons bpdaarized proton target, with polarizatio®, in the
above defined coordinate system:

) (L+ AP, A+ AP,A,) (109)
0/,

where the asymmetrie&, and A, (or the corresponding analyzing powers) are related in @lsimnd direct
way, to the components of the final proton polarization:

Ax =Py,
AZ = _Pz.

This holds in the framework of the one-photon mechanism fastie e p-scattering. Note that the quantities
Ay andPy have the same sign and absolute value, but the compoAgatsiP,, being equal in absolute value,
have opposite sign.

These two dierent polarization experiments in elastic electron-pratoattering, namely the scattering
with longitudinally polarized electrons by a polarized fom target (with polarization in the reaction plane)
from one side and the measurement of the components of tHeftan polarization (again in the reaction
plane) in the scattering of longitudinally polarized eteat by an unpolarized proton target, from another side,
bring the same physical information, concerning the etectrgnetic FFs of proton.

Note that theP,-component of the proton polarization vanishes in the edaty of polarized and unpolar-
ized electrons, as well. This results from the one-photooharism and the fact th&g andGy, are real. For
the same reasons, the corresponding analyzing péwyealso vanishes.

(110)

4.7. Discussion

The expressions of the unpolarized cross section and of dlaipation observables in terms of FFs given
above for elastie p-scattering, hold in the framework of the one-photon meigman
There are at least twoftierent sources of corrections to these relations:

e the standard radiative corrections;
e the electroweak corrections.

These last corrections arise from the interference of aog#s, corresponding to the exchangey @nd
Z-boson. The relative value of these contributions is chareetd by the following dimensionless parameter:

Gr 4 P
2\/§a7r Ge\?’

whereGe is the standard Fermi constant of the weak interactBny 105/M,23.

So, for|g?| < 10 Ge\?, the electroweak corrections are negligible, for the prédion phenomena consid-
ered above. However, note that the Z-interference is not only inducing (small) correctionshe tesults of
the one-photon considerations, but it induces also a ness cibpolarization observables of P-odd nature, i.e.,
with violation of theP-invariance. The simplest of them is the P-odd asymmetrii@fktattering of longitudi-
nally polarized electrons by an unpolarized proton taggep — e+ p (the detection of the polarization of the
scattered particles is not required). As this asymmetrystess in the one-photon mechanism, it is proportional
to Get1, at relatively small momentum transfer squared.

Let us turn to the QED radiative corrections. They appeagrdsly in the diferential cross section, and
they have been discussed, for exampl& and more recently b$?

Geff = || ~ 107
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For polarization phenomena, it can be protfethat, in case of soft photons, the contribution of radiativ
corrections can be explicitly factorized. Therefore, tiastribution, which is important for theflierential cross
section, cancels in polarizatiofffects. Radiation of non-soft photons by electrons (in ihdiad final states)
results in corrections, which areffitirent for the component, andP,. Such corrections can be calculated ir
a model independent way, in the framework of the standard Qflcing dfects of a few percerif,

Model dependent radiative corrections can not be uniquebutated. This concerns, first of all, the virtual
Compton scattering on nucleons, which is driven by the aomidi of the procesg® + p — y + p, with very
complicated spin structure and withfidirent mechanisms, as, for example, pion exchandecirannel and
A-exchange irs-channel. These contributions can be estimated to givections of 1-3 %.

The most intriguing part of the radiative corrections is tluthe two-photon exchange at large momentur
transfer, with comparable virtuality of the two photonsldPization phenomena for elastic positron scatterin
and for elastic scattering of positive and negative muoagte same as in case of electron scattering, only
case of one photon exchange.

Radiative corrections modify not only the absolute valug, dlso the dependence of the observables c
the relevant kinematical variables and, in case of unp#drcross section, at large momentum transfer th
can reach 30-40%. Therefore, it appears necessary to introduce high ordeectisns?! what can be done in
frame of the lepton structure functions (LSF) metfiée

This formalism equally applies ®n-elastic scattering, in the case of free neutron. As typicatarget like
d or He is used, specific considerations apply, which are outsidethsent notes (see FéJ. The present
formalism is valid in case of elastie+3He ande +3H scattering, and, in general, for elastic scattering c
electrons on any spir/2 target.

