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RADIATIVE CORRECTIONS TO LEPTON-HADRON INTERACTIONS
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A brief review of the present status of radiative corredditmprocesses of particle interaction is presented. Examapéegiven for QED corrections to
processes of lepton—hadron and lepton—lepton interactibmtermediate and low energies. The method of electroatateifunction in the leading
logarithmic approximation is described. The origin of Coulosihgularity in the final state interactions of charged jpéet is demonstrated. A
relativized version of the Sommerfeld-Gamow-Sakharov faistproposed. The vacuum polarizatioffieet is discussed. General recommendations
on application of radiative corrections in data analysésgiven.

Keywords .

1. Introduction

The aim of these lectures to review thigeets due to QEMRadiative Correctiong§RC) being relevant for lepton-hadron inter-
actions at (relatively) low energies. We will discuss typicontributions like vacuum polarization, Coulomb siragitly in the
final state interactions, the leading logarithmic apprationetc. Concrete examples on RC calculation well be given. The main
attention will be paid to the features of the correctionsibelves and on the application of them to the analysis ofrexpatal
data. So, we will not go into details of step-by-step caltofes of the corrections. Instead we will concentrate ondiseussion

of particular features of RC which are relevant for congtarcof high-precision theoretical predictions and expexintal data
analysis.

By radiative correctionsve mean quantumfiects which contribute to observable quantities in highders in a coupling
constant. In other words, RC are theets which appear beyond the lowest order which will be déllere theBorn approxi-
mation So the first step in treatment of any type of radiative cdioes is the definition of the zeroth level. Typically thetéat
corresponds to a very limited number of tree-level Feynmagrdms describing the given process. But in certain casasse
the so-calledmproved Born approximatiom which some simple more or less factorizabféeets of higher orders are already
included. In this case to avoid double counting one shouttliebe them from the RC contributions.

Sometimes radiative corrections can be confused with rackg processes which contribute to the same observalpe. Ty
ically RC are just some modifications of the basic processlewdtackground corresponds to other processes which onk lo
similar to the basic one in the detector. But in a generabtitn one should solve a complex problem, where both RC and
backgrounds are taken into account. Then the definitionai e@ect within the given problem should be done explicitly.

By corrections we usually mean small modifications. It idlyeso concerning RC in the bulk of realistic problems. Butth
is notalwaysso. There are many examples of radiative corrections whighat small in comparison with the Born contribution.
Sometimes we even have corrections of the order of severairbd percent. And below we will discuss a particular case in
which the correction is infinitely large while the obsenalgémains finite.

It is worth to mention also that radiative corrections is bjeats where interests of theoreticians and experimesitdgadire
strongly connected. In order to improve the resulting [ieai in analysis of concrete experimental data, they shauld in a
tight collaboration. In many cases the numerical contidsuof RC depends very much on the experimental conditiopsdfcle
registration.

The studies of radiative corrections are of ultimate imaace for the modern elementary particles physics. In fagsiph is
anatural scienceso it unifies experimental and theoretical investigati@hs the other hand, physics belongset@ct sciences
and now we deal with very accurate experiments and theatgtiedictions. Let us assume that a pure experimental taicgr

§EXP = Vst g gStat (1)
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is the proper sum of systematical and statistical errorenTthe final result of the studie. some physical quantity, would
contain also a contribution due to theoretical uncertemtihich always enter the game at a certain stage of the daltgsin

In order not to spoil the accuracy of the experiment whichlteen obtained by considerable human and material investmen
one should provide the theoretical error as small as pasdiblpractice it is highly desirable that the latter showdtsfy the
condition

6theor S 6exp/3. (2)

If the theoretical error would be of the same size as the @xgatal one then the resulting uncertainty will§&°®exP ~ 1.4.5%%P
which will mean that that a huge part of the investments has Bpent just for nothing. We see also that the precision afiemo
experiments is continuously growing up due to new hardwamgrovement of analysis techniques, increasing of exjoosiime
and so on.

All these facts show that the theoretical accuracy shoulddegjuate to the experimental one. So we need more and more
precise theoretical predictions which should includeatidé corrections.

One could say that precise studies are required only fag tdshe Standard Model (SM), while in searchesNew Physics
radiative corrections are not important at all. That is moét of course. Really, we are always looking for new physfects
as a diference of an observable and the corresponding theoret@gikction. We are doing that at the edges of the explored field
of physical phenomena. In this case theoretical predist&gould be also as accurate as possible. This requiremeadtdsas
for the new physics searches at very high energies of thesltdagiron Collider (LHC) as well as.g.for studies of neutrinoless
double beta decays at low energies.

There are two extreme possible scenarios of physical stadithe LHC: i) the most exiting case would be the discovery
of many particles and new interactions; ii) nothing new scdivered besides the SM-like Higgs boson. Let us imaginérste
situation. Very soon after the experimental discovery af particles we will see in the literature a whole bunch of ttetioal
models pretending to describe the new phenomena. In thésardg having very precise theoretical predictions reatiwéhin
the SM and in its extensiofisould help to choose the most adequate model of the new ghysiother words, the knowledge
of radiative corrections will be required to discriminaiferent models of new physics. In the second case (which isabli
very unpleasant for the whole fundamental science) theipilysrogram of experimental studies at the LHC will be sdfto
the continuation of precision tests of the Standard Moddllaaking for possible (small) deviations from its prediets. In this
case calculation of RC will be again of ultimate importance.

2. Types of Radiative Corrections

Let us discuss the typical types of radiative correctiomstBf all, we subdivide RC into perturbative (computederrty-order

by means of expansion in a coupling constant) and non-feative which are found either phenomenologically from ekpe
mental data or from an exact solution of some equations iqula@tum field theorye.g.the Bethe-Salpeter ones. Sometimes we
can also perform a resummation of a certain class of petiuebzorrections, for example, that is usually done withwlheuum
polarization &ect in the propagator of a virtual photon, see Sect. 5. Thea mathod in calculation of radiative corrections is
expansion in a small parameter which can be: a coupling anhdtansverse momentum, mass rato.

RC are also usually separated according to the relevantdf/paeractions. So we can have QED, QCD and electroweak
corrections. Note that separation of electroweak RC inte RQRED and pure weak in the frames of the Standard Model is not
always possible in a gauge invariant way. What is importaeit ith practice wealwayshave a mixture of RC of all types due to
guantum éects. One of the primary problems in treatment of radiatimeections is to disentangle the mixture. Only in some
extreme cases like the one of the electron anomalous magnethent we have almost a pure QED interaction.

