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1. Introduction

The aim of these lectures to review the effects due to QEDRadiative Corrections(RC) being relevant for lepton-hadron inter-
actions at (relatively) low energies. We will discuss typical contributions like vacuum polarization, Coulomb singularity in the
final state interactions, the leading logarithmic approximationetc.Concrete examples on RC calculation well be given. The main
attention will be paid to the features of the corrections themselves and on the application of them to the analysis of experimental
data. So, we will not go into details of step-by-step calculations of the corrections. Instead we will concentrate on thediscussion
of particular features of RC which are relevant for construction of high-precision theoretical predictions and experimental data
analysis.

By radiative correctionswe mean quantum effects which contribute to observable quantities in higher orders in a coupling
constant. In other words, RC are the effects which appear beyond the lowest order which will be called here theBorn approxi-
mation. So the first step in treatment of any type of radiative corrections is the definition of the zeroth level. Typically the latter
corresponds to a very limited number of tree-level Feynman diagrams describing the given process. But in certain cases we use
the so-calledimproved Born approximationin which some simple more or less factorizable effects of higher orders are already
included. In this case to avoid double counting one should exclude them from the RC contributions.

Sometimes radiative corrections can be confused with background processes which contribute to the same observable. Typ-
ically RC are just some modifications of the basic process, while background corresponds to other processes which only look
similar to the basic one in the detector. But in a general situation one should solve a complex problem, where both RC and
backgrounds are taken into account. Then the definition of each effect within the given problem should be done explicitly.

By corrections we usually mean small modifications. It is really so concerning RC in the bulk of realistic problems. But that
is notalwaysso. There are many examples of radiative corrections which are not small in comparison with the Born contribution.
Sometimes we even have corrections of the order of several hundred percent. And below we will discuss a particular case in
which the correction is infinitely large while the observable remains finite.

It is worth to mention also that radiative corrections is a subjects where interests of theoreticians and experimentalists are
strongly connected. In order to improve the resulting precision in analysis of concrete experimental data, they shouldwork in a
tight collaboration. In many cases the numerical contribution of RC depends very much on the experimental conditions ofparticle
registration.

The studies of radiative corrections are of ultimate importance for the modern elementary particles physics. In fact physics is
a natural science, so it unifies experimental and theoretical investigations. On the other hand, physics belongs toexact sciences
and now we deal with very accurate experiments and theoretical predictions. Let us assume that a pure experimental uncertainty

δexp = δsyst ⊕ δstat (1)
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is the proper sum of systematical and statistical errors. Then the final result of the study,i.e. some physical quantity, would
contain also a contribution due to theoretical uncertainties which always enter the game at a certain stage of the data analysis.
In order not to spoil the accuracy of the experiment which hasbeen obtained by considerable human and material investments,
one should provide the theoretical error as small as possible. In practice it is highly desirable that the latter should satisfy the
condition

δtheor
∼< δexp/3. (2)

If the theoretical error would be of the same size as the experimental one then the resulting uncertainty will beδtheor⊕exp≈ 1.4·δexp

which will mean that that a huge part of the investments has been spent just for nothing. We see also that the precision of modern
experiments is continuously growing up due to new hardware,improvement of analysis techniques, increasing of exposition time
and so on.

All these facts show that the theoretical accuracy should beadequate to the experimental one. So we need more and more
precise theoretical predictions which should include radiative corrections.

One could say that precise studies are required only for tests of the Standard Model (SM), while in searches forNew Physics
radiative corrections are not important at all. That is not true, of course. Really, we are always looking for new physical effects
as a difference of an observable and the corresponding theoretical prediction. We are doing that at the edges of the explored field
of physical phenomena. In this case theoretical predictions should be also as accurate as possible. This requirement isvalid as
for the new physics searches at very high energies of the Large Hadron Collider (LHC) as well ase.g.for studies of neutrinoless
double beta decays at low energies.

There are two extreme possible scenarios of physical studies at the LHC: i) the most exiting case would be the discovery
of many particles and new interactions; ii) nothing new is discovered besides the SM-like Higgs boson. Let us imagine thefirst
situation. Very soon after the experimental discovery of new particles we will see in the literature a whole bunch of theoretical
models pretending to describe the new phenomena. In this case only having very precise theoretical predictions received within
the SM and in its extensionsa could help to choose the most adequate model of the new physics. In other words, the knowledge
of radiative corrections will be required to discriminate different models of new physics. In the second case (which is obviously
very unpleasant for the whole fundamental science) the physical program of experimental studies at the LHC will be shifted to
the continuation of precision tests of the Standard Model and looking for possible (small) deviations from its predictions. In this
case calculation of RC will be again of ultimate importance.

2. Types of Radiative Corrections

Let us discuss the typical types of radiative corrections. First of all, we subdivide RC into perturbative (computed order-by-order
by means of expansion in a coupling constant) and non-perturbative which are found either phenomenologically from experi-
mental data or from an exact solution of some equations in thequantum field theory,e.g.the Bethe-Salpeter ones. Sometimes we
can also perform a resummation of a certain class of perturbative corrections, for example, that is usually done with thevacuum
polarization effect in the propagator of a virtual photon, see Sect. 5. The main method in calculation of radiative corrections is
expansion in a small parameter which can be: a coupling constant, transverse momentum, mass ratioetc..

RC are also usually separated according to the relevant typeof interactions. So we can have QED, QCD and electroweak
corrections. Note that separation of electroweak RC into pure QED and pure weak in the frames of the Standard Model is not
always possible in a gauge invariant way. What is important that in practice wealwayshave a mixture of RC of all types due to
quantum effects. One of the primary problems in treatment of radiative corrections is to disentangle the mixture. Only in some
extreme cases like the one of the electron anomalous magnetic moment we have almost a pure QED interaction.

There is a common statement that all relevant one-loop radiative corrections to any process being of interest for phenomenol-
ogy have been computed long ago. That is not really so. Of course there is a lot of results in the literature. But for application for
any new experiment we usually have to reconsider the evaluation of corrections in order to take into account concrete specific
conditions.

As an example of radiative correction, let us look at the fit ofthe Higgs boson mass from LEP data, see Fig. 1 taken from
Ref.1

One can see that even so the the Higgs boson has not been observed at LEP (shadowed (yellow) region meansmh >

114.4 GeV), the data are sensitive to the Higgs mass value via radiative corrections (quantum loop effects). And if the Higgs
boson is SM-like (no valuable contributions of new physics affected the data) than its mass is limited from above,mh < 144 GeV,
with a very large confidence level. With this respect one can remind the situation with the discovery of the top quark: wellbefore

aMany accurate predictions with one-loop RC have been already developed within minimal supersymmetric extensions of the SM.
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Fig. 1. Fit of the Higgs boson mass from LEP data.

the direct observation of this particle, its mass was fitted from the LEP data with high precision:mt(LEP) ≈ 172 GeVb. We hope
that the LHC will soon find the Higgs boson and check whether its mass lies in the region allowed by the LEP data fit.