5. Symmetries and two photon exchange

The discrepancy of recent experimental resultedande pelastic scattering obtained infiirent experimental
set-ups anr with different methods, lead to the suggestion that, beyond possiflematic fects not taken
properly into account, they could result from the preserfae different reaction mechanism, the exchange ¢
two photons®® This is not a new idea: in the 70’'s much theoretical and erpanial work was devoted to this
problem. More than 25 years ago it was obsefUeithat the simple rule o&-counting for the estimation of
the relative role of two-photon contribution to the ampdiéuof elasticed-scattering, does not hold at large
momentum transfer. Using a Glauber approach for the caionl@f multiple scattering contributior?s, it
was shown that the relative role of two-photon exchange @rdsentially increased in the region of higt
momentum transfer. It was also shown that thfe@ can be observed in particulared-elastic scattering ,
due to the steep decreasing of the deuteron form factorsedler the relative role of two-photon contributions
has to be even larger for heavy nuclei (Ifée or “He) in comparison with deuteron. Thisfect would then
manifest at relatively small momentum transfer - of the oafel Ge\? - especially in the region of firactive
minima. The argument for the possible increase of the velatile of two-photon exchange at large momentur
transfer follows from the fact that this momentum has to meath between the two photons, which results in
non negligible two-photon amplitude. Howeverziithe two-photon amplitude is purely imaginary, at least
very small scattering angles, so it cannot interfere withdhe-photon exchange amplitude. The experimer
in the 70’s were mainly focused on thefdrence between electron and positron elastic scatteritigeqoroton
(for a review, se®). The precision of the data does not allow to see the evidehar dfect lower than a few
percent. Note that this is also the size of those radiativeections which contain odd terms. Presently, man
efforts are devoted to precise measurements of tlierdhce betweer*p elastic scattering at Novosibirsk,
JLab and DESY.
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One should also note that no experimental evidenceyadc¢hange (more exactly, of the real part of the
1y ) 2y interference) has been found in the experimental datacisiegrfor non linearities in the Rosenbluth
plots for electron elastic scattering on particles wittmsgero®® one half®” and one’! An analysis of asymme-
try in the angular distributions for the BABAR ddtalso does not show evidence of two photon contribution,
in the limit of the uncertainty of the daf4.

Let us stress that the main advantage of the searcly of ZL region is that the information is fully con-
tained in the angular distribution (which is equivalentiie tharge asymmetry). In the same measurement, the
odd terms corresponding to two photon exchange can be dingtgwhereas in SL region, in case of two pho-
ton exchange it is necessary to measure electron and positadtering, in the same kinematical conditions).
Two photon exchangeffiects cancel if one does not measure the charge of the outlggtan, or in the sum
of the cross section at complementary angles, allowing ti@etxthe moduli of the true FFS.

5.1. Helicity amplitudes for binary reactions with spin§/2 + 1/2 —» 1/2+ 1/2

N |12 12 - 1/2 12| N 12 12 - 12 12
1) | + + -+ + 9) - + -+ +
2) | + + -+ - 10) | - + -+ -
3| + + -5 - + 11) | - + - - +
4 | + + -5 - - 12) | - + - - -
5) | + - >+ + || 13) | - - >+ +
6) | + - >+ - 14) | - - >+ -
|+ - > - + 15) | - - > - +
8) | + - - - - 16) | - - - - -

The total number of amplitudes for a binary reaction iSy(2 1)(2S, + 1)(2S3 + 1)(2S4 + 1), whereS;,
i = 1- 4, is the spin of thé particle involved, see Table 5. However, not all of themiadependent, but they
are related by symmetry properties:

e Parity conservation: it implies the identity of the amplies obtained when reversing all spins: it reduces
the number of amplitudes from 16 8.
¢ |dentity of initial and final states: it gives two more conalits: 2=5, 3=9=8 (9 was already equal to 8).

We are left with 162-2=6 amplitudes. In Table 6, they are classified with, in thetrigllumn, the ones which
require a spin-flip of the projectile.

In case of high energy electrons (whemg/EAA1), helicity conservation strongly suppress the amplisude
4-6. The amplitudes 1 and 3 correspond\t® = 0, the amplitudes 2,4-6 correspondA8 = 1. This require
L = 0 andL = 1, respectively, in order to conserve parity.

This analysis is better done in the annihilation channelilkstration, let us consider firstly the one-photon
mechanism foe" + & — p + p. The conservation of the total angular momentgnallows only one value,
J =1, and the quantum numbers of the photon.