There is a common statement that all relevant one-looptiaglieorrections to any process being of interest for phezrwt:
ogy have been computed long ago. That is not really so. Okedihiere is a lot of results in the literature. But for apgiaafor
any new experiment we usually have to reconsider the ewaiuat corrections in order to take into account concretecijoe
conditions.

As an example of radiative correction, let us look at the fithef Higgs boson mass from LEP data, see Fig. 1 taken from
Ref?!

One can see that even so the the Higgs boson has not beenembse¢rkEP (shadowed (yellow) region meamg >
1144 GeV), the data are sensitive to the Higgs mass value viatieglicorrections (quantum loogfects). And if the Higgs
boson is SM-like (no valuable contributions of new physie@ted the data) than its mass is limited from abowes 144 GeV,
with a very large confidence level. With this respect one eamimd the situation with the discovery of the top quark: veelfore

aMany accurate predictions with one-loop RC have been ajrdadeloped within minimal supersymmetric extensions of the SM.
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Fig. 1. Fit of the Higgs boson mass from LEP data.

the direct observation of this particle, its mass was fittethfthe LEP data with high precisiomy(LEP) ~ 172 Ge\P. We hope
that the LHC will soon find the Higgs boson and check whetlsemigass lies in the region allowed by the LEP data fit.

3. QED radiative corrections

Let us discuss the general features of QED RC. Firs of allettawe the most typical corrections which are relevant foroatm
all observables in particle physics. It is well known thag thain method of their calculation is the perturbative espamin the
fine structure constamt ~ %7 Looking at the details of this procedure one can concludettie actual small parameter of the
expansion is actually/(2r). Numerical values of the first terms in this expansion

I a \2
2 L 012% (—) ~13.10% 3
o= 0 o (3

admit a fast convergence of the perturbative series. Butdatijze the situation is not so simple: in actual calculsithere could
be other important small and large parameters. For instattarge energies we usually expand also in the series logemall
ration m/E, wherem is the charged particle mass akds its energ§. An example of a large parameter in QED is the large
logarithm InE?/n), it will be discussed in detail in Sect. 6.

As an example of QED RC we can look at the small-angle Bhatdttesing process

e (k) + €'(k)) — € (p1) + €' (pa). (4)

which was used for luminosity measurement at LEP. Table tvsivalues of various RC contributiodsin percent for diferent
values of experimental cut (see details of the set-up in R&f.The contribution of vacuum polarization (see Sect,5epends

on the momentum transferred in the procq@ = +/—(p1 — k1) ~ 1 GeV. One-photon contributiaf (together with a part of
éyp) Ccorrespond t@ (al) term of the QED perturbative expansion. One can see thatiiteerical value is much more than the
one expected from Eq. (3). The same observation can be dometlfre order of magnitude of tr@(a2) contributions&fZA, Lo
ands® € due to photonic and pair corrections, respectively. Thelthider leading logarithmic photonic contributié# is small
compared to the experimental precision ta@.03, but it is required to establish the theoretical uncetyainambiguously. In
spite of gtorts of several groups of theoreticians, the latter waseshiced to the level adequate to the very accurate expeaient
measurement of small-angle Bhabha at 3EPnly recently complete two-loop results (neglecting srteins~ m2/Q?) for RC

to Bhabha scattering were obtairfe@ Those hopefully will be used at the futugee™ International Linear Collider (ILC).

3.1. First order QED corrections

The first order QED radiative corrections is nhowadays a ragtendard ingredient in phenomenological applicationgaoficle
physics. Usually we decompose them into three parts: Qaiifiloop) corrections; ii) the ones due to a soft photon sioig and

bDue to specific features of the SM, radiative correctiongrameh more sensitive to the top quark mass than to the Higgs bason o
¢In many (but not all) cases this ratio is squared.
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X | O & s | ok, | o | T | & i

0.1 | 4.120| -8.918 | 0.657| 0.162 | -0.016| -0.017| —-0.019| -4.0310.006
0.3 ] 4.120| -9.626 | 0.615| 0.148 | —0.033| —-0.008 | —-0.013| -4.79#0.006
05| 4.120| -10.850| 0.539| 0.129 | —-0.044 | -0.003| -0.006| -6.115t0.006
0.7 | 4.120| -13.770| 0.379| 0.130 | -0.057| —-0.001| 0.005 -9.194+0.006
0.9 4.120| -25.269| 1.952 | -0.085| —-0.085| 0.005 0.017 | —19.3790.006

iii) the ones due to a single hard photon radiation:
O_l—loop corrected_ O_Born + o_\ﬁrt (/l) + O'SOﬁ(/LU._)) + O_Hard((;). (5)

First of all this is done because analytically and numelgagdch part is calculated separately.

Decomposition (5) involves introduction of two auxilianagametersa which regularizes the infrared singularity and —
which separates the phase spaces of the hard and soft photenktter should be defined in a concrete reference framee, t
the energy of a hard photon should be greater than —

Whard > W, Wsoft < W, w < E. (6)

Choosing the value of the soft-hard separator being smalpemed with the typical energy scaie(of the given process) we
gain considerable simplifications in the calculations & $loft photon contribution to RC. For the infrared regulatave can
take a fictitious photon mass with the conditiohs& manda < .

Results for one loop QED corrections are known for very mamgc@sses. But sometimes in order to perform a concrete
experimental study we have to re-compute the correctidisganto account specific experimental conditions. As aanegle
we can take the classical process of bremsstrahlfincharged lepton®.g.muons in collisions with heavy atoms:

u+A-—>u+y+ A @)

Some representatives of the relevant Feynman diagramsvareig Figs. 2 and 3. It appeared that existing calculatfonfC
to this process (known for about 50 years) are not suitedi®IGOMPASS experiment conditions and we had to re-consider
them?

Fig. 2. Representatives of Feynman diagrams for virtual p-RG to muon bremsstrahlung.

1 2 2 1 1
+ + 25 + ...

Fig. 3. Representatives of Feynman diagrams for real photoss@niRC to muon bremsstrahlung.