3. QED radiative corrections

Let us discuss the general features of QED RC. Firs of all those are the most typical corrections which are relevant for almost
all observables in particle physics. It is well known that the main method of their calculation is the perturbative expansion in the
fine structure constantα ≈ 1

137. Looking at the details of this procedure one can conclude that the actual small parameter of the
expansion is actuallyα/(2π). Numerical values of the first terms in this expansion

α

2π
≈ 0.12 %,

(
α

2π

)2
≈ 1.3 · 10−4 (3)

admit a fast convergence of the perturbative series. But in practice the situation is not so simple: in actual calculations there could
be other important small and large parameters. For instance, at large energies we usually expand also in the series over the small
ration m/E, wherem is the charged particle mass andE is its energyc. An example of a large parameter in QED is the large
logarithm ln(E2/m2), it will be discussed in detail in Sect. 6.

As an example of QED RC we can look at the small–angle Bhabha scattering process

e−(k1) + e+(k2) → e−(p1) + e+(p2), (4)

which was used for luminosity measurement at LEP. Table 1 shows values of various RC contributionsδi in percent for different
values of experimental cutxc (see details of the set-up in Ref.2). The contribution of vacuum polarization (see Sect. 5)δVP depends
on the momentum transferred in the process

√
Q2 =

√
−(p1 − k1)2 ≈ 1 GeV. One-photon contributionδγ (together with a part of

δVP) correspond toO
(
α1

)
term of the QED perturbative expansion. One can see that its numerical value is much more than the

one expected from Eq. (3). The same observation can be done from the order of magnitude of theO
(
α2

)
contributionsδ2γ

LLA, NLO

andδe+e− due to photonic and pair corrections, respectively. The third order leading logarithmic photonic contributionδ3γ is small
compared to the experimental precision tag∼ 0.03, but it is required to establish the theoretical uncertainty unambiguously. In
spite of efforts of several groups of theoreticians, the latter was not reduced to the level adequate to the very accurate experimental
measurement of small-angle Bhabha at LEP.3 Only recently complete two-loop results (neglecting smallterms∼ m2

e/Q
2) for RC

to Bhabha scattering were obtained.4–6 Those hopefully will be used at the futuree+e− International Linear Collider (ILC).

3.1. First order QED corrections

The first order QED radiative corrections is nowadays a rather standard ingredient in phenomenological applications ofparticle
physics. Usually we decompose them into three parts: i) virtual (loop) corrections; ii) the ones due to a soft photon emission, and

bDue to specific features of the SM, radiative corrections aremuch more sensitive to the top quark mass than to the Higgs boson one.
cIn many (but not all) cases this ratio is squared.
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xc δVP δγ δ
2γ
LLA δ

2γ
NLO δe+e− δe+e−γ δ3γ ∑

δi

0.1 4.120 −8.918 0.657 0.162 −0.016 −0.017 −0.019 −4.031±0.006
0.3 4.120 −9.626 0.615 0.148 −0.033 −0.008 −0.013 −4.797±0.006
0.5 4.120 −10.850 0.539 0.129 −0.044 −0.003 −0.006 −6.115±0.006
0.7 4.120 −13.770 0.379 0.130 −0.057 −0.001 0.005 −9.194±0.006
0.9 4.120 −25.269 1.952 −0.085 −0.085 0.005 0.017 −19.379±0.006

iii) the ones due to a single hard photon radiation:

σ1−loop corrected= σBorn + σVirt (λ) + σSoft(λ, ω̄) + σHard(ω̄). (5)

First of all this is done because analytically and numerically each part is calculated separately.
Decomposition (5) involves introduction of two auxiliary parameters:λ which regularizes the infrared singularity and ¯ω

which separates the phase spaces of the hard and soft photons. The latter should be defined in a concrete reference frame, then
the energy of a hard photon should be greater than ¯ω:

ωhard> ω̄, ωsoft < ω̄, ω̄ ≪ E. (6)

Choosing the value of the soft-hard separator being small compared with the typical energy scaleE (of the given process) we
gain considerable simplifications in the calculations of the soft photon contribution to RC. For the infrared regulatorλ we can
take a fictitious photon mass with the conditionsλ ≪ m andλ ≪ ω̄.

Results for one loop QED corrections are known for very many processes. But sometimes in order to perform a concrete
experimental study we have to re-compute the corrections taking into account specific experimental conditions. As an example
we can take the classical process of bremsstrahlung off charged leptons,e.g.muons in collisions with heavy atoms:

µ + A → µ + γ + A. (7)

Some representatives of the relevant Feynman diagrams are given in Figs. 2 and 3. It appeared that existing calculationsfor RC
to this process (known for about 50 years) are not suited for the COMPASS experiment conditions and we had to re-consider
them.7

+ + + . . .

Fig. 2. Representatives of Feynman diagrams for virtual 1-loop RC to muon bremsstrahlung.
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Fig. 3. Representatives of Feynman diagrams for real photon emission RC to muon bremsstrahlung.

The results of the calculations separated according to Eq. (5) are given in Table 2 and in Fig. 4.

ω/E1 Born Virtual Soft1 Hard1 δ1, % Soft2 Hard2 δ2, %
0.3 15677(1) 76.8(4) - 260.1(1) 226.9(3) +0.28 -307.0(1) 273.7(3) +0.28
0.5 10836(1) 77.9(2) - 319.0(1) 280.0(3) +0.36 -377.4(1) 338.1(3) +0.36
0.7 7337.7(1) 76.9(2) - 363.3(1) 297.1(2) +0.15 -430.9(1) 364.8(2) +0.15
0.9 1267.4(1) 20.5(1) - 111.1(2) 65.9(1) −1.95 -132.4(2) 87.2(1) −1.95
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Fig. 4. Relative contribution of one-loop corrections for realistic set-upvs.the photon energy fraction.

In Fig. 4 one can see a peculiar feature: the size of the correction is rapidly increasing at large values of the observed photon
energy fractionω/E1. Emission of extra hard photons in this region is suppressed: we have an effective cut-off from above on the
extra photon energy. In other words here we meet the typical situation: “the more we cut, the more we get” (when we cut-off a
considerable part of hard radiation and get a large correction).

Another example of incompleteness of the RC studies is the calculation of the complete one-loop QED correction to the
muon decay spectrum which was apparently finished only recently.8,9 The one-loop contribution to the spectrum reads (see8 for
notation):

d2Γ(1)

dxdc
= Γ0 x2β

α

2π
( f1(x) + cξg1(x)) , β =

√
1− m2

e

E2
e
, (8)

f1(x) = f Born(x)
(2
β

A+
x2(1− β2) − 4(1+ xβ)

2xβ
ln

q2

m2
µ

+
4− x2(1− β2)

xβ
ln

2− x(1− β)
2

)
+

1
β

(
L + 2 ln x+ 2 ln

1+ β
2

){ 5x4

384
(1− β2)3

− x3

4
(1− β2)2 +

3x2

32
(3− 12β + β2)(1− β2) + x

[2
3
+ 2β + (1− β2)

(3
2
+ β

)]

+
1
8

[−20− 12β − 19(1− β2)] +
2
x
+

5
6x2

}
+

(
ln x+ ln

1+ β
2

)[9
4

x2(1− β2)

+2x(β2 − 3)+ 3
]
+ f Born(x)

[
−11

18
x(1− β2) +

22
27
β2 − 2

9

]

+x
(
−22

27
β4 +

β2

2
− 11

6

)
+

22
9

(3− β2) − 22
3x
,

A = L
(
ln

q2

m2
µ

− ln x+ ln
1+ β
2β
+ ln

2− x(1− β)
2β

)
+

[
ln

q2

m2
µ

− 2 ln x+ 2 ln
1+ β

2

+4 ln
2− x(1− β)

2β

](
ln x+ ln

1+ β
2

)
+ 2Li2

(
(1− β)(2− x(1+ β))
(1+ β)(2− x(1− β))

)

−2Li2

(
2− x(1+ β)
2− x(1− β)

)
, L ≡ ln

m2
µ

m2
e
, (9)

f Born(x) = 3− 2x+
x
4

(3x− 4)(1− β2), Li2 (x) ≡ −
x∫

0

dy
y

ln(1− y).