The selection rules with respect to the C- and P invarianktes awo states foe*e™ (andpp):

S=1¢=0andS=1, £=2withg" =1", (111)
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N|le p - e p|IN|je p —- e p
DI+ + - + +|4d)]|+ + - - +
2+ + - + -9+ + - - -
|+ - - + -6+ - - - +

whereS is the total spin and is the orbital angular momentum of tle& + e~ system. As a result the
dependence of the cross sectionddbr+ e — p + p, in the one-photon exchange mechanism must have t

following general form:
doo, . _
E(e +e — p+p) =at) + b(t) cos o, (112)

wherea(t) andb(t) are definite quadratic contributions GE(t) andGy (1), a(t) andb(t) > 0 att > 4M§.
Using the kinematical relation (see below):

l+e coBbe/2
Co§9_1_6_?+1 (113)
between the variables in the CMS ef + & — p+ p and in the LAB system foe™ + p —» e + p, it
appears clearly that the one-photon mechanism generateseeldependence (or cofe/2) of the Rosenbluth
differential cross section for elastig-scattering in Lab system.

Similarly, let us consider the cosdependence of theyXX) 2y-interference contribution to theftirential
cross section o&* + e — p + p. The spin and parity of they2states is not fixed, in general, but only
a positive value of C-parityC(2y) = +1, is allowed. An infinite number of states withfidirent quantum
numbers (fore" + e andp + p) can contribute, and their relative role is determined eydiinamics of the
procesy”* +y* — p+ p, with both virtual photons.

But the co® dependence of theyl® 2y interference contribution to the fiiérential cross section can be

predicted on the basis of its C-odd nature:
do_(int)
da

whereci(t), i = 0, 1.. are real cofficients, which are functions ¢fonly. This odd cog dependence is essentially
different from the even c@sdependence of the cross section for the one-photon appatirim

(e +e — p+ p) = cosdco(t) + C(t) coF 6 + Cy(t) cos 6 + .., (114)

5.1.1. Kinematical relation between Lab electron-scattering lerig e+ p — e+ p and CMS
antiproton angle inp+ p —» e + &

Let us prove the following relation

1+e cofbe/2
e 1+r T (115)
wheref, is the laboratory scattering angle of the electron in edatiscattering and is the CMS angle of the
antiproton produced in the annihilaticer: + e — p + p with respect to the beam direction.

This kinematical relation shows clearly the physical lirdtween the lineas dependence of the Rosenbluth
differential cross section for elastip-scattering in Lab system (or éat./2) and the even distribution in co8
for the diferential annihilation cross sectionji+ p & € + €.

cog 6 =
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Crossing symmetry allows to connect scattering and aratibil channels (change a particle into antiparti-
cle, change sign to the momenta):

e (ki) + p(p1) — € (k2) + p(p2), € (k1) + € (~ka) = p(-p1) + P(P2).

(1) Let us calculates andt in the scattering channel:

2 2 S— MS
S= (p1+k]_) = Mp+2€1Mp= Mp(Mp+2€1)—>El= M ; (116)
p
50
t = (ki — ko)® = K2 + K3 — 216 + 2K1][K2| COSOe = —4er6 SiM? Ee (117)

where we assumeat = 0 and we calculateas function of the electron variables.
(2) The energy and momentum conservation are: My = 2 + Ep; ki = |22 + p2;
(3) Let us expressfrom the hadron variables:

t=(pz2 — po)® = 2Mj — 2MpE; = 2M2 — 2My(e1 + Mp — €2) = 2Mp(ez — €1). (118)
From the equality of Egs. (117) and (118):

t= 2Mp(62 —€) = e sir? g (119)

Hence
Mp(s— M2
SO S — (120)
1+2M—1psin2E 2| M2 + (s~ MZ)sir? 2
(4) Inserting the expression ef ande; as a functions o§in Eq. 118:

1 M3 1

Z=_ - . (121)
t ., 60 s—M2
(s— M2)?sir? > P
(5) In the annihilation channel (CMS) one has="& = E; = E; = ¢, ky = ko =k, p1 = —-p2 = p # k:
s= (ki — P2)® = M} — 2&7 + 28,5, cosf) (122)
t = (ky + ko)? = 282 — 281& coskykp = 42, (123)
from where we find the expression of dbas a function of the invariantsandt:
. S—M242e . (s—M2?2+ts
cosh=—F — 5 cofh=-—rPt " 41 (124)
s t 5
2¢ \[€2 - M3 t(Z_Mp)
Reminding that = —t/(4M?), one finds
t
t(21 - Mg) = —M2t(r +1). (125)
_ (0t 0 . . .
Inserting the relauor(sm2 E) = cot? > +1in Eg. (121), one finds
s—M2)2 +ts
cott (5= Mp)” +ts (126)

277 Mzt
p
(6) Comparing Egs. (126) and (124) with the help of (125) omefies the relation Eq. (115).
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5.2. Two photon exchange for e p scattering

The exact calculation of they2contribution to the amplitude of thef p — e* p-process requires the knowledge
of the matrix element for the double virtual Compton scattgrn* + p — y* + p, in a large kinematical region
of colliding energy and virtuality of both photons, and cart be done in a model independent form. Howeve
general properties of the hadron electromagnetic interacas C-invariance and crossing symmetry, give ric
orous prescriptions for ffierent observables for the elastic scattering of electradspasitrons by nucleons,
in particular for the dierential cross section and for the proton polarizationuésdl by polarized electrons.
These concrete prescriptions help in identifying a possibénifestation of the two-photon exchange mech:
nism. For example, assuming a lineatependence of the elastic cross section in presencg-ob2ections is
in contradiction with the C-invariance of the electromagmmteraction € is the degree of polarization of the
virtual photon).