The results of the calculations separated according toF@ré given in Table 2 and in Fig. 4.

w/E1 Born Virtual Softy Hard; 01, % Soft, Hard, 62, %
0.3 | 15677(1) | 76.8(4) | - 260.1(1)| 226.9(3)| +0.28 || -307.0(1) | 273.7(3) | +0.28
0.5 | 10836(1) | 77.9(2) | - 319.0(1) | 280.0(3)| +0.36 || -377.4(1) | 338.1(3)| +0.36
0.7 | 7337.7(1)| 76.9(2) | - 363.3(1)| 297.1(2) | +0.15 || -430.9(1) | 364.8(2) | +0.15
0.9 | 1267.4(1)| 20.5(1) | -111.1(2)| 65.9(1) | -1.95|| -132.4(2)| 87.2(1) | -1.95
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Fig. 4. Relative contribution of one-loop corrections fealistic set-upys.the photon energy fraction.

In Fig. 4 one can see a peculiar feature: the size of the d@reis rapidly increasing at large values of the observeatqun
energy fractionv/E;. Emission of extra hard photons in this region is suppressedave an gective cut-¢f from above on the
extra photon energy. In other words here we meet the typitgltion: “the more we cut, the more we get” (when we cfiteo

considerable part of hard radiation and get a large coarkti
Another example of incompleteness of the RC studies is thmilegion of the complete one-loop QED correction to the

muon decay spectrum which was apparently finished only tisc®&hThe one-loop contribution to the spectrum reads¥$ee

notation):
d2 (1)
O —rodBs (M + o). B= [1- =, ®
201 _ @2y _
fl(X) — fBorn(X)(gA+ X (1 B )2)64(1+ Xﬁ) In ﬁﬂ
+4_X2)(;_'82)| 2- X(Zl ﬁ)) IB(L+2Inx+2In ;ﬁ){384(1 £2)?
3
-+ 2 -1 A2 25 (- 48|

4z [ 20— 123 - 19(1— ,82)]+—+652} (Inx+InT’8)[gx2(1—ﬁz)

+2x(p2 - 3)+ 3] + fBom(x)[——Sx(l - ,82) . 2—27ﬁ2 . g]
( [),4 /3 11) (3 ) 22

A:L(Inqﬁz—lnxﬂnlggﬁﬂ 2- Xz(; ﬂ)) [InR—ZInx+2ln%'B
14 7
2-x(1-p) 1+p - ((A=-B)(2-x(1+p))
+4In—2B ](InXHnT)+2LI2((1+,8)(2—X(1—B)))
(2-xX(1+p) .
—2L|2(m), L=In E 9)

fBOM(x) = 3— 2x + 2(3x—4)(1—,82), Liz(X) = —Of%lln(l—y)-

Herex = 2E./m, is the electron energy fraction amds the cosine between the electron 3-momentum and the muon sp
Expression foig;(x) is similar, it can be found in RéfIn the above formula, one can find a large logarithm. Here theegy
scale of the process is the muon mass, so the large log takésrthL = In(mﬁ/mg) ~ 11. Numerically the terms enhanced by
the large log give the bulk of the total one-loop correction.

Modern techniques of one-loop RC calculations involve matized computer systenms.g: the Mathematica package for
generation and visualization of Feynman diagramgnArts;'° the Mathematica package for algebraic calculations in efem
tary particle physicFeynCalc;!! the package for evaluation of scalar and tensor one-lo@gjiialsLoopTools;? the generic
automated package for the calculation of Feynman diagr&ummsealoopGRACE-1oop;!® and other.
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Among the computer systems used for one-loop correctiankzlons, there is the SANC projetétThe project is devoted
to Support of Analytic and Numeric Calculations for expegints at colliders. It is accessible via the Internet [$anc.jinr.ru]
and allows automatic computation of pseudo- and realidigeosables with the one-loop precision for various proesssd
elementary particle interactions in the frames of the Stathd/lodel. The theoretical basis of SANC is given by béokyhere
one can find the detailed presentation of a consistent puoeext one-loop SM radiative correction calculations. Thenputer
system computes SM predictions for a large number of presesfarticle interactions and decays taking into acconetloop
QED, QCD and electroweak RC.

3.2. Soft photon emission
Let us look at the process
p+p—> € +€ +v, (20)

where the energy of the photon in the center-of-mass systemallw < w < E = +/s/2, whereE is the total c.m.s. energy. Then
the cross section of this process takes the factorized fitverBorn level cross section of the non-radiative progesp — €' +¢e”
is multiplied by the so-called accompanying radiation dact

dorS"  4na fﬂ( . P9 G )2_ doselt,  doggd 1)

do-Bormn _(zﬂ)s “"hk ak akl ~ doBomn * dgBorn’

p:k p-k gk gk

e 2l An(2)- s 2%
21J2rﬂﬂ2[|n( )Lﬂ——L2+CD(ﬂ)]+2[In( : )Le—%Lg—ﬂ—;]},
+B

CD(B)zl— Lﬁln % In—In(l B)+ = In2(1+ﬁ) In2
—Liz(ﬁ)+|-i2(—,3)—|-iz(1;ﬂ), L= 2,
_ Bl _ 1P _ (1B
T =[]

The P-odd contributiona;:lﬁg(fjlI and detailed notation can be found in R&fn the formula above one can find the soft-hard sepa-
rator w and the fictitious photon magsused to regularize the infrared singularity. Both paramseg@pear under the logarithm.
We meet here again the large logarithgwhich is about 16 at the threshold and grows logarithmioalth the c.m.s. energy.

Factorization of the factor corresponding to the soft phamission happens due to théfdience of the energy scale of
the two sub-processes: the hard non-radiative one and thefahe photon emission (from all charged particles in thigain
and final states). An analytical calculation of a soft radrafactor is relatively simple. Moreover, going to higheder one can
use the general result of the Yennie—Frautchi-Suura thedtdhe latter claims that the factorization of multiple sofiopdm
emission sub-processes happens not only with respect teatidesub-process but also betweeflieslent photon contributions.
That allows to exponentiate the factor and thus find thecere-summed in all orders of the perturbation theory.