Here x = 2Ee/mµ is the electron energy fraction andc is the cosine between the electron 3-momentum and the muon spin.
Expression forg1(x) is similar, it can be found in Ref.8 In the above formula, one can find a large logarithm. Here the energy
scale of the process is the muon mass, so the large log takes the formL = ln(m2

µ/m
2
e) ≈ 11. Numerically the terms enhanced by

the large log give the bulk of the total one-loop correction.
Modern techniques of one-loop RC calculations involve automatized computer systems,e.g.: the Mathematica package for

generation and visualization of Feynman diagramsFeynArts;10 the Mathematica package for algebraic calculations in elemen-
tary particle physicsFeynCalc;11 the package for evaluation of scalar and tensor one-loop integralsLoopTools;12 the generic
automated package for the calculation of Feynman diagrams at one-loopGRACE-loop;13 and other.
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Among the computer systems used for one-loop correction calculations, there is the SANC project.14 The project is devoted
to Support of Analytic and Numeric Calculations for experiments at colliders. It is accessible via the Internet [http://sanc.jinr.ru]
and allows automatic computation of pseudo- and realistic observables with the one-loop precision for various processes of
elementary particle interactions in the frames of the Standard Model. The theoretical basis of SANC is given by book,15 where
one can find the detailed presentation of a consistent procedure of one-loop SM radiative correction calculations. The computer
system computes SM predictions for a large number of processes of particle interactions and decays taking into account one-loop
QED, QCD and electroweak RC.

3.2. Soft photon emission

Let us look at the process

p + p̄ → e+ + e− + γ, (10)

where the energy of the photon in the center-of-mass system is smallω < ω̄ ≪ E =
√

s/2, whereE is the total c.m.s. energy. Then
the cross section of this process takes the factorized form:the Born level cross section of the non-radiative processp+ p̄→ e++e−

is multiplied by the so-called accompanying radiation factor:

dσSoft

dσBorn
= − 4πα

(2π)3

∫
d3k
2ω

(
p+
p+k
− p−

p−k
+

q−
q−k
− q+

q+k

)2

=
dσSoft

even

dσBorn
+

dσSoft
odd

dσBorn
, (11)

dσSoft
even

dσBorn
=
α

π

{
−2

[
ln

(2ω̄
λ

)
− 1

2β
Lβ

]
− 2 ln

(
ω̄ ·m
λE

)

+ 2
1+ β2

2β

[
ln

(
2ω̄
λ

)
Lβ −

1
4

L2
β + Φ(β)

]
+ 2

[
ln

(
2ω̄
λ

)
Le −

1
4

L2
e −

π2

6

]}
,

Φ(β) =
π2

12
+ Lβ ln

1+ β
2β
+ ln

2
1+ β

ln(1− β) +
1
2

ln2(1+ β) − 1
2

ln2 2

− Li2 (β) + Li2 (−β) − Li2

(
1− β

2

)
, Le ≡ ln

s
m2

e
,

β =
|~p+|
p0
+

=
|~p−|
p0
−
, Lβ ≡ ln

(
1+ β
1− β

)
.

The P-odd contribution dσSoft
odd and detailed notation can be found in Ref.16 In the formula above one can find the soft-hard sepa-

ratorω̄ and the fictitious photon massλ used to regularize the infrared singularity. Both parameters appear under the logarithm.
We meet here again the large logarithmLe which is about 16 at the threshold and grows logarithmicallywith the c.m.s. energy.

Factorization of the factor corresponding to the soft photon emission happens due to the difference of the energy scale of
the two sub-processes: the hard non-radiative one and the one of the photon emission (from all charged particles in the initial
and final states). An analytical calculation of a soft radiation factor is relatively simple. Moreover, going to higher order one can
use the general result of the Yennie–Frautchi-Suura theorem.17 The latter claims that the factorization of multiple soft photon
emission sub-processes happens not only with respect to thehard sub-process but also between different photon contributions.
That allows to exponentiate the factor and thus find the effect re-summed in all orders of the perturbation theory.

Meanwhile, cancellation of the dependence on the auxiliaryparametersλ and ω̄ should be provided. Cancellation of the
terms containing lnλ happens in all orders in the sum of virtual (loop) and real soft photon emission contributions. That was
proven in the well known Bloch-Nordsieck theorem. The dependence on the soft-hard separator should disappear after adding
the hard photon contribution. The latter can be either calculated analytically or computed numerically. The numericalapproach
is nowadays the most appropriate because in this case it is possible to take into account all specific experimental conditions.

3.3. Hard photon emission

As an example of hard photon emission we can take the process

e+(p+) + e−(p−)→ µ+(q+) + µ
−(q−) + γ(k). (12)
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Its differential cross section has the form18

dσ =
α3

2π2s2
RdΓ, dΓ =

d3kd3q−d3q+
q0
+q

0
−k0

δ(p+ + p− − q− − q+ − k),

R=
s

16
(4πα)−3

∑

spins

|M|2 = Re + Rµ + Reµ ,

where we separated the contributions due to the initial state radiation (ISR)Re, the final state radiation (FSR)Rµ, and their
interferenceReµ. Let us first look at the ISR part:

Re =
s

s2
1

{[
−m2

e

χ2
+

− m2
e

χ2
−
+

s
χ+χ−

] (1
2

tt1 +
1
2

uu1 + sm2
µ

)

+
1
χ−

(2m2
µχ+ − u1χ

′
+ − t1χ

′
−) +

1
χ+

(2m2
µχ− − uχ′− − tχ′+)

+ P
[
q−(u− t1) + q+(t − u1) + 2m2

µ(p+ − p−) −
p−
χ−

(2m2
µχ+ − u1χ

′
+ − t1χ

′
−)

+
p+
χ+

(2m2
µχ− − uχ′− − tχ′+)

]}
, P =

p+
χ+
− p−
χ−

,

s= 2p+p−, s1 = (q+ + q−)
2, t = −2p−q−, u = −2p−q+,

u1 = −2p+q−, t1 = −2p+q+, χ± = p±k, χ±
′ = q±k.