If one takes into account the two-photon mechanism, theemsimns of the matrix element and of the
differential cross section, are essentially modified.

It is required, first of all, a generalization of the spin sture of the matrix element, which can be done
in analogy with elastiop-scattering® using the general properties of the electron-hadron iotiena such as
P-invariance and relativistic invariance.

Taking into account the identity of the initial and final staand the T-invariance of the electromagneti
interaction, we showed above that the processds— €*N, in which four particles with spin/2 participate,
are characterized by six independent products of fourespjrdescribing the initial and final fermions. The
corresponding (model independent) parametrization ofrth&ix element can be done in manytdrent but
equivalent forms, in terms of six invariant complex amglits, A;(s, Q%), i = 1 — 6, which are functions of
two independent variables, asd= (k; + p1)? is the square of the total energy of the colliding particlaghe
physical region of the reacticgftN — e*N the conditionsQ? > 0 ands > (Mp + me)? =~ Mf,, apply.

Previously, another set of variablesand Q?, which is equivalent ts andQ? (in Lab system) was consid-
ered. The variables and Q? are well adapted to the description of the properties of gmaton exchange for
elasticeN-scattering, because, in this case, only@alependence of the form factors has a dynamical origi
whereas the lineardependence in Eq. (88) is a trivial consequence of the onésphmechanism. On the other
hand, the variablesandQ? are better suited to the analysis of the implications froossing symmetry.

The conservation of the lepton helicity, which is a generapprty of the electromagnetic interaction in
electron-hadron scattering at high energy, reduces théauaf invariant amplitudes for elastdN-scattering,
in general complex functions sfandQ?, from six to three.

Therefore, we can write the following general parametitrabf the spin structure of the matrix element
for elasticeN-scattering, following the formalism &P

M= éﬁ(kz)%l u(k)t(pz2)

a(s Py - Fols @) + Aals IRE, | U(py), 127)
p

whereA; — Aj are the corresponding invariant amplitudes.
In case of one-photon exchange these amplitudes are rétetieel nucleon form factors:

Au(s, Q) = Fi(Q), AxAs Q%) = Fo(QP), As(s Q%) — 0.
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But in the general case (with multi-photon exchanges) tluagon is more complicated, because:

e The amplitudesA;(s, Q?), i = 1 - 3, are complex functions of two independent variabseesd Q2.

e The set of amplitudesi{”(s Q) for the procese™ + N — e + N is different from the sefi")(s Q?)
of corresponding amplitudes for positron scatterigfigy N — e€* + N, which means that the properties of
positron scattering can not be derived frmq(f)(s, Q?), as in case of the one-photon mechanism.

e The connection of the amplituded;(s, Q%) with the nucleon electromagnetic form factoFsy, (Q?), is
non-trivial, because these amplitudes depend on a largbewh diferent quantities, as, for example, the
form factors of theA-excitation - through the amplitudes of the virtual Compseattering.

In this framework, the simple and transparent phenomenobdglectron-hadron physics does not hold
anymore, and in particular, it would be venfitiult to extract information on the internal structure of atua
in terms of electromagnetic form factors, which are reakfioms of one variable, from electron scattering
experiments.

It has been proved that even in case of two-photon exchangesan still use the formalism of form factors,
taking into account the C-invariance of the electromagriateraction of hadrons.

The spin structure of the amplitude®, and A, corresponds to exchange by vector particlet{@mannel),
whereas the spin structure for the amplituéle corresponds to tensor exchange. Therefore, in caseNf
elastic scattering, in theyl+ 2y approximation, one can write the amplitud@t%z)(s, @?) in the following
form:

AY(s @) = FF1on(Q) + AAY(s QD).
AT (s Q) = AAT)(s Q) = Aty o(s QD).

AN(s Q) = AL(s Q) = Ax(s QD),

where the superscript] corresponds t@® scattering. The amplitudes#; »(s, Q%) and As(s, Q) contain
only the Z-contribution, and are equal fef*) scatteringAA; » andAz are of the order of, a = €?/(4n) =
1/137.