Meanwhile, cancellation of the dependence on the auxilemameterst and w should be provided. Cancellation of the
terms containing In happens in all orders in the sum of virtual (loop) and reat pbbton emission contributions. That was
proven in the well known Bloch-Nordsieck theorem. The dejesite on the soft-hard separator should disappear aftergadd
the hard photon contribution. The latter can be either ¢afed analytically or computed numerically. The numerearoach
is nowadays the most appropriate because in this case isslphe to take into account all specific experimental caoiakt

3.3. Hard photon emission

As an example of hard photon emission we can take the process

e (p.) + e (p-) = (@A) + 17 () + ¥(K). 12)
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Its differential cross section has the fdfm

a® d®kd®q_d®q
do = del", dr = W(S(m +p--0--0a. - k),
_S -3 2 _
R= c(4ma) SpZ;Su\/u =Re+R, + R,

where we separated the contributions due to the initiak gtadiation (ISR)Re, the final state radiation (FSH,, and their
interferenceR,. Let us first look at the ISR part:

R, = E{[_@ _m + i] (%th n %uui + snf)

X% X% X+X-
1 1
+ X—(mem — Uy, —tl) + X—(Zmz,,)(— - -ty})
+ P[CI—(U —t) +g.(t—u) + 2m2#(p+ -p)- %(Zmﬁ)“ — Uy, —tix?)

ps Ps P
+—2mz—u’—t’]}, p=—_ =
X+( X s x) X+ X-
s=2p,p, s=(q+9)%, t=-2pg, u=-2p.q,
U =-2p:g-, t1=-2p:0, x==p:k x."'=0a.k

The FSR and initial-final state radiation interference pagt

Ri=A+B;  Re=Aq+ By,
tt1+uu1+23nf[ 3 n; 2q_q+)

+
2s 0?2 (L) X
_ thi+uu+ 2snf. ( t b u Uy )
25 X-X- 0 xeXs XXy xexl)

B - 1{ 4mz,J)(+)(— toy- + Ursy  Upy- +tys
’ — - _

st ¥z X~ X5
+ QIP(t= 1)+ P-(U — ) + - (tag- + Up) — Uy + e,
X- X+
2 R
Bo, = —g{—t AUt - Eul()'?— - )(:—,)(Q\/+ L Py)
- +
L= - %y — Py - P P
-3 1(— = 5 )(QxZ — Px-) = m(x+ + x-)(QP)
X-  X-
m e 1
|- x-St - B - pe)
X+  X- X+ X+
1 — ’
= U - By + Py,
X- X+
b P P _% G
X+ ox-’ Xo X4

Note that the so-calledollinear singularitiesappear in the denominatoys andy’.. They are regularized by the fermion
masses. In fack_ = p_k = p?w[1 — B- cos(@_K)], wheres_ = /1 - nmg/(p°)? < 1 and so on.

4. The Coulomb Singularity

It is well known that the electromagnetic interaction betwecharged particles in the final state can considerafiéctathe
observable reaction rate. For example, the cross sectielection-positron annihilation into a proton—anti-profmir becomes
different from zero at the threshold due to the final state intiers® Another observablefiect is the diference in energy
behavior at the threshold of the annihilation channels pitiduction of charged and neutral mesons, see e.¢?°Ref.

If the relative velocity of the charged particles is small< 1), then the fect of of multiple photon exchange between
them becomes significant. This fact has been discussed iiitereture for a long time. It was shown already in the textbo
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by A. Sommerfeld* that the correction due to re-scattering of charged pesiai the final state is proportional to the bound
state wave function at the origin squarg#(0)?, see also book So that the scattering (or annihilation) channel acquioeses
features of the corresponding bound state. G. Gamow hasnéhtiat the same factor is relevant for the description of the
Coulomb barrier in nuclear interactions. Using the nomdtieistic Schrodinger equation, A. Sakharov derived thigdr for the
case of charged pair productfdrin the form

n(v)
1-en1v)’
wherev is the non-relativistic relative velocity of the particlesthe created pair, and ~ 1/137 is the fine structure constant.
This function will be called below as the Sommerfeld-Gam®akharov (SGS) factor.

For practical applications of the factor for modern expenins, it is highly desirable to have a relativized versiorthaf
SGS factor. This problem and some other ways of generalizati the factore.g.for non-equal masses afdwaves, is under
discussion in the literature for a long time, see pafyet$°-3land references therein.

Let us look at the explicit formufafor the FSR correction to the processtsr € — n* +n7:

W)= =22, (13

2
o) = P IFr(9P 11 - H(s)|2(1 N 9A(s)),

1+ﬁz 1+ B,
A= = {4L|2( [3ln(1 ﬁﬂ)+2|n,8ﬂ]ln1_ﬁﬂ}
212 1+,8,T 31+ﬂﬂ
ain ) - aing, + | S+ - } Tl 3L f

whereg, is the pion velocity in the c.m.s. frame. Some Feynman dragréor O (@) corrections to this process are shown in
Fig. 5. One can see that the radiative correcti@s) is proportional to the inverse power gf. It is important that this Coulomb
singularity appears only in the correction, but the totatected cross section is not singular far— O.

e e Ml e

Fig. 5. Representatives of Feynman diagrams contributionésloop QED FSR corrections ete nntn~.

Let us consider the case of the final state interaction ofgethparticles produced close to the thresheld,in electron-
positron annihilation

e (k) + €(ka) — a(p1) + a’(p2). (14)
s= (ki + k2)? = (p1 + P2)? > (M + mp)?, (15)

wherea* can be scalar, spinor, or vector particles. The Born-leva$s sectionr8°™ of this process depends on the type of
interaction and the spin. But in any case in the center-cdsnsgstem, it is proportional to the first power of fagggp which
comes from the phase space volume and vanish at the threshelgn, + m,)?,

2p =13 A(s, mg, )
ﬁlz—pl—p, p=|1|—|2|—2—\/§’
R+p=2vs  AXY,2 =X+ Y +2Z - 2xy- 2xz—- 2yz (16)

For the case of equal masses this factor takes the usual fotlhe oelativistic velocitys = /1 — m2/(p°)?2 of the final state
particles.
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The relativistic relative velocity of our particles is

YA ) Jls— (nF + mE][s— (% - nE)?]
S—m—mp s—mi—mp ’
which is a relativistic invariant, & vy¢; < 1 (we work in the natural units = ¢ = 1).