The FSR and initial-final state radiation interference partare

Rµ = Aµ + Bµ, Reµ = Aeµ + Beµ,

Aµ = −
tt1 + uu1 + 2sm2

µ

2s


m2
µ

(χ′+)2
+

m2
µ

(χ′−)2
− 2q−q+
χ′+χ

′
−

 ,

Aeµ = −
tt1 + uu1 + 2sm2

µ

2s1

(
t

χ−χ
′
−
+

t1
χ+χ

′
+

− u
χ−χ

′
+

− u1

χ+χ
′
−

)
,

Bµ =
1
s

{
−

4m2
µχ+χ−

χ′+χ
′
−
− t1χ− + uχ+

χ′−
− u1χ− + tχ+

χ′+

+ Q[p+(t − u) + p−(u1 − t1) +
q−
χ′−

(t1χ− + uχ+) −
q+
χ′+

(u1χ− + tχ+)]
}
,

Beµ = −
2
s1

{
−t − t1 + u+ u1 −

1
2

u1(
p−
χ−
− q+
χ′+

)(Qχ′+ + Pχ−)

− 1
2

t1(
p−
χ−
− q−
χ′−

)(Qχ′− − Pχ−) −m2
µ(χ+ + χ−)(QP)

+


m2
µ

χ′+
−

m2
µ

χ′−

 (χ− − χ+) −
1
2

t(
q+
χ′+
− p+
χ+

)(Qχ′+ − Pχ+)

− 1
2

u(
q−
χ′−
− p+
χ+

)(Qχ′− + Pχ+)
}
,

P =
p+
χ+
− p−
χ−

, Q =
q−
χ′−
− q+
χ′+

.

Note that the so-calledcollinear singularitiesappear in the denominatorsχ± andχ′±. They are regularized by the fermion

masses. In fact,χ− = p−k = p0
−ω[1 − β− cos(̂~p−~k)], whereβ− =

√
1−m2

e/(p
o
−)2 < 1 and so on.

4. The Coulomb Singularity

It is well known that the electromagnetic interaction between charged particles in the final state can considerably affect the
observable reaction rate. For example, the cross section ofelectron-positron annihilation into a proton–anti-proton pair becomes
different from zero at the threshold due to the final state interactions.19 Another observable effect is the difference in energy
behavior at the threshold of the annihilation channels withproduction of charged and neutral mesons, see e.g. Ref.20

If the relative velocity of the charged particles is small (v ≪ 1), then the effect of of multiple photon exchange between
them becomes significant. This fact has been discussed in theliterature for a long time. It was shown already in the textbook
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by A. Sommerfeld21 that the correction due to re-scattering of charged particles in the final state is proportional to the bound
state wave function at the origin squared,|Ψ(0)|2, see also book.22 So that the scattering (or annihilation) channel acquires some
features of the corresponding bound state. G. Gamow has shown23 that the same factor is relevant for the description of the
Coulomb barrier in nuclear interactions. Using the non-relativistic Schrödinger equation, A. Sakharov derived this factor for the
case of charged pair production24 in the form

T(v) =
η(v)

1− e−η(v)
, η(v) =

2πα
v

, (13)

wherev is the non-relativistic relative velocity of the particlesin the created pair, andα ≈ 1/137 is the fine structure constant.
This function will be called below as the Sommerfeld-Gamow-Sakharov (SGS) factor.

For practical applications of the factor for modern experiments, it is highly desirable to have a relativized version ofthe
SGS factor. This problem and some other ways of generalization of the factor,e.g.for non-equal masses andP-waves, is under
discussion in the literature for a long time, see papers25–28,30,31and references therein.

Let us look at the explicit formula6 for the FSR correction to the processese+ + e− → π+ + π−:

σ0
ππ(γ) =

πα2

3s
β3
π |Fπ(s)|2 |1− Π(s)|2

(
1+

α

π
Λ(s)

)
,

Λ(s) =
1+ β2

π

βπ

{
4Li2(

1− βπ
1+ βπ

) + 2Li2(−1− βπ
1+ βπ

) −
[
3 ln(

2
1+ βπ

) + 2 lnβπ
]
ln

1+ βπ
1− βπ

}

−3 ln(
4

1− β2
π

) − 4 lnβπ +
1

β3
π

[
5
4

(1+ β2
π)

2 − 2

]
ln

1+ βπ
1− βπ

+
3
2

1+ β2
π

β2
π

,

whereβπ is the pion velocity in the c.m.s. frame. Some Feynman diagrams forO (α) corrections to this process are shown in
Fig. 5. One can see that the radiative correctionΛ(s) is proportional to the inverse power ofβπ. It is important that this Coulomb
singularity appears only in the correction, but the total corrected cross section is not singular forβπ → 0.

Fig. 5. Representatives of Feynman diagrams contribution to one-loop QED FSR corrections ine+e−ππ+π−.

Let us consider the case of the final state interaction of charged particles produced close to the threshold,e.g. in electron-
positron annihilation

e−(k1) + e+(k2) → a−(p1) + a+(p2), (14)

s= (k1 + k2)2 = (p1 + p2)2
∼> (m1 +m2)2, (15)

wherea± can be scalar, spinor, or vector particles. The Born-level cross sectionσBorn of this process depends on the type of
interaction and the spin. But in any case in the center-of-mass system, it is proportional to the first power of factorβ1,2 which
comes from the phase space volume and vanish at the thresholds→ (m1 +m2)2,

β1,2 =
2p

p0
1 + p0

2

, p ≡ |~p1| = |~p2| =

√
Λ(s,m2

1,m
2
2)

2
√

s
,

p0
1 + p0

2 = 2
√

s, Λ(x, y, z) = x2 + y2 + z2 − 2xy− 2xz− 2yz. (16)

For the case of equal masses this factor takes the usual form of the relativistic velocityβ =
√

1−m2/(p0)2 of the final state
particles.
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The relativistic relative velocity of our particles is

vrel =

√
Λ(s,m2

1,m
2
2)

s−m2
1 −m2

2

=

√
[s− (m2

1 +m2
2)2][ s− (m2

1 −m2
2)2]

s−m2
1 −m2

2

, (17)

which is a relativistic invariant, 0< vrel < 1 (we work in the natural units~ = c = 1).
In the one-loop approximation the QED radiative correctionto the annihilation cross section gets contributions from virtual

and real photon emission:

σ1−loop = σBorn
(
1+ δVirt + δReal

)
. (18)

The last term in the parentheses is proportional toβ2, it is strongly suppressed at the threshold. Explicit expressions for different
contributions with the exact dependence on the final state particle mass (for the equal mass case) can be founde.g.in Ref.32 for
fermions and in Ref.33 for scalars. The final state one-loop virtual correction (inthe on-mass-shell renormalization scheme) is
described by the triangle diagram shown in Fig. 6. There are three types of integrals over the loop momentum: the scalar, the
vector and the tensor ones:

{
IS, IµV, IµνT

}
=

∫
d4k
iπ2

{1, kµ, kµν}
((p1 + k)2 −m2

1 + iε)((p2 − k)2 −m2
2 + iε)(k2 + iε)

.

The tensor one contains an ultraviolet divergence, which has to be removed by the standard renormalization procedure. The vector
integralIµV is finite. The scalar integralIS contains an infrared divergence, which cancels out in the sum with the contribution of
the real final state radiation.

Fig. 6. Feynman diagram for one-loop virtual correction in the final state.