Note that the dference in the spin structure of these amplitudes, Eq. (X83llts in specific symmetry

. . l+e€
properties with respect to the change> —x|x = 1 :

AAL(S —X) = —AAL(S X), Az(S, —X) = +As(S, X). (128)

The x—odd behavior oAA; »(s, X)—contributions, corresponding te-2xchange witlC = +1, results from the
C-odd character of the two vector-like spin structusgsando, g, .

To prove this, let us consider, in addition to C-invariam@®ssing symmetry, which allows to connect the
matrix elements for the cross-channals:+ p — € + p, s—-channel, ané&" + € — p + p, t—channel. The
transformation frons- to t-channel can be realized by the following substitution:

ko = —ko, p1 — —p1,
and for the invariant variables:
s= (ki + p)? > (K- pr)? Q= —(ki — k2)? > (ki + kp)? = —t.

The crossing symmetry states that the same amplitdiess Q%) describe the two channels, when the variables
sandQ? scan the physical region of the corresponding channelsf $¢, 4M§ and-1 < cosf < 1 (@ is the
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angle of the proton production with respect to the electtmad-momentum, in the center of mass (CMS) fo
€'+ e — p+p), the amplitudesAi(t, cosh), i = 1 — 3, describe the process + € — p+ p.
From C-invariance it follows that:

As(t, — cosh) = Ajs(t, + cosb), AA1o(t, — cosh) = —AAg o(t, + cosb), (129)

which is equivalent to the symmetry relations (128).

Therefore, it is incorrect to approximate the () 2y interference contribution to the fiérential cross
section, Eq. (114) by a linear function in éas(what may be found in recent literature), because it is i
contradiction with the C-invariance of hadronic electrgmetic interaction.

6. The annihilation channelp+ p— et + €

The measurement of theftlirential cross section for the procgss p — ¢ + ¢~ at a fixed value of the
total energys, and for two diferent angle®, allows the separation of the two FA&y|?> and|Gg[?, and is
equivalent to the Rosenbluth separation for the elagtiscattering. In TL region, this procedure is simpler
as it requires to change only one kinematical variablepcasereas, in SL region it is necessary to chang
simultaneously two kinematical variables: the energy efitiitial electron and the electron scattering angle
fixing the momentum transfer square@f. Due to the limited statistics, the individual determipatiof the
IGe|? and|Gy|? contributions has not yet been realized in TL region.

In the TL region, the determination of a generalized FF nexguio integrate the flerential cross section
over a wide angular range. One typically assumes thaGgheontribution plays a minor role in the cross
section at large and the experimental results are usually given in term&gf, under the hypothesis that
Ge = 0 or|Gg| = |Gnl. The first hypothesis is an arbitrary one. The second hypahe strictly valid at
threshold only, i.e., for = q2/(4M§) = 1, but there is no theoretical argument which justifies it&litg at any
other momentum transfer, whegé # 4M§ (My is the nucleon mas$y = p(n) for proton(neutron)). Thiy|
values depend, in principle, on the kinematics where thesoreament was performed and the angular range
integration. However, it turns out that these two assumgtiorGg lead to comparable values fi@y|.

In annihilation channel, it is more convenient to performa tialculatations in CMS.

6.1. Observables fop+ p— et + €~

The derivation given below is simplified by the use ot 2 Pauli matrix, and 2-rank spinors, instead of 4
Dirac matrices and 4-rank spinors. It is a rigorous and snggrivation. The full derivation in the Dirac
formalism can be found in Ré&P.

Let us consider the annihilation reaction

P(P1) + P(P2) — € (ke) + €7 (ko) (130)

in the CMS system, where an antiproton with three-momeryra p annihilates with a proton with three-
momentump, = —p. The transferred momentumtis= s = (k; + kp)?> = 4E? and (assumingn = 0) one has
k = ky = —kp; E = |k|. We choose a reference system with ttais along the beam momentum, axmls the
scattering plane. In this system the unit vectors pre:(0, 0, 1) andk = (sin#g, 0, cosf), with p - k = cosb.
The following relation holds (neglecting the electron mass
ok ok
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The starting point of the analysis of the reactipr- p — €' + €™ is the standard expression of the matrix
element in framework of one-photon exchange mechanism:

M= éwkzm u(ke)U(p2) J,v(pa). (132)

with

(—=p1+ p2)
= |F1(0?) + Fo(0? -2 = TRE (),
[F1(c?) + Fa(@®)] v TR

Oy

J, = [Fu(@®)y, - oM “Fo(q?)
P

wherepy, p2, k; andk; are the four-momenta of initial antiproton and proton aradfthal electron and positron
respectivelyg? > 4M2, q = ky + ko = p1 + p2. F1 andF, are the Dirac and Pauli nucleon electromagnetic FFs,
which are complex functions of the variatgé- in the TL region of momentum transfer.