In the one-loop approximation the QED radiative correctmithe annihilation cross section gets contributions frartual
and real photon emission:

Vrel = (17)

0_1—Ioop — O_Born(1+ 6\ﬁrt + 6Real)' (18)

The last term in the parentheses is proportiongftadt is strongly suppressed at the threshold. Explicit esgians for diferent
contributions with the exact dependence on the final statecfgamass (for the equal mass case) can be faugdn Ref3? for
fermions and in Ref2 for scalars. The final state one-loop virtual correctiontfie on-mass-shell renormalization scheme) is
described by the triangle diagram shown in Fig. 6. There laeettypes of integrals over the loop momentum: the scdlar, t
vector and the tensor ones:

f1s, 1 |uv}=fﬂ< (L, K, k)
S v T im2 ((p1+k)z—m§+is)((pz—k)z—n‘§+is)(k2+is)'

The tensor one contains an ultraviolet divergence, whistitvbe removed by the standard renormalization procedtieevé@ctor
integrall}, is finite. The scalar integrak contains an infrared divergence, which cancels out in thewith the contribution of
the real final state radiation.

Fig. 6. Feynman diagram for one-loop virtual correction ia tinal state.

Direct calculations show that the contributions of the weeind tensor integrals are proportional at least to thergbpower
of final state particle velocities. While the scalar integeateals at the threshold the well known Coulomb singularitis

proportional to ¥ \/A(s, mﬁ mg). The codicients before the integrals depend in general on the typeegbarticles, but the one
standing at the scalar oneusiversal it is the same for scalar, spinor and vector final state glagti The contributions of the
one-loop scalar integral to the cross section can be pedéanthe form

sorooP _ O_Bom% (s— M2 — mR)Co(M?, M2, s, e, n?, ), (19)

where the triangular scalar one-loop integEglis written in the LoopTools packadfenotation. So, by comparison of the first
order of the perturbation theory in the limét— (my; + mp)? with the corresponding term in the expansion of the SGS facto
we can adjust the parameter of the latter. It appears thadrthger choice is just the substitution of the non-relativiselative
velocity by the relativistic one, see also RéfThis choice is also supported by studies performed witHatixéstic quasipotential
models?8:35

There is one important point here. In the description of thalfstate interactions we meet the situation when we have
both perturbative and non-perturbative contributionssuoh a case it is easy to get the so-calledble countingReally, the
expansion inx of the SGS factor gives a part of the terms which are also dedun the perturbative results. To avoid the double
counting we introduce a schemerotchingbetween the two results. Here it can be done in the followiag:w

@ 7T2a2

o = ¢ Bom(T(V)—V Y ) + Ao 100P | Ag2loop (20)

whereAc"'°°P js then-th order perturbative contribution to the observed cae@cross sectionr©o™.
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5. Vacuum polarization

A photon in QED can create a pair of charged particle andganticle. This pair can be either virtual (it annihilatesafter
the creation) or real if the photon igfamass-shell and energy-momentum conservation law perhgt$photon decay”. The
effect arising due to virtual pair creation is called in QEDvasuum polarizatiorfVP), see Fig. 7.

Perturbative QED describes thiffext for the case of lepton pairs. Results up to the fourthrarde are known. Let us look
at the first order contributions. In the space like regiondwthe photon 4-momentum squared is negatjve: 0)

1+4n+1
—\/_"1%’;_1)+0(a2),

wheren = m?/(—qz) andmy is the lepton mass. In the time-like region below the thré&sbbreal pair production (mf > > 0)

we have
V10 o).

-1-2n

M) = ~5(5- 120+ 3(-1+ 2) 1+ 47 In

,(P) = —9%(5 _ 127+ 3(-1+ 27) =1 - 4y arcta
Above the thresholdf > 4m§) we get a honzero imaginary part:

1+m>
1= T+4y

I(c?) = —giﬂ(s —127+3(=1+25) I+ 4y In

i %(1- 2n) 1+ 47 +0(a?).

So the leptonic contribution to VP is under control, the utaiaty in its calculation is negligible.
For high energiesof > n¥) we get

(@) = 5= > QEN(In é -3) (21)

where we sum over all fermiong) with electric charge&s and number of colorslg. The above formula describes both lepton
and quark contributions. For the latter we require afse> Aqcp.
Resummation of the geometric progression

1+ T1(0P) + T2(0P) + ... = %(qz) (22)

gives us the conventional expression for the running QEpliog constant

2 (07

a(q) = T-Ral([@D (23)
Herea(0) = « = 137.035999084(51) is the value of the fine structure constanaetetd from experimental datagt — 0. The
conditionII(0) = O is just the choice of the renormalization point within tleecallledon-mass-shell schemk is not unique,
remind that at high energies we often use schemes where ithieipshifted, for example in the(M%) scheme we fix the value
of the coupling constant at th®boson mass. The latter scheme was convenient for apphsatibLEP experiments. Another
popular choice is th&remi (or G,) scheme in which the coupling constant is (re)normalizethfwery accurate measurements

of the muon lifetime®®

Fig. 7. Vacuum polarization in photon propagator.

Hadronic contribution to vacuum polarizatidh,g is hard to compute starting the QCD Lagrangian (lattice &atians are
far from the required precision). However, it is possiblaise the optical theorem to obtain the real parflgfy(q?) from the
imaginary part. In fact in the time like region

IMIThadQ?) ~ o(e"e” — hadrong (24)
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The dispersion integral is then given by

Bad ) = -

o 5 f‘” oD (9 ds

A’ Jpp  S— P

Five quark flavors are taken into account (we inclede” annihilation channels into the corresponding mesons angbba}.
The lower limit of the integral corresponds to the lowestrggechannel of hadron productiost + e — 7%. This process
has a rather small cross section, but we should take it intowatt to reach the required high precision in the descriptib
vacuum polarization. In general, VP contributes to pradiijcall observables in particle physics. Knowing it is vanyportant
for construction of theoretical predictions for the anooeal magnetic moment of muon, to extract the Higgs boson rsass,
Fig. 1,etc.

For practical applications we use a combination of anadytiesults for leptonic contributions with phenomenoladjgaram-
eterizations of the hadronidfects. Several dierent computer codes are available (for a discussion angadson see ReY):
REPI3®
[attp://hbu.web.cern.ch/hbu/aged/aged.html]

(only for the space-like region); functiGiADR5N by F. Egerlehnéf

[attp://www-com.physik.hu-berlin.de/~fjeger/];

parametrization by the CMD collaboration (Novosibirsk)

[attp://cmd.inp.nsk.su/~ignatov/vpl/];

and theHNMT routine®° Fig. 8 shows the dependence of the quantity TI(s)|? as a function ofy/s = \/|q_2| where positivey/s
correspond to the time-like regiog% > 0) and negativey's formally define the space like casg (< 0). In the time like region
one can clearly see resonance peaks of vector megpns:¢, J/¥ and so on. The solid line shows the sum of leptonic and
hadronic contributions. The dotted one represents thelpptenic dfect.