Direct calculations show that the contributions of the vector and tensor integrals are proportional at least to the second power
of final state particle velocities. While the scalar integralreveals at the threshold the well known Coulomb singularity, it is

proportional to 1/
√
Λ(s,m2

1,m
2
2). The coefficients before the integrals depend in general on the type of the particles, but the one

standing at the scalar one isuniversal, it is the same for scalar, spinor and vector final state particles. The contributions of the
one-loop scalar integral to the cross section can be presented in the form

δσ
1−loop
S = σBorn α

2π
(s−m2

1 −m2
2)C0(m2

1,m
2
2, s,m

2
1,m

2
γ,m

2
2), (19)

where the triangular scalar one-loop integralC0 is written in the LoopTools package12 notation. So, by comparison of the first
order of the perturbation theory in the limits → (m1 + m2)2 with the corresponding term in the expansion of the SGS factor,
we can adjust the parameter of the latter. It appears that theproper choice is just the substitution of the non-relativistic relative
velocity by the relativistic one, see also Ref.34 This choice is also supported by studies performed within relativistic quasipotential
models.28,35

There is one important point here. In the description of the final state interactions we meet the situation when we have
both perturbative and non-perturbative contributions. Insuch a case it is easy to get the so-calleddouble counting. Really, the
expansion inα of the SGS factor gives a part of the terms which are also included in the perturbative results. To avoid the double
counting we introduce a scheme ofmatchingbetween the two results. Here it can be done in the following way:

σCorr. = σBorn
(
T(v)−πα

v
− π

2α2

3v2
− . . .

)
+ ∆σ1−loop + ∆σ2−loop + . . . (20)

where∆σn−loop is then-th order perturbative contribution to the observed corrected cross sectionσCorr..
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5. Vacuum polarization

A photon in QED can create a pair of charged particle and anti-particle. This pair can be either virtual (it annihilates soon after
the creation) or real if the photon is off mass-shell and energy-momentum conservation law permits the ”photon decay”. The
effect arising due to virtual pair creation is called in QED asvacuum polarization(VP), see Fig. 7.

Perturbative QED describes this effect for the case of lepton pairs. Results up to the fourth order in α are known. Let us look
at the first order contributions. In the space like region (when the photon 4-momentum squared is negative:q2 < 0)

Πℓ(q
2) = − α

9π

(
5− 12η + 3(−1+ 2η)

√
1+ 4η ln

√
1+ 4η + 1

√
1+ 4η − 1

)
+ O

(
α2

)
,

whereη ≡ m2
ℓ
/(−q2) andmℓ is the lepton mass. In the time-like region below the threshold of real pair production (4m2

ℓ
> q2 > 0)

we have

Πℓ(q
2) = − α

9π

(
5− 12η + 3(−1+ 2η)

√
−1− 4η arctan

√
−1− 4η

−1− 2η

)
+ O

(
α2

)
.

Above the threshold (q2 > 4m2
ℓ
) we get a nonzero imaginary part:

Πℓ(q
2) = − α

9π

(
5− 12η + 3(−1+ 2η)

√
1+ 4η ln

1+
√

1+ 4η

1−
√

1+ 4η

)

−i
α

3
(1− 2η)

√
1+ 4η + O

(
α2

)
.

So the leptonic contribution to VP is under control, the uncertainty in its calculation is negligible.
For high energies (q2 ≫ m2

ℓ
) we get

Π(q2) ≈ − α
3π

∑

f

Q2
f N

f
c

(
ln

q2

m2
ℓ

− 5
3

)
, (21)

where we sum over all fermions (f ) with electric chargeQf and number of colorsN f
c . The above formula describes both lepton

and quark contributions. For the latter we require alsoq2 ≫ ΛQCD.
Resummation of the geometric progression

1+ Π(q2) + Π2(q2) + . . . =
1

1− Π(q2)
(22)

gives us the conventional expression for the running QED coupling constant

α(q2) =
α

1− ReΠ(q2)
. (23)

Hereα(0) ≡ α = 137.035999084(51) is the value of the fine structure constant extracted from experimental data atq2 → 0. The
conditionΠ(0) = 0 is just the choice of the renormalization point within the so calledon-mass-shell scheme. It is not unique,
remind that at high energies we often use schemes where the point is shifted, for example in theα(M2

Z) scheme we fix the value
of the coupling constant at theZ boson mass. The latter scheme was convenient for applications at LEP experiments. Another
popular choice is theGFermi (or Gµ) scheme in which the coupling constant is (re)normalized from very accurate measurements
of the muon lifetime.36

q

γ∗

Fig. 7. Vacuum polarization in photon propagator.

Hadronic contribution to vacuum polarizationΠhad is hard to compute starting the QCD Lagrangian (lattice simulations are
far from the required precision). However, it is possible touse the optical theorem to obtain the real part ofΠhad(q2) from the
imaginary part. In fact in the time like region

ImΠhad(q
2) ∼ σ(e+e− → hadrons) (24)
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The dispersion integral is then given by

∆α
(5)
had(q

2) = − q2

4π2α
P
∫ ∞

m2
π

σ0
had(s) ds

s− q2

Five quark flavors are taken into account (we includee+e− annihilation channels into the corresponding mesons and baryons)d.
The lower limit of the integral corresponds to the lowest energy channel of hadron production:e+ + e− → π0γ. This process
has a rather small cross section, but we should take it into account to reach the required high precision in the description of
vacuum polarization. In general, VP contributes to practically all observables in particle physics. Knowing it is veryimportant
for construction of theoretical predictions for the anomalous magnetic moment of muon, to extract the Higgs boson mass,see
Fig. 1,etc.

For practical applications we use a combination of analytical results for leptonic contributions with phenomenological param-
eterizations of the hadronic effects. Several different computer codes are available (for a discussion and comparison see Ref.37):
REPI38

[http://hbu.web.cern.ch/hbu/aqed/aqed.html]
(only for the space-like region); functionHADR5N by F. Egerlehner39

[http://www-com.physik.hu-berlin.de/∼fjeger/];
parametrization by the CMD collaboration (Novosibirsk)
[http://cmd.inp.nsk.su/∼ignatov/vpl/];
and theHNMT routine.40 Fig. 8 shows the dependence of the quantity|1+ Π(s)|2 as a function of

√
s=

√
|q2|, where positive

√
s

correspond to the time-like region (q2 > 0) and negative
√

s formally define the space like case (q2 < 0). In the time like region
one can clearly see resonance peaks of vector mesons:ρ, ω, φ, J/Ψ and so on. The solid line shows the sum of leptonic and
hadronic contributions. The dotted one represents the pureleptonic effect.

, GeVs
-15 -10 -5 0 5 10 15

2 |Π
|1

+

0.9

0.95

1

1.05

1.1

1.15

1.2

Fig. 8. |1+Π|2 from CMD-2 compilation for space- and time-like momenta (labelled
√

s); solid (black) lines: leptonic plus hadronic contributions, dotted (red)
lines: only leptonic contributions.