In framework of one-photon exchange, the matrix elementritam as the product of the leptonic and

hadronic currents:

e

b

e2 > o
L7 (133)

e ,
M= LﬂJﬂza(LoJo—L-sz—

o]

wherelLyJy = 0, due to the conservation of the leptonic and hadronic otsrdhe conservation of the current
implies thatL - q = 0, i.e.,Loqo — C. g =0, butg = k; + ko = 0in CMS. Thereforeloqo = 0 for any energy

Jo, i.e.,Lo =0.
Let us reduce the expressions of the current in termg @Pauli) matrices instead of Dirag matrices
Iy - <p25#<,01 (we keep in mind a global factoE(+ Mp)).

o-p

Jﬂ = (F1+ Fg)((pz, - i_’_(;v‘l)s(pz)(é _01)(?&?)[ E + Mpsol]

¥1
a-p
a-(-=p) 10 2p — 1
+(902, E1+Mp"02)(0—1 2MpF2 El+<pI1V|p

- oY1
g-p o
=(F1+F .
(F+ 2)(‘#2, E+Mp¢2)[_& o-p <p1]

E+ Mp
p p a-p
+|\/|p':2‘p2(E+m E+Mp)""
1 2p -
= (F1+F2)|c - 7 pad-pl+ PF .
(F1+ 2)[0' E+M2° poo -p +Mp 22 Ty 4L

(134)

Using the relatiorp? = E? — Mg, introducing the unit vectorp and applying the following properties of
matrices:

(2 - 3 p)7 B =2p B - 7,
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one finds

E-Mp., . E-Mp. )\ 2E-Mp)_ .
J“_(F1+F2)(&_2E+Mppa'p+E+Mpo-)+ M F

., E-Mp,
_(F1+F2)(o-+ E+M, )

Mp E-Mp R R
(F1+F2)E M, M Fz]p P

2E 2(E - M) .
= e (FL+ Fo)d - Wﬂw")wpa + MpF — EFy — MpF2]pd - p
p p p.
2E . o E2
= Ex Mp(F1+ F2)O’—2E(F1+ Fg)pO"p+2Mp F,+ M—%Fg
2E L L
= Eo i [Gm(@ ~ 7 - P)] + 2MpGepa - p.
p

Finally (reminding the global factor) we find for the hadroourrent:

3= e Gu(@) - e B) + ~-Gele@pa b, (135)

whereyp; andy; are the two-component spinors of the antiproton and theprgtis the unit vector along the
three momentum of the antiproton in CMS. The expressiortfetéptonic current is:

L= \/@E(ﬁ' —ké - k)1, (136)
whereg; () is the two-component spinor of the electron (positréri} the unit vector along the final electron
three-momentum.

Note that Eq. (136) holds for the production of unpolarizgatdn (sum over the lepton polarization). Fron

this expression one can see the physical meaning of theplartrelation between the nucleon electromagnet
FFs at threshold:

Ge(q) = Gu(a). & = 4M}.

The structurgdd - p describes thg + p annihilation fromD-wave, i.e., with angular momentufix2. At
threshold, wherer — 1, the finite radius of the strong interaction allows only Sstate, andSy(o?) —

1
WGE(QZ) =0
From Eqgs. (133), (136), and (135) one can find the formulath®unpolarized cross section, the anguls
asymmetry and all the polarization observables.

6.2. The cross section

To calculate the cross section when all particles are unigeld, one has to sum over the polarization of th
final particles and to average over the polarization ofahjarticles:

(d_o-) MR K J_

dQ), ~ 64722 Ipl’ k=

2

— ., 1é
IMP? = WLabJab, Lab = Laly, Jap = JaJp.