=
N
|

|\H\;\\H;HHE}HH;HH;HH

5 10 15
NS, GeVv

Fig. 8. |1+IIJ2 from CMD-2 compilation for space- and time-like momenta (lakaH/s); solid (black) lines: leptonic plus hadronic contribut# dotted (red)
lines: only leptonic contributions.

6. The Leading Logarithmic Approximation

Calculations of radiative corrections in QED for processéh characteristic energies being large compared withetbetron
massE > mg, reveal the following peculiar property. It appears thatibes the expansion init becomes very useful to expand
also in the small parameta/E2 and in the large parameter= In(E2/mZ). Usually the terms suppressed by the small parameter
can be neglected in RC (it isSicient to keep them only in the Born level cross section). Aretterms enhanced by the so called
large logarithm Lgive the bulk of the correction value. Calculation of themarts can be performed by specific methods which

4The top quark andlv* boson contributions are computed separately.
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are much simpler than the general ones (see Sect. 3) deddimpeomplete calculations of perturbative correctionsrébver,
higher order leading logarithmid¢eading log corrections can be re-summed.
Let us discuss the expansiondi{e"L"), n=0,1,2,..., where

L = In(A?/mg) (25)
and A is the so-calledactorization scaleA? > mg. Typical values ofA will be the center-of-mass energy for annihilation
processes and the momentum transfer for scattering onén Baheral this quantity is an parameter which can be varied.

The construction of the leading log approximation is basethe fundamental feature of quantum mechanics: interéeren
of amplitudes which happen atffiirent energy scales (or distances) is suppressed. In othidsywe know that amplitudes of
small-distance and large-distance sub-processes faetwiih respect to each other. And neglecting their interiee we get the
final result for an observable quantity as a product of cpoading probabilities.

Let us look at the process+ b — ¢ + d + y with emission of a hard photon at a small angle with respettidanomentum
of the initial particlea. Direct calculations show that its cross section can begpites, see Réf for details, in the form

dofa(py) +b(p2) — c(a) + d(a2) + y(k = (1 - 2)py)] (26)
~ défa(zp) + b(pz2) — o(n) + d(a)]@RSR(2)

R'_?R() [itzz(n:f;—1+lo)+l Z+O(gz)+0(l9%)],

9, = le <, ME< <1 lo=Inw2/4),

where we integrated over the emission angles limited froovatby the small paramete,. Here® denotes the so-called
convolutionoperation, which is actually the integration over the phatoergy fractiore = ko/pg. The large logarithm appears
in the collinear radiation factor FﬁR as the logarithm of the initial particle energ§y= p(l’ over its massn. Factorization in the
above formula appeared as the result of direct calculatibRsynman diagrams where small terms proportiongftandn?/E?
were neglected.

The amplitudes describing soft photon emission obviousiyndt interfere with the ones for hard radiation because thei
phase space do not overlap. So the one-loop correction téeaatitial cross section can be presented as

do = dO_Soft+Virt (A) + dO_Hard(coII)(A’ ﬂO) + dO_Hard(non—coII) (A, 790), (27)

where [Soft] and hard collinear [Hard(coll)] photon cohtriions are factorized at the Born cross section. The dmriton
do-Hard(nor-coll) takes into account radiation of photons at large andles ¢o) and does not contain any large log. The dependence
on the auxiliary parameters < 1 andiy cancels out in the sum of contributions.

In this way, direct calculations in many cases explicitlymmstrate factorization properties of terms proportidodhe large
logs. What is important for us is that such observations cageeralized for a wide class of processes and for all ordaleo
perturbation theory. Thiactorization theoremarere proved in QCH14?they can be easily adapted for QED.

The energy scale in the large log is dfieetive separator of the scales in the hard (short-distaamue soft (long-distance)
sub-processes. In the example of collinear photon emigsiosidered above changing of the large log scale correspiond
variation of the auxiliary parametel,, while the sum (27) remains unchanged. In the general castotal result should not
depend on théactorization scaleThis property is due to the conformal symmetry of the giveoty. Of course particle masses
(andAgcp) break the symmetry, but for large energies the conformzpgrties are restored. For this reason we can apply very
powerful methods of the renormalization group approach reeiew® and references therein.

So one can write renormalization group equations for apptio in QCD and QED at large energies. In particular the
Dokshitzer—Gribov-Lipatov—-Altarelli-Parisi (DGLA®)“® evolution equation for the non-singlet electron structiurection
has the form

a(P) dq

DS Q) =6(1-2) + f P‘°>( )DNS( ).

wheremi s the electron mas$®© is the first order non—smgleslpllttmg function a(c?) is the QED running coupling constant.
Here we are going to consider only the electron contributiovacuum polarization:
a
AP) = ——— .
1- % In ==l

Structure functiom®ONS(z, Q?) is the probability density to find an electron with energycionz in the given electron if the
energy scale is limited by/Q? from above.

(28)
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The splitting function

1
PO(Z) = Ped(2) = [1+ ZZZL = 11+_222 -5 - z)fdx 11t)f (29)
0

is used to describe the transition from an eleceanto another electror with energy fractiore with respect to the initial one.
The singularity in this function & — 1 is regularized by means of the so-calf@ds prescriptiorwhich is defined by

f dx [ (01, 9(x) = f dx FOIIIOK — Yorin) — (L] (30)

Xmin

The complete set of evolution equations in the leading tlyaic approximation (LLA) of QED reads

Ded 9= 01-2)+ f e f Dl OPl) ¢ f D,y 0Pe )]
me X X

Dedx.9) = f L) f Y Dady.OPal) + f YD,4.9P6 )]
e

~ dta(t
Dye(X, ) = 3 ZC:r(t) Dye(X, 9)
n?
dte(t)[ (" dy y
Dedy, t)Pye( )+ —Dedy, t)Pyé( )
50 [ oy [

Thanks to the smallness ehep, solutions of the evolution equations in QED can be obtaimgdterations. The initial
conditions for LLA QED are simple, for instance, one can tplgt the delta function as the zeroth approximationZRg(x, ).
Note that in QCD the structure functions can not be computedyécally starting from the first principles and havinglyn
the parameters of the SM as input. Instead, we extract QQIdtate function from experimental data. But the evolutibthe
functions with respect to the factorization scale is désaiby means of the DGLAP equations as in QED as well as in QCD.