6. The Leading Logarithmic Approximation

Calculations of radiative corrections in QED for processeswith characteristic energies being large compared with theelectron
mass,E≫ me, reveal the following peculiar property. It appears that besides the expansion inα it becomes very useful to expand
also in the small parameterm2

e/E
2 and in the large parameterL ≡ ln(E2/m2

e). Usually the terms suppressed by the small parameter
can be neglected in RC (it is sufficient to keep them only in the Born level cross section). And the terms enhanced by the so called
large logarithm Lgive the bulk of the correction value. Calculation of these terms can be performed by specific methods which

dThe top quark andW± boson contributions are computed separately.
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are much simpler than the general ones (see Sect. 3) developed for complete calculations of perturbative corrections. Moreover,
higher order leading logarithmic (leading log) corrections can be re-summed.

Let us discuss the expansion inO (αnLn), n = 0,1,2, . . ., where

L ≡ ln(Λ2/m2
e) (25)

andΛ is the so-calledfactorization scale, Λ2 ≫ m2
e. Typical values ofΛ will be the center-of-mass energy for annihilation

processes and the momentum transfer for scattering one. Butin general this quantity is an parameter which can be varied.
The construction of the leading log approximation is based on the fundamental feature of quantum mechanics: interference

of amplitudes which happen at different energy scales (or distances) is suppressed. In other words, we know that amplitudes of
small-distance and large-distance sub-processes factorize with respect to each other. And neglecting their interference we get the
final result for an observable quantity as a product of corresponding probabilities.

Let us look at the processa+ b→ c+ d + γ with emission of a hard photon at a small angle with respect tothe momentum
of the initial particlea. Direct calculations show that its cross section can be presented, see Ref.18 for details, in the form

dσ[a(p1) + b(p2)→ c(q1) + d(q2) + γ(k ≈ (1− z)p1)] (26)

≈ dσ̂[a(zp1) + b(p2)→ c(q1) + d(q2)]⊗RISR
H (z)

RISR
H (z) =

α

2π

[1+ z2

1− z

(
ln

E2

m2
− 1+ l0

)
+ 1− z+ O

(
m2

E2

)
+ O

(
ϑ2

0

)]
,

ϑγ = ~̂p1~k < ϑ0, m/E≪ ϑ0 ≪ 1, l0 = ln(ϑ2
0/4),

where we integrated over the emission angles limited from above by the small parameterϑ0. Here⊗ denotes the so-called
convolutionoperation, which is actually the integration over the photon energy fractionz ≡ k0/p0

1. The large logarithm appears
in thecollinear radiation factor RISR

H as the logarithm of the initial particle energyE = p0
1 over its massm. Factorization in the

above formula appeared as the result of direct calculationsof Feynman diagrams where small terms proportional toϑ2 andm2/E2

were neglected.
The amplitudes describing soft photon emission obviously do not interfere with the ones for hard radiation because their

phase space do not overlap. So the one-loop correction to a differential cross section can be presented as

dσ = dσSoft+Virt (∆) + dσHard(coll)(∆, ϑ0) + dσHard(non−coll)(∆, ϑ0), (27)

where [Soft] and hard collinear [Hard(coll)] photon contributions are factorized at the Born cross section. The contribution
dσHard(non−coll) takes into account radiation of photons at large angles (ϑ > ϑ0) and does not contain any large log. The dependence
on the auxiliary parameters∆ ≪ 1 andϑ0 cancels out in the sum of contributions.

In this way, direct calculations in many cases explicitly demonstrate factorization properties of terms proportionalto the large
logs. What is important for us is that such observations can begeneralized for a wide class of processes and for all orders of the
perturbation theory. Thefactorization theoremswere proved in QCD,41,42 they can be easily adapted for QED.

The energy scale in the large log is an effective separator of the scales in the hard (short-distance)and soft (long-distance)
sub-processes. In the example of collinear photon emissionconsidered above changing of the large log scale corresponds to
variation of the auxiliary parameterϑ0, while the sum (27) remains unchanged. In the general case the total result should not
depend on thefactorization scale. This property is due to the conformal symmetry of the given theory. Of course particle masses
(andΛQCD) break the symmetry, but for large energies the conformal properties are restored. For this reason we can apply very
powerful methods of the renormalization group approach, see review43 and references therein.

So one can write renormalization group equations for application in QCD and QED at large energies. In particular the
Dokshitzer–Gribov–Lipatov–Altarelli–Parisi (DGLAP)44–48 evolution equation for the non–singlet electron structurefunction
has the form

DNS(z,Q2) = δ(1− z) +

Q2∫

m2

α(q2)
2π

dq2

q2

1∫

z

dx
x

P(0)(x)DNS(
z
x
,q2),

wherem is the electron mass;P(0) is the first order non–singletsplitting function; α(q2) is the QED running coupling constant.
Here we are going to consider only the electron contributionto vacuum polarization:

α(q2) =
α

1− α
3π ln q2

m2

. (28)

Structure functionDNS(z,Q2) is the probability density to find an electron with energy fractionz in the given electron if the
energy scale is limited by

√
Q2 from above.
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The splitting function

P(0)(z) ≡ Pee(z) =
[1+ z2

1− z

]

+

=
1+ z2

1− z
− δ(1− z)

1∫

0

dx
1+ x2

1− x
(29)

is used to describe the transition from an electrone into another electrone with energy fractionz with respect to the initial one.
The singularity in this function atz→ 1 is regularized by means of the so-calledplus prescriptionwhich is defined by

1∫

xmin

dx [ f (x)]+g(x) =

1∫

0

dx f(x)[g(x)Θ(x− xmin) − g(1)]. (30)

The complete set of evolution equations in the leading logarithmic approximation (LLA) of QED reads

Dee(x, s) = δ(1− x) +

s∫

m2

dtα(t)
2πt

[ 1∫

x

dy
y
Dee(y, t)Pee(

x
y

) +

1∫

x

dy
y
Dγe(y, t)Peγ(

x
y

)
]
,

Dēe(x, s) =

s∫

m2

dtα(t)
2πt

[ 1∫

x

dy
y
Dēe(y, t)Pēē(

x
y

) +

1∫

x

dy
y
Dγe(y, t)Pēγ(

x
y

)
]
,

Dγe(x, s) = −
2
3

s∫

m2

dtα(t)
2πt

Dγe(x, s)

+

s∫

m2

dtα(t)
2πt

[ 1∫

x

dy
y
Dee(y, t)Pγe(

x
y

) +

1∫

x

dy
y
Dēe(y, t)Pγē(

x
y

)
]
.

Thanks to the smallness ofαQED, solutions of the evolution equations in QED can be obtainedby iterations. The initial
conditions for LLA QED are simple, for instance, one can takejust the delta function as the zeroth approximation forDee(x, s).
Note that in QCD the structure functions can not be computed analytically starting from the first principles and having only
the parameters of the SM as input. Instead, we extract QCD structure function from experimental data. But the evolution of the
functions with respect to the factorization scale is described by means of the DGLAP equations as in QED as well as in QCD.