Lab = Lal, ~ Tr(0a = ka - K)o = ko - k) = 2(5ab — Kao). (137)
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Let us decompose the contributionAd in four terms classifying along FFs:
1) - IGul*:

1 )

ETr(O'a — Pad - P)(b — Poo - P) =

Sab— TaPaPpd - P — Pad® - Pob + PaPpd’ - PG P = Gab — PaPo- (138)
ThereforeGpu|? contributes to the cross section with:

(6ab = PaPb)(Gab — Kakb) = Sabdan — P° = kK* = (p- k) = 3—1— 1+ cos 6. (139)

2) - The termGgG;, vanishes:

1 1
517(Pad - Pop = PaPb - PG P) = 5(PaPb — PaPb) = 0. (140)
3) - The termGy G¢. similarly vanishes:
1
—Pad - p(0p ~ Po0* - P). (141)
This shows that no interference term will be present in ties€section.
4) - |Gel*:
(0a—pac - pP)(ob — Poo - )—i(f id‘~ L (142)
a— Pa0 - P)0b— Po p—\/; p\/? p—\/;papb
ThereforgGg|? contributes to the cross section with:
1 1 1 1.
— PaPb(0ab — kakn) = —[1 - (p - k)?] = =(1 - coS 6) = = sirf 6. (143)
VT VT T T

We took into account the properties@imatricesi? - p# - p = p? = 1, andTr# - &7 - b c¢=id-bxc
Using the expressions (136) and (135), the formula for tbexsection in CMS is:
2

do
(a5), =~
whereN = a—, a = €/(4r) ~ 1/137, is a kinematical factor. This formula was firstly obtain
4 \J9¥(c? - AM3)

in Ref?? Note that the normalization factor is inessential for thiewiation of the polarization phenomena.

The angular dependence of the cross section, Eq. (144)tsd@mectly from the assumption of one-photon
exchange, where the photon has spin 1 and the electromadpaglion interaction satisfies tRe-invariance.
Therefore, the measurement of th&eliential cross section at three angles (or more) would dlise ¢o test
the presence ofy2exchange.

The electric and the magnetic FFs are weighted Ifgdint angular termss in the cross section, Eq. (144).
One can define an angular asymmeftywith respect to the elierential cross section measured at /2 :

(1+cog0)|Gul? + % Sir? 6|Ge?|, (144)

do
(d_Q)o = 0(0 = 7/2)[1+Rcos 0], (145)
whereR can be expressed as a function of FFs:

_ 7IGwl* - IGel?

= 146
7|IGmP? + IGel? (146)
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This observable should be very sensitive to théedent underlying assumptions on FFs, therefore, a preci
measurement of this quantity, which does not require prddrparticles, would be very interesting. A deviatior
of the diferential cross section from a linearity in é@swould be the signature of mechanisms beyond or
photon exchange (similarly to a deviation form linearitytiie Rosenbluth plot).

Theg? dependence of the total cross section can be presentedassfol

8 1
(o) = N7 [2|GM|2 + ;IGEIZ] . (147)

6.3. Polarization observables

Polarization phenomena will be especially importanpir p — £ + (.
The dependence of the cross section on the polarizalpasid P, of the colliding antiproton and proton
can be written as follows:

do do
(@) (PP = (E)o [1+ Ay(Pyy + Pay) +
AxxP1xPox + AyyP1yPoy + (148)
Az P1:Po; + Axr(P1xP2z + P1P2y)],

where the cofficientsA; andA;; (i, j = XY, 2), analyzing powers and correlation ¢eients, depend on the
nucleon FFs. Their explicit form is given below. The deperme(148) results from the P-invariance of hadrol
electrodynamics. The polarized hadronic tensor reads:

1
Wap(P1, By) = 5T rJad - PrJd - Py

and the cross section with unpolarized electrons is prapat to Ly, Wap.

6.4. Single spin polarization observables

In case of polarized antiproton beam with polarizaﬁmthe contribution to the cross section can be calculate
as:

do > 1 .
(E)O A]_ ~ —LaszrJaO'Jb =

1
[(0a— pad® - P)Gm + ;GE Pad - pJ(—0* - |31)

[0 Poc - P)Gia + ZGEPoc - Pl(0as — ek (149)

(1) The term inGy/:
[1]: (ca— Pad - P)& - Pa(0n — Pod - P)da - (150)
[2]: (ga— Pad - P)&F - Pi(oh — Pod? - Pkako. (151)

The first contribution (150) reduces to:
[1]: 0ad - Pioa—0ad- Pipad-p — pad - pd - Pioa + P2 - pdt- Pid-p
= —pa(@a-Pyxp+p-Pyx&)+p2d-P=0.
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The second contribution (151) becomes:

[2]: (& -k—p-k& p)&@-Pic-k—-p-ké-p)
@k -Pi¢-k—@-ké&-Bip-ké-p -
p-ké-pé-Pid-k+(p-k)?¢-pd-Bid-p
=—cost(oc -k By -p+o-po-Pio-k
=—cos[(k-Pixp+p-Byrxk]=0

due to the antisymmetric terms in first parenthesis and ttelat theo- matrices have zero trace.
(2) The termGg|%:

%[pa&-p&- Pipa - p - (p-k)’¢ - pé - Pic? - p| = 0.
(3) The termGyGg
1_1
ETr;[(o-a — Pad - P)& - P1po@ - P)(Jab — kakb)
= Z[(Ga Padt D) Prpadt P~ (¢ -k~ p ket pF - Puct -kt -l (152
Let us decompose explicitly the components:

1
;[(O—XO_)-' F_))lpx0'2+ U'yo_)" Ifilpyo'z)

—(ox SiNG + 0, c0SH — 7, cOSO) & - Py OS]
= —0ySINGCOSHF - P1o, = —i SinG cosHPyy,

GmGg — —isingcosoPyy
(4) Similarly for the term inGeG;, one finds:

[Pad - P& - Pi(ob — Pod - P)](Sab — kako)
= [pad - P& - Pida — Pad - P& - P1pad - p —
p-ka-pd-Pid-k—(p-k)2¢-pd- B p]
= i[pad- p x Py — cosop - By x k].

Let us calculate the mixte product:
d-pxPr— px=py =0;zpx P =0.

More explicitly:

P| Pix Py Py

pj 0 0 1
klsing 0 cosd

i .
GeG}y — —= cosfsingPyy

\/?
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In the calculation of the single spin polarization the temeiated to|Gg|?> and|Gy|? vanish. We add a global
sign as the term for polarization of an antiparticle corgain-" sign:—& - p.
For the interference terms, the only non zero analyzing pcimelated to the normal polarizatid?:

do iN . .
(E)o Ay = _ﬁ sinf cos[GuGg — GeGy] = 7 sin 2Im(GuGg). (153)

Other observables can be obtained with some algebra inesimély. When the target is polarized, one writes

—

(gg) Ao = LablTrJaJ
Again the terms related {Gg|? and|Gw|? vanish. Moreover, one can fink = A; = A.

Eqg. (153) has been proved also in R&One can see that this analyzing power, being T-odd, does 1
vanish inp+ p — ¢ + ¢, even in one-photon approximation, due to the fact FFs amgpbex in time-like
region. This is a principal dierence with elastie pscattering. Let us note also that the assumpBen= Gy
implies A, = 0, independently from any model taken for the calculatioRes.

6.5. Double spin polarization observables
The contribution to the cross section, when both collidirgtiples are polarized is calculated through th
following expression:

do 1
( ) Agp = Z LonT er‘Ta\]g;U'bs

wherea andb = x,y,z refer to thea(b) component of the projectile (target) polarization. Amahg nine
possible termsi\y = Ayx = Azy = Ay, = 0, and the nonzero components are:

d
(dg) Ay = sm29(|GMI2 |GE|2)N

(S—g) Ay = —sinza(|c;M|2 - 3|GE|2)N

(gg) Ay = (1+co§0)|GM|2——S|r120|GE|2]N
do do 1 .
(dg) Ag = (dQ) Aux= 7SI BREGGHN. (154)

One can see that the double spin observables depend on thdi stpdired of FFs, except; (Azx). Therefore,
in order to determine the relative phase of FFs, in TL redio@,nteresting observables akg andAy,, which
contain respectively the imaginary and the real part of telpctGeG;, .

7. Conclusion

We have given here a formal derivation of unpolarized cressi@n and polarization observables for the cas
of epelastic scattering in the Breit system apg annihilation into a (massless) lepton pair in CM systern
where the calculation is simplified.

The results are model independent expressions of polagizédinpolarized experimental observables ¢
functions of FFs, which hold in the assumption of one photachange mechanism taking into account th
symmetries and the conservation laws of the electromagaet strong interactions.
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Polarization observables play an important role as theycantain the interference of FFs, whereas only
the moduli squared contribute to the unpolarized crossmsect

The modelisation of the nucleon structure is containederptrametrization of FFs. Berent models have
been developed in the recent years. In future, the interiddbevfocused on those models which can describe
coherently all four nucleon FFs, proton and neutron, gleetnd magnetic, in SL and TL regions.

Precise data will strongly constrain nucleon models. Ssexperiments are planned or ongoing in electron
accelerators as JLab, Mainz and colliders as Novosibir§l§,Band Panda at FAIR. In SL region, the main
purpose is to reach higher transferred momenta or betteisgras. In TL region the individual determination
of the electric and magnetic FFs at least in the region owvesstiold will be possible in next future. The
measurements at the highest possible momentum transfealloiv to study asymptotic properties, where
predictions exist from QCD and analyticity.

Search for &ects beyond one photon exchange is object of a renewed mqyedl €fort. The possibility
to polarize antiprotons through spin filtering is also unieestigatio* opening the possibility to measure
the relative phase of FFs in the time-like region.
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