Iteration and further application of the structure funoionvolves theonvolutionoperation. Let us take two functiorigx)
andg(y) defined for 0< x,y < 1. Their convolution is given by

1 1 1
o0l = [ax - x)10900) = [S1099(2) (31)
0 0 z

where 0< z < 1. This operation can be generalized for special functiegslarized by plus-prescription:

1-A

11 0a]@ = m{ [ totgo () + figo(@ + folas).

z/(1-4)
1-A
- fdx f(x), (32)
0
It is accepted to distinguish so-callsohglet(S) andnon-singledNS) parts of the electron structure functi®n.:
Dee= DS+ DNS, DS = De,. (33)

In the Feynman diagram language the non-singlet part qurets to the graphs with continuous electron line, whilehia t
singlet case the registered electron with energy fractisna component of a createtie” pair (it is connected with the initial

electron via a photon line).
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Non-singlet structure functions have the properties
1

f ONS(x,B)dx=1,  pB=

0

2a
r

L, (34)

1
f%ﬂwmmﬂmeh}ﬂmmmWA

Let us now discuss the so-calledaster formulawhich shows how to apply the electron structure functionhmétfor
evaluation of QED RC to a given process. Actually we take thrsnula from QCD. For concreteness let us take Bhabha
scattering, where we have electrons and positrons botleifirthl and initial states. We will use the QCD-like masslemsqns.

In QED there are three type of partons: electrons, positaosphotons. According to the factorization theorems, treected
cross section of this process at high energies{ me) can be presented in the form

1 1
dor= ) ﬁ dz; ﬁ A2, D3(22) Di(22) (dor 30 (1. 22) + AP0, 22) + O (2L0))
abcdY4 2

1 1
dylf dy> frg(Y1) frg(y2>
XLﬂﬁ%h%ﬁ’

Y2
a a
D%"(@) = 6(1-2) + 5 -d(z o, me) + 5 _LPO(D)

2 1 . .
+(%) (E L2PO g PO(Z) + LPO ® dy(z o, me) + Lpgt%pa"’smfg(z))

2
+0 (aZLO, ag) , L=In %, dor® = do® o
ug me=0, MS
1+ 2 1+, p
P¥(2) [1—z]+’ d1(z po, Me) [1—2('” e 2In(1-2 1)]+.

Here PLYPANStM92) are the next-to-leading order (NLO) splitting functiomee alsoborrow them from QCD (by reduction to
the abelian case), see R&¥$° Functiond; defines the initial condition for the evolution of electrdrusture and fragmentation
functions,ug is the renormalization scale, in QED we choose it usuallygtedpal to the electron magg: = Mme.

The structure of the master formula is as follows. The ebecstructure function®3g(z:) and D;¥(z,) give the probabil-
ity density for transition of the initial massive electrondapositron into massless partons of tygwandb, respectively. The
differential cross sectionsrggfcd and &r™ describe the parton-level process b — ¢ + d at the Born and one-loop level,
respectively. They are usually calledgficient functionswvhich are dependent on the process, while all other elenuérite
master formula are universal (they are the same for a wids dBQED processes). The fragmentation functi@ﬁ% andZ)fe-'g
give the probability density for conversion of the masslemtonsc andd into massive electron and positron, respectively. The
one-loop cross sectiorvd computed for massless particles is divergent. It shoulcebalarized. Here we apply the modified
minimal subtraction scherf&(MS). In this way the The sum over all possible intermediatéguereactions is taken. The master
formula can be expanded in The first two terms in this expansion reproduce the com@Bera and one-loop expressions for
the Bhabha scattering process (terms proportionaiE2 are neglected). Higher order corrections produced by thiidla
define the leading and next-to-leading log contributions.

It is worth to note that the above formula suppose integnadier the angular phase space of secondary (emitted)Ipartic
But experimental conditions do not allow perform such indign if certain cuts are imposed. In this case a more a@etailudy

of kinematics should be performé@isee below Sect. 6.3.

6.1. Logarithmic approximation: examples

Let us return to the example of Bhabha scattering and lodkeahtimerical fect in logarithmic corrections. Here we will look
in the expansion the powers of the large log of the sum of aidnd soft photonic corrections@u(az), where the analytic result
is known? So we can compare in Fig. 9 the LLAO (aZLZ) (solid lines), NLO= O (aZLl) and NNLO= O(azLO) contributions
for A = 1 and /s = 100 GeV, see Ref for details. Relative contributions of the terms propartibto the large log té-th
power

do_Soft+Virt[Li]/d9

doBon/dg (35)

r?) =
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depend on the choice of the factorizations saal©n the left plot we have = +/s, i.e. the scale is equal to the center-of-mass
energy of the process. In this case the contributions hawvgaoable magnitudes, even so that they are ordered acgdadihe
power of the large log. On the right plot we chodse: V-, i.e.the scale is equal to the momentum transferred. It appeairs th
in this case the hierarchy of the contributions is very girahe LLA contributions dominates, the next-to-leading asmall,
and the NNLO one is almost invisible. So we see that the propeice of the factorization scale is very important. Theicho

A = +/~t for Bhabha scattering is justified by the fact that tfehannel exchange dominates in this process.

15

10
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Fig. 9. The dependence on the choice of the factorizatiolesta= +/s (left) andA = V=t (right).
Let us look now at radiative corrections to the muon decaytspm. In this process we have just one fast charged particle

in the final state, so the application of the electron stmecfunction method is simplified. Theftérential decay width of the
anti-muon decay can be written as

dZFy*—»e*vv rng
m Fo [F(Z) —cosoP G(Z)] + O(W#]
G2 3
To= —— (1 3 —) z= 2—E,
1920\ "5 ng, m,

FunctionF(2) andG(2) cab be expanded imandL = In(r‘nf,/rrﬁ) as

2 3
27r) B +0(a).
h@=L" '@+ L% °@,
B2 = L2 fH (@) + L1 fNO(9) 4 LO. £INLO(g) (36)

F@ = foon(@ + 5 1@ + (5

and so on. The Born level contributions are simple:
feom(2) = fo(2) = (3 - 22), gsom(2) = Go(2) = 2(1 - 22).