Iteration and further application of the structure functions involves theconvolutionoperation. Let us take two functionsf (x)
andg(y) defined for 0≤ x, y ≤ 1. Their convolution is given by

[
f ⊗ g

]
(z) =

1∫

0

dx

1∫

0

dyδ(z− xy) f (x)g(y) =

1∫

z

dx
x

f (x)g
( z
x

)
(31)

where 0≤ z≤ 1. This operation can be generalized for special functions regularized by plus-prescription:

[
[ f ]+ ⊗ [g]+

]
(z) = lim

∆→0

{ 1−∆∫

z/(1−∆)

dx
x

fΘ(x)gΘ
( z
x

)
+ f∆gΘ(z) + fΘ(z)g∆

}
,

f∆ = −
1−∆∫

0

dx f(x), fΘ(x) = f (x)
∣∣∣∣∣
x<1

. (32)

It is accepted to distinguish so-calledsinglet(S) andnon-singled(NS) parts of the electron structure functionDee:

Dee= DS +DNS, DS = Dēe. (33)

In the Feynman diagram language the non-singlet part corresponds to the graphs with continuous electron line, while in the
singlet case the registered electron with energy fractionz is a component of a createde+e− pair (it is connected with the initial
electron via a photon line).
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Non-singlet structure functions have the properties

1∫

0

DNS(x, β)dx = 1, β ≡ 2α
π

L, (34)

1∫

x

dy
y
DNS,γ (y, β1)DNS,γ

(
x
y
, β2

)
= DNS,γ (x, β1 + β2) .

Let us now discuss the so-calledmaster formulawhich shows how to apply the electron structure function method for
evaluation of QED RC to a given process. Actually we take thisformula from QCD. For concreteness let us take Bhabha
scattering, where we have electrons and positrons both in the final and initial states. We will use the QCD-like massless partons.
In QED there are three type of partons: electrons, positronsand photons. According to the factorization theorems, the corrected
cross section of this process at high energies (E≫ me) can be presented in the form

dσ =
∑

a,b,c,d

∫ 1

z̄1

dz1

∫ 1

z̄2

dz2Dstr
ae(z1)Dstr

bē(z2)
(
dσBorn

ab→cd(z1, z2) + dσ̄(1)(z1, z2) + O
(
α2L0

))

×
∫ 1

ȳ1

dy1

Y1

∫ 1

ȳ2

dy2

Y2
Dfrg

ec

( y1

Y1

)
Dfrg

ēd

( y2

Y2

)
,

Dstr,frg
ee (z) = δ(1− z) +

α

2π
d1(z, µ0,me) +

α

2π
LP(0)(z)

+

(
α

2π

)2(1
2

L2P(0) ⊗ P(0)(z) + LP(0) ⊗ d1(z, µ0,me) + LP(1;γ,pair)str,frg
ee (z)

)

+O
(
α2L0, α3

)
, L ≡ ln

Q2

µ2
0

, dσ̄(1) = dσ(1)
∣∣∣∣∣
me=0, MS

P(0)(z) =

[
1+ z2

1− z

]

+

, d1(z, µ0,me) =
[1+ z2

1− z

(
ln
µ2

0

m2
e
− 2 ln(1− z) − 1

)]

+

.

HereP(1;γ,pair)str,frg
ee (z) are the next-to-leading order (NLO) splitting functions,we alsoborrow them from QCD (by reduction to

the abelian case), see Refs.49,50 Functiond1 defines the initial condition for the evolution of electron structure and fragmentation
functions,µ0 is the renormalization scale, in QED we choose it usually to be equal to the electron mass:µ0 = me.

The structure of the master formula is as follows. The electron structure functionsDstr
ae(z1) andDstr

bē(z2) give the probabil-
ity density for transition of the initial massive electron and positron into massless partons of typea andb, respectively. The
differential cross sections dσBorn

ab→cd and dσ̄(1) describe the parton-level processa + b → c + d at the Born and one-loop level,
respectively. They are usually calledcoefficient functionswhich are dependent on the process, while all other elementsof the
master formula are universal (they are the same for a wide class of QED processes). The fragmentation functionsDfrg

ec andDfrg
ēd

give the probability density for conversion of the masslesspartonsc andd into massive electron and positron, respectively. The
one-loop cross section d ¯σ(1) computed for massless particles is divergent. It should be regularized. Here we apply the modified
minimal subtraction scheme51 (MS). In this way the The sum over all possible intermediate parton reactions is taken. The master
formula can be expanded inα. The first two terms in this expansion reproduce the completeBorn and one-loop expressions for
the Bhabha scattering process (terms proportional tom2

e/E
2
e are neglected). Higher order corrections produced by this formula

define the leading and next-to-leading log contributions.
It is worth to note that the above formula suppose integration over the angular phase space of secondary (emitted) particles.

But experimental conditions do not allow perform such integration if certain cuts are imposed. In this case a more detailed study
of kinematics should be performed,52 see below Sect. 6.3.

6.1. Logarithmic approximation: examples

Let us return to the example of Bhabha scattering and look at the numerical effect in logarithmic corrections. Here we will look
in the expansion the powers of the large log of the sum of virtual and soft photonic corrections inO

(
α2

)
, where the analytic result

is known.4 So we can compare in Fig. 9 the LLA= O
(
α2L2

)
(solid lines), NLO= O

(
α2L1

)
and NNLO= O

(
α2L0

)
contributions

for ∆ = 1 and
√

s = 100 GeV, see Ref.53 for details. Relative contributions of the terms proportional to the large log toi-th
power

r (2)
i (θ) =

dσSoft+Virt [Li ]/dθ
dσBorn/dθ

(35)
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depend on the choice of the factorizations scaleΛ. On the left plot we haveΛ =
√

s, i.e. the scale is equal to the center-of-mass
energy of the process. In this case the contributions have comparable magnitudes, even so that they are ordered according to the
power of the large log. On the right plot we chooseΛ =

√
−t, i.e. the scale is equal to the momentum transferred. It appears that

in this case the hierarchy of the contributions is very strong: the LLA contributions dominates, the next-to-leading one is small,
and the NNLO one is almost invisible. So we see that the properchoice of the factorization scale is very important. The choice
Λ =

√
−t for Bhabha scattering is justified by the fact that thet-channel exchange dominates in this process.
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Fig. 9. The dependence on the choice of the factorization scale:Λ =
√

s (left) andΛ =
√
−t (right).

Let us look now at radiative corrections to the muon decay spectrum. In this process we have just one fast charged particle
in the final state, so the application of the electron structure function method is simplified. The differential decay width of the
anti-muon decay can be written as

d2Γµ
+→e+νν̄

dz d cosθ
= Γ0

[
F(z) − cosθ PµG(z)

]
+ O


m2

e

m2
µ

 ,

Γ0 ≡
G2
µm

5
µ

192π3

(
1+

3
5

m2
µ

m2
W

)
, z≡ 2E

mµ

,

FunctionF(z) andG(z) cab be expanded inα andL ≡ ln(m2
µ/m

2
e) as

F(z) = fBorn(z) +
α

2π
f1(z) +

(
α

2π

)2
f2(z) + O

(
α3

)
,

f1(z) = L1 · f LL
1 (z) + L0 · f NLO

1 (z),

f2(z) = L2 · f LL
2 (z) + L1 · f NLO

2 (z) + L0 · f NNLO
2 (z) (36)

and so on. The Born level contributions are simple:

fBorn(z) ≡ f0(z) = z2(3− 2z), gBorn(z) ≡ g0(z) = z2(1− 2z).

The first order corrections enhanced by large logs can be obtained by convolution of the Born level functions with the lowest
order splitting function:

f LL
1 (z)=P(0)(•) ⊗ f0(z) =

5
6
+ 2z− 4z2 +

8
3

z3 + 2z2(3− 2z) ln
1− z

z
P(0)(•) ⊗ f0(z),

gLL
1 (z)=P(0)(•) ⊗ g0(z) = −1

6
− 4z2 +

8
3

z3 + 2z2(1− 2z) ln
1− z

z
. (37)

One can see that they agree with the corresponding terms received in the direct calculations,8,54 see also Eq. (9).
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Using the second order terms in the electron structure function we get theO
(
α2L2

)
photonic RC to the spectrum:55

f LL(γ)
2 (z) = P(0)(•) ⊗ P(0)(•) ⊗ f0(z)

= 4z2(3− 2z)Φ(z) +
(10

3
+ 8z− 16z2 +

32
3

z3
)
ln(1− z)

+

(
−5

6
− 2z+ 8z2 − 32

3
z3

)
ln z+

11
36
+

17
6

z+
8
3

z2 − 32
9

z3, (38)

gLL(γ)
2 (z) = 4z2(1− 2z)Φ(z) +

(
−2

3
− 16z2 +

32
3

z3
)
ln(1− z)

+

(1
6
+ 8z2 − 32

3
z3

)
ln z− 7

36
− 7

6
z+

8
3

z2 − 32
9

z3,

Φ(z) ≡ Li2

(
z− 1

z

)
+ ln2 1− z

z
− π

2

6
.

By the second order photonic RC we mean here the contributions of Feynman diagrams with two photons. Each of them can be
either real or virtual. Besides the photonic RC in the secondorder there are also pair corrections, their leading log contributions
can be computed in the same way, see.50,55

6.2. Kinoshita-Lee-Nauenberg theorem

The large logs discussed above are divergent forme → 0, in other words, they are a kind ofmass singularities. Due to intrinsic
(hidden) conformal properties of QED and QCD these mass singularities have a tendency to cancel out in inclusive observable
quantities. The Kinoshita-Lee-Nauenberg (KLN) theorem56,57 defines the conditions when the coefficients before the large logs
do vanish. In practice we usually see that the large log termsfrom virtual loop corrections cancel out the correspondingterms
coming from real radiation.

Let us formulate the theorem in the following way. If wecan notor justdo notdistinguish the final states of a pure electron
and of a combination of the electron with accompanying it photon(s),i.e. the energy and momentum of theregisteredelectron
is the sum of the energies and momenta of the bare electron andthe photonsEobserved

e = Ee + ΣEγ, then the large logarithm
corresponding to collinear photon emission (see Eq. (26)) do not appear in the final answer. In the electron structure function
approach the cancellation of the large logs is provided by the first property of the non-singlet function in Eq. (34).

In practice, cancellation of large logs happens for FSR corrections to (sufficiently) inclusive observablesand forcalorimetric
electron registration. The large logs which come from the initial state radiation usually do not cancel out, since the KLN theorem
conditions for them are not fulfilled. Also the large logs which appear in the correction due to vacuum polarization (in the QED
running coupling constant) do not cancel out.

6.3. Matching of LLA with O (α) RC

Having both completeO (α) and LLA in O (αnLn) (n = 1,2, . . .) one should avoid thedouble counting. In fact, the first order
correction already contains all terms of the orderO

(
α1L1

)
. The procedure which allows keep the correct first order result while

adding the leading log corrections will be called here asmatching. A possibility of such a matching is represented by the master
formula (35). But as discussed above, the latter is valid only for sufficiently inclusive observables. Here we will show an example
how to disentangle the double counting keeping at the same moment the possibility to impose experimental cuts on radiative
events.

Let us consider the process of electron–positron annihilation into muons. First order corrections due to real hard photon
emission in this process were discussed in Sect. 3.3. Addingof the higher order leading log terms provided by the electron
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structure function approach to the known Born and complete first order corrections can be done by the following formula:

dσe+e−→µ+µ−(γ)

dΩ−
=

1∫

zmin

1∫

zmin

dz1dz2
D(z1, s)D(z2, s)
|1− Π(sz1z2)|2

dσ̃0(z1, z2)
dΩ−

(
1+

α

π
K
)

+

{
α3

2π2s2

∫

k0>ω̄

k̂p±>θ0

Re|me=0

|1− Π(s1)|2
dΓ

dΩ−
+

D
|1− Π(s1)|2

}

+

{
α3

2π2s2

∫

k0>ω̄

(
Re

Reµ

(1− Π(s1))(1− Π(s))∗
+

Rµ

|1− Π(s)|2
) dΓ
dΩ−

+Re
Ceµ

(1− Π(s1))(1− Π(s))∗
+

Cµ

|1− Π(s)|2

}
, (39)

Cµ =
2α
π

dσ0

dΩ−
ln
ω̄

E

(1+ β2

2β
ln

1+ β
1− β − 1

)
, zmin =

2mµ

2E −mµ

,

Ceµ =
4α
π

dσ0

dΩ−
ln
ω̄

E
ln

1− βc
1+ βc

, K = Kodd+ Keven,

see notation and other details in Ref.18 The conditionk̂p± > θ0 exclude the kinematical domain of collinear photon emission
from the initial electron and positron. So, the corresponding large logs do not appear from the integral of the matrix element.
They are coming, instead, from the structure functions.K is the so-calledK-factor, here it comes from virtual and soft photon
corrections. The large logs which appear in this part of the correction are also removed. But it was explicitly demonstrated that
the proper amount of large logs is restored by the structure functions also here.

7. General Remarks on RC

Let us summarize the present status of radiative correctioncalculations and discuss the general ways of their application.

1 Many analytical results are in the literature for QED, QCD and electroweak RC within the Standard Model. Radia-
tive corrections have been studied in models beyond SM, likein the Minimal Supersymmetric SM or in the Chiral
Perturbation Theory (an effective models for low energy strong interactions).

2 Advanced techniques of multi-loop and multi-leg diagramscalculation have been developed.
3 But still application of (even) well known results to a concrete case is rather non-trivial:
− old analytic calculations can have obsolete approximations,
− different effects should be combined properly,
− experimental conditions should be taken into account.

4 Semi-analytic codes likee.g.ZFITTER58 andHECTOR59 are well suited for inclusion of different effects.
5 But the best way is to incorporate RC into Monte Carlo event generators. This task is not simple because RC typically

have kinematics (and dynamics) being much more complicatedthan the one of the Born approximation.
6 Dedicated Monte Carlo codes developed to describe a specific process are potentially more suitable for consistent

inclusion of radiative corrections and interplay of other sub-leading effects that the General purpose MC programs like
PYTHIA, HERWIG, PHOTOS etc.

So in these lectures, we have discussed general properties of radiative corrections. Most of the examples were given forthe
pure QED RC, but the QCD and electroweak corrections have very similar features. As we have seen above, radiative corrections
could be as very small as well as very large. Only after a careful study of a particular process taking into account the conditions
of the corresponding experiment one may get an idea about themagnitude of RC in the give case. We discussed also certain
methods which help to extract the numerically most important contributions enhanced by large logarithms. Knowing the general
features of radiative corrections should be also useful in application of existing ready-to-use solutions,e.g.computer codes or
analytic formulae, to concrete problems in particle physics.
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