The first order corrections enhanced by large logs can bénelokdoy convolution of the Born level functions with the Iaste
order splitting function:

- @PO) ® fo(2) = = + 22-47 + - z3 +22(3- 22) In 122 P<°>(-) ® fo(2).

L 2PO(e) ® go(2) = —é 47 + §z3 +27(1-22) nt T' (37)

One can see that they agree with the corresponding termisedde the direct calculation>* see also Eq. (9).
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Using the second order terms in the electron structure fiomete get thed (azLZ) photonic RC to the spectruf:

;@) = PO(e) 8 PO(e) @ To(2)

- 42(3- 29D(2) + (1—30 +82- 162+ %223) In(1-2)

5 32 11 17_ 8 32
+(_5_22+822_§ )Inz+%+€2+:—322—323, (38)
g;L(V)(z) = 42(1-220(2) + (—:—i - 162 + 3?223) In(1-2
1 32 7 7_ 8 32
+(6+822—§ )|n2—3—6—62+:—322—323,

2

21-z n°
—~ "5

D(2) = Liz(z;zl) +1In

By the second order photonic RC we mean here the contrilmiibReynman diagrams with two photons. Each of them can be
either real or virtual. Besides the photonic RC in the seamd@r there are also pair corrections, their leading lodrdmstions
can be computed in the same way, 2.

6.2. Kinoshita-Lee-Nauenberg theorem

The large logs discussed above are divergentrfor» 0, in other words, they are a kind ofass singularitiesDue to intrinsic
(hidden) conformal properties of QED and QCD these masaikiries have a tendency to cancel out in inclusive obdseva
quantities. The Kinoshita-Lee-Nauenberg (KLN) theot&pidefines the conditions when the eients before the large logs
do vanish. In practice we usually see that the large log térams virtual loop corrections cancel out the correspondargns
coming from real radiation.

Let us formulate the theorem in the following way. If wan notor justdo notdistinguish the final states of a pure electron
and of a combination of the electron with accompanying ittph¢s),i.e. the energy and momentum of thegisteredelectron
is the sum of the energies and momenta of the bare electrothanghotonsEgPseved = E, + ZE,, then the large logarithm
corresponding to collinear photon emission (see Eq. (26)at appear in the final answer. In the electron structuretiom
approach the cancellation of the large logs is provided byfitst property of the non-singlet function in Eq. (34).

In practice, cancellation of large logs happens for FSRemtions to (sfliciently) inclusive observablesnd forcalorimetric
electron registration. The large logs which come from tligairstate radiation usually do not cancel out, since théN\Kheorem
conditions for them are not fulfilled. Also the large logs elhappear in the correction due to vacuum polarization @QED
running coupling constant) do not cancel out.

6.3. Matching of LLA with O (@) RC

Having both complet® («) and LLA in O ("L") (n = 1,2,...) one should avoid thdouble countingln fact, the first order
correction already contains all terms of the ordk(tylLl). The procedure which allows keep the correct first orderlreghile
adding the leading log corrections will be called hereragching A possibility of such a matching is represented by the nnaste
formula (35). But as discussed above, the latter is valigl torlsuficiently inclusive observables. Here we will show an example
how to disentangle the double counting keeping at the sammamnbthe possibility to impose experimental cuts on raekati
events.

Let us consider the process of electron—positron annibiiiahto muons. First order corrections due to real hard @mot
emission in this process were discussed in Sect. 3.3. Adufiige higher order leading log terms provided by the electro
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structure function approach to the known Born and completedirder corrections can be done by the following formula:

11
do€ € —H ) D(z1, 9)D(22, ) doo(z1, 22) a
T da f f 0 | NP o (243K

Zmin Zmin
e Rim-o dr D
2r?s? J 1-T(s)P? dQ- |1 -TI(sy)P

K9>0

kp.>6o
a® Re. R. dr
*{m f(Re @-T(s))A-1(9) ' 1~ n(s)|z)ﬁ
Ca C, }
R E)a-me) T I-uER) (39)
_2adog, w(1+p% 1+p -2,
A alibe B SR

m:%% I’]E 1+—g§’ K = Kogd + Keven

see notation and other details in R&fThe conditionkp, > 6 exclude the kinematical domain of collinear photon emissio
from the initial electron and positron. So, the correspogdarge logs do not appear from the integral of the matrixnelet.
They are coming, instead, from the structure functidhss the so-calleK-factor, here it comes from virtual and soft photon
corrections. The large logs which appear in this part of tireection are also removed. But it was explicitly demortsttahat
the proper amount of large logs is restored by the structuretions also here.

7. General Remarks on RC
Let us summarize the present status of radiative correcitirulations and discuss the general ways of their appitat

1 Many analytical results are in the literature for QED, QQf2l &lectroweak RC within the Standard Model. Radia-
tive corrections have been studied in models beyond SM,itiklhe Minimal Supersymmetric SM or in the Chiral
Perturbation Theory (arffective models for low energy strong interactions).

2 Advanced techniques of multi-loop and multi-leg diagraralsulation have been developed.

3 But still application of (even) well known results to a cogte case is rather non-trivial:

— old analytic calculations can have obsolete approximation
— different d€fects should be combined properly,
— experimental conditions should be taken into account.

4 Semi-analytic codes like.g.ZFITTER®® andHECTOR®® are well suited for inclusion of éfierent éfects.

5 But the best way is to incorporate RC into Monte Carlo evemtegators. This task is not simple because RC typically
have kinematics (and dynamics) being much more complidatauthe one of the Born approximation.

6 Dedicated Monte Carlo codes developed to describe a specidtess are potentially more suitable for consistent
inclusion of radiative corrections and interplay of othebdeading &ects that the General purpose MC programs like
PYTHIA, HERWIG, PHOTOS etc.

So in these lectures, we have discussed general propefrtiadiative corrections. Most of the examples were givertlier
pure QED RC, but the QCD and electroweak corrections hawesiiilar features. As we have seen above, radiative caorect
could be as very small as well as very large. Only after a ohstfidy of a particular process taking into account the ¢
of the corresponding experiment one may get an idea abouh#gmitude of RC in the give case. We discussed also certain
methods which help to extract the numerically most impdreamtributions enhanced by large logarithms. Knowing taeayal
features of radiative corrections should be also usefupplieation of existing ready-to-use solutioresg.computer codes or
analytic formulae, to concrete problems in particle physic